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Recent advances in constraint satisfaction and heuris-
tic search have made it possible to solve classical planning
problems significantly faster. Thereis an increasing amount
of work on extending these advancesto solving more expres-
sive planning problems which contain metric time, quan-
tifiers and resource quantities. One can broadly classify
classical plannersinto two categories: (i) planners doing
refinement search and (ii) plannersiteratively processing a
representation of finite size like a SAT encoding or planning
graph or a constraint satisfaction problem (CSP). One key
challenge in the development of planners casting planning
as SAT or CSP isthe identification of constraints which are
satisfied if and only if there is a plan of k steps. This task
is even more complex for planners handling metric time
and/or resource quantities and/or quantifiers. In this pa-
per we show how such a SAT encoding can be synthesized
for temporal planning. This encoding contains twenty kinds
of constraints. WWe show how this encoding can be simpli-
fied. The set of constraints we identify makes it easier to
develop temporal planners casting planning as a constraint
satisfaction problem other than SAT, like integer linear pro-
gramming (ILP). The SAT encoding can be easily adapted
to more complex cases of temporal planning like the onein
which different preconditions and effects of an action may
be true at different times during its execution. We also dis-
cuss two additional SAT encodings of temporal planning.
The encoding schemes make it easier to exploit progressin
SAT and CSP solving to solve temporal planning problems.

1 Introduction

Recent advances in classical planning have made it pos-
sible to solve larger planning problems than before. Clas-
sical planning is the problem of finding an executable se-
guence of actions that achieves partially specified goa G
from completely specified initial state I, given the set of ac-
tions O. In classical planning, perception is assumed to be
perfect, actions are assumed to be deterministic, and, envi-
ronment is assumed to be completely observable and static.
Actions are assumed to be instantaneous, so time durations
of actions are not considered in classical planning. Most
classical planners use STRIPS representation. In this rep-
resentation, a world state is a conjunction of function-free
ground literals. An action has preconditions expressed as
a conjunction of ground positive literals. All preconditions
of an action must be true before it is applied. The effects
of an action are expressed by a conjunction of ground liter-
als which specify how a situation changes after the action
isapplied. An action (e.g. load(P1, Planes, Heathrow))
is a ground instance of an operator (e.g. load(z,y, z)).
load(Py, Planes, Heathrow) is the action of loading
package Py in
plane Planes a Heathrow airport. Its preconditions are
package(P), plane(Planes), airport(Heathrow),
at(Py, Heathrow) and at(Planes, Heathrow). Its ef-
fects are in(Py, Planes), —~at( Py, Heathrow).
in(Py, Planes) is aso called “add effect” of the ac-
tion and “at(P;, Heathrow)” is aso caled delete ef-
fect of the action. — denotes negation. Predicates like
in(Py, Planes) and airport(Heathrow) can betreated as
propositions simply by rewriting them as in P, Plane, and
airportHeathrow respectively.

Many of the recently developed classical planners cast
planning as a CSP. Propositional satisfiability (SAT) is a
specific kind of CSP in which al variables are boolean and
the constraints involve variables connected with operators
from boolean logic. Some of the recently developed effi-
cient planners cast planning as propositional satisfiability.
These include SAT-plan [4], [5], MEDIC [3] and the plan-



ner which casts plan reuse and plan merging as satisfiability
[7]. SAT encodings of alarge number of planning problems
in benchmark domains contain a significant number of bi-
nary clauses. Simplification techniques for binary clauses
have been shown to improve the performance of planning
as SAT [2]. Advancesin SAT solving like better branching
heuristics can be exploited to further improve the perfor-
mance of SAT-based planners.

More expressive planning problems contain quantifiers,
conditional effects, metric time and resource quantities. Ex-
amples of such problemsinclude many NASA planning ap-
plications [9]. In these applications, both spacecraft and
planetary rovers use heaters to warm up various compo-
nents and these actions may span several other actions or
experiments [9]. There is an increasing interest in ex-
tending/adapting advances in classical planning to solving
more expressive planning problems. Temporal Graphplan
(TGP) is an extension of Graphplan [1] for handling ac-
tions with time durations. The LPSAT planner [10] solves
planning problems involving resource quantities by trans-
forming them into problems containing linear constraints
and propositional clauses. Some of the constraints solved
by LPSAT have alogica and a mathematical part, e.g. the
constraint ((a > 3) = (z V y)).

Development of more expressive planners involves sev-
era challenges. These include verification of soundness
and compl eteness, besides getting optimal plansin ashorter
time. Thetasks of ensuring soundness and completenessare
trivial for refinement planners. This is because refinement
planners maintain different representationsfor different par-
tial plansin the form of nodesin a search tree. In progres-
sion, an action sequence is executed starting at initial state
and it is checked whether goal is true at the end of its ex-
ecution. A partia plan is a set of constraints which may
or may not be a plan. Partial plans generated by forward
state-space planners and backward state-space planners are
sequences of actionswhose goal achieving capability can be
verified by ssmple methods like progression. A partial plan
generated by a partia-order planner contains a set of con-
straints like step-action bindings and partial orderings over
steps. The goal achieving capability of such a partial plan
can be verified simply by finding if there exists a total or-
der over the steps which is consistent with the partial-order
congtraintsin the partia plan such that the goal is achieved
when the steps are executed in the order specified by the to-
tal order. The verification of soundness and completeness
of more expressive planners which cast planning as CSP is
non-trivial since a set of constraints needs to be identified
such that these are solved if and only if thereis aplan of &
steps. This set needs to be loose enough to allow genera-
tion of all action sequences that are plans and tight enough
to exclude generation of any action sequence that is not a
plan.

The adaptation of SAT-plan to handle metric time is
challenging because of task of identifying al constraints
that must be satisfied if and only if there is a plan of
bounded length. Tempora planning problem is the prob-
lem of finding aset of < action;, start_time; > tuples
for achieving agiven goal, starting with a given completely
describedinitial state using actionsthat havetime durations.
start_time; is the start time of action action;. Thisisthe
time at which the execution of action; starts. We use the
following assumptionsin temporal planning from [9] when
setting up the SAT encodings. Effects of actions are unde-
fined during their execution. Action durations are integers.
Preconditions of an action should all betrue at its start time.
Theeffects of an action hold only at the end of its execution.
The SAT encoding is such that it has a solution if and only
if thereis aplan of k£ time steps. In particular, we identify
twenty kinds of constraints which together form the encod-
ing when translated into clauses. We also show how the en-
coding can be simplified so that the number of clauses and
variables are reduced without losing soundness and com-
pleteness. We show how the encoding can be adapted to
more complex case of temporal planning in which it is not
necessary for different preconditions of an action to be true
at same time and it is not necessary for different effects to
hold at the same time. We show how temporal planning can
be cast as a CSP other than SAT.

The rest of the paper is organized as follows. In sec-
tion 2, we explain the classical planning as SAT paradigm
and the state-space SAT encoding with explanatory frame
axiomsfor classical planning from [5]. In section 3, we de-
scribe our state-space SAT encoding for temporal planning.
In section 4, we discuss how the size of this encoding can
be reduced and how the encoding can be modified to handle
amore complex case of temporal planning where different
preconditions and/or effects of an action aretrue at different
times. In this section we also show how temporal planning
can be cast as CSP other than SAT and describe two addi-
tional SAT encodings of temporal planning. One of theseis
the causal encoding whose size is not affected by time du-
rations of actions at all. Our work is summarized in section
5.

2 Background

In this section, we explain how SAT-based plannerswork
and describethe state-space SAT encoding from[5] for clas-
sical planning where al actions have unit duration. An ac-
tion is a ground instance of an operator. For example, if
move(x,y, z) is an operator for moving block x from top
of block y or table to top of block z or table, © # y,y #
z,x # z,x # Table, then there are O(n?) actions when
there aren blocks. In thefollowing, A, v, = denote logical
AND, OR and implication respectively.



SAT-plan [4] works in the following manner: Based on
initial state, number of steps assumed to exist in plan (k),
goa state and action description, it generates an encoding
(SAT instance) such that the instance has a model if and
only if thereis aplan of k steps. The steps range from 0 to
(k — 1). The encoding is simplified by rules of inference
of boolean logic, eg. a A (—a V b) can be simplified to
(a A b) (this simplification step is optional but most SAT
planners carry this out). The encoding is then passed to a
SAT solver. If it is satisfied, the solution (truth assignment)
is interpreted and plan is output. If it cannot be satisfied,
then value of % is increased and the process of encoding
generation, simplification and solving is repeated. Variables
representing an occurrence of actions at various steps are
step-action binding variables.

The explanatory frame axiom-based state-space encod-
ing [5] contains the following constraints. (i) All proposi-
tionstruein theinitia state aretrue at time 0 and al propo-
sitionsfalse in the initial state are false at time 0. (ii) If an
action occurs at time ¢, its preconditions are true at time ¢
and its effects are true at time (¢ + 1). (iii) If an action o;
needs proposition p true and action o ; deletes p, then o; and
o; cannot occur a same time. (iv) All propositions from
goa aretrue at time k. (V) If aproposition p istrue at time
t and false at time (¢ + 1), some action deleting p must oc-
cur at time t. If a proposition p is false at time ¢ and true
at time (¢ + 1), some action making p true must occur at
time t. These constraints are included to ensure that truth
of a proposition cannot change unless an action causing the
change occurs. These constraints are known as explanatory
frame axioms.

3 SAT Encoding for Temporal Planning

To generate a SAT encoding, we first need to bound the
number of steps in plan. We denote this bound by £. O
denotes the set of all actionsin domain. U denotes the set
of al ground fluents in domain. A fluent is a proposition
whosetruth can change. Propositionsthat are not made true
or false by any action are considered to be invariants whose
truth remains unchanged. Before explaining the constraints
that appear in the propositional encoding of atemporal plan-
ning problem, we explain some rel evant notation for various
boolean variables in the encoding. pt(t) is a boolean vari-
ablewhich denotesthetruth of true state of fluent p at timet.
If pt(t) isassigned true, it meansthat fluent p istrue at time
t. If pt(t) is assigned false, it means that the fluent p is not
true at time ¢ (so it is either false or undefined/unknown).
pu(t) denotes that the truth of the undefined state of fluent
p a timet. If pu(t) is assigned true, it means that the flu-
ent p is undefined at time ¢. If pu(t) is assigned false, it
means that the fluent p is not undefined at time ¢. In this
case p is either true or false at time ¢. pf(¢) denotes that

the truth of the false state of fluent p at time ¢. If pf(¢) is
assigned true, it meansthat the fluent p isfase at timet. If
pf(t) isassigned false, it meansthat the fluent p is not false
at time ¢. Inthis case p is either true or undefined at time
t. o0;(t) denotes the occurrence of the action o; a time ¢.
0;(t) isan action variable. pf(t), pt(t) and pu(t) arefluent
variables. If o;(t) is assigned true, it means that o; occurs
at timet. If o;(t) is assigned false, it means that o; does
not occur at timet. d; denotes the duration of the action o;.
The time steps in the encoding at which actions may occur
range from 0 to (k — 1). dya. 1S the maximum of dura-
tions of all actions. The following constraints appear in the
state-space encoding of a tempora planning problem. The
encoding is a state-space encoding sinceit refersto states of
al fluents at all time steps. We assume that actions do not
have negated preconditions.

1. The constraints of thiskind state that each fluent is either
false or true or undefined at every time step. For al fluents
p, forall timest € [0, k], (pt(t) Vpf(t)V pu(t)). Thereare
(k+1). | U | clausesof thiskind. Thesecontain 3.(k+1). |
U | variables.

2. The congtraints of this kind state that at a time, a fluent
cannot be in more than one of the following states: true,
false and undefined. For dl fluentsp, for al timest € [0, k],
(pt(t) = —pf(t), (pt(t) = —pu(t)), (pf(t) = —pu(t)).
Thereare3.(k + 1). | U | clauses of thiskind.

3. Fluents true in initial state are true at time 0. Fluents
fase in initial state are false at time 0. These constraints
contribute | U | unit clauses to the encoding. If the initial
state is (a A b A =¢ A —d), the encoding contains (at(0) A
bt(0) A cf(0) A df (0)).

4. Fluentsfrom goal aretrue at time k. If goal isa conjunc-
tion of s fluents, these constraints contribute s unit clauses
to the encoding.

5. If an action o; occurs (starts) at time¢,0 < ¢t < (k —
d;), its preconditions are true at ¢ and its effects are true at
time (¢ + d;). These constraints contribute O(k. | O | .m)
clauses to the encoding, m being the maximum sum of the
number of preconditions and the number of effects of an
action. These constraints contribute k. | O | variables to
the encoding. For example, if  and y are preconditions
of action o3, and —z and 2 are its effects, this constraint
generates (03(j) = (wt(j) Ayt(j) A f(j +ds) A zt(j +
d3))), where j € [0,k — d3]. Note that we requiret <
(k — d;) becauseif o; startsat ¢ > (k — d;), it will finish at
time (k + 1) or later and the encoding has only (% + 1) time
steps ranging from O to k.

6. If an action o; does not delete any of its preconditions,
then if o; starts at time ¢, where 0 < ¢t < (k — d;), then o;
cannot start at any timet’ € [t + 1,(¢t + d; — 1)], d; be-
ing duration of o;. These constraints prevent an occurrence
of an action during its execution, when the action does not



delete any of its preconditions. These can be considered as
mutual exclusion relationships of actions with themselves.
These constraints contribute O(k.q.d") clausesto the encod-
ing, where ¢ is the number of actions which do not delete
any of their own preconditions and d’ is the maximum of
the durations of these actions.
7. If an action o; does not delete its precondition z, then
if 0; starts at time ¢, x remains true over the closed interval
[t 4+ 1,t + d;] whend; > 1. If there are m actions that do
not delete any of their own preconditions, these constraints
contribute O(m.d 4. .k.m') clausesto the encoding, where
m' is the maximum number of preconditions of an action
not deleted by the action.
8. The preconditions of an action o; which are deleted by
o; are undefined over the closed interval [t + 1,¢ + d; —
1] if o; starts at ¢t. If there are m; actions that delete
some of their own preconditions, these constraints con-
tribute O(m; .dpq..k.m'") clauses to the encoding, where
m'" is the maximum number of preconditions of an ac-
tion deleted by the action. For example, if effects of ac-
tion o4 are —p and ¢, such that p is one of its precondi-
tions, and duration of o4 is 3, then this constraint yields
(04(j) = (pu(j + 1) Apu(j + 2))).
9. Effects of an action o; (except preconditions of o; which
o0; deletes) are undefined from time (¢ + 1) until time (¢ +
d; — 1), including both these times, if o; starts at ¢. These
constraints contribute O(| O | .dyq0.-k.m'") clausesto the
encoding, where m'”" is the maximum number of effects of
an action, excluding the preconditions deleted by it. For
example, if effects of action o4 are —p and ¢, such that p is
one of its preconditions, and duration of o4 is 3, then this
constraint yields (o4(7) = (qu(j + 1) A qu(j + 2))).
Constraints 10, 11, 12, 13, 14 and 15 are al explanatory
frame axioms. These contribute O (k. | U |) clausesto the
encoding. These constraints prevent changesin states of flu-
ents without occurrences of actions causing these changes.
Asshownin Fig. 1, there are 6 kinds of changesthat a state
of afluent may undergo.

true undefined
undefined true
false undefined
undefined false
true false
false true

Figure 1. Six kinds of changes in states of a
fluent

10. If fluent p is true at time ¢ and false at time (¢ + 1),
some action of duration 1 which deletes p must occur (start)
a timet. For example, if actions o4, 0o and og are the only
actions of duration 1 which delete fluent z, this constraint

generates ((zt(t) Az f(t+ 1)) = (04(t) V 0s(t) V 09(t))).
11. If fluent p isfalseat timet and true at time (¢ + 1), some
action of duration 1 which makes p true must occur (start)
at timet.

12. If fluent p istrue at time ¢ and undefined at time (¢ + 1),
some action of duration greater than 1 which deletes p must
occur (start) at time¢t. For example, if k£ = 20 and the only
actions of duration more than 1 which delete fluent = are
07, 08 and 011 such that d7 = 4, dg =12 and di =7, then
wehave ((zt(t) Azu(t+1)) = (o7(t)Vos(t)Vor1(t))),t €
[0, 8]. We have ((zt(t) Azu(t+1)) = (0o7(t)Vor11(t))),t €
[9,13]. Wehave ((zt(t) Azu(t+1)) = o07(t)),t € [14,16].
This constraint does not lead to any clauses for the change
in state of  from true to unknown for ¢t € [17,19]. Thisis
because any action changing x in this fashion will end after
t = 20 in caseit starts at time 17 or later.

13. If fluent p isfalseat timet € [0, k — 2] and undefined at
time (¢ + 1), some action of duration greater than 1 which
makes p true must occur (start) at time ¢.

14. If fluent p isundefined at time ¢ € [0, k — 1] and false at
time (t+1), someaction o; of duration greater than 1 which
makes p false must start at time (¢ + 1 — d;). For example,
if 05,07 and o1 are the only actions which delete fluent y
andds = 2,d; = 5 and dig = 7, then this congtraint is
represented by ((yu(t) Ayf(t+1)) = (o5(t—1)Vor(t —
4) \% Om(t — 6)))

15. If fluent p is undefined at time ¢ € [0,k — 1] and true
at time (¢ + 1), some action o; with duration greater than 1
which makes p true must start at time (¢ + 1 — d;).

All of the following constraints represent mutual exclu-
sion relations between actions. These contribute O(k. |
O |?) clausesto the encoding. These constraints are identi-
fied after taking into account the all possible kinds of tem-
poral relationships between two actions (seven types) from
Figure 2 and all possible effects two actions may have on
afluent p. Given two actions o; and o; and afluent p, the
actions can affect the fluent in the following ways: (i) both
0; and o; need p and both delete p, (ii) only o; needs p and
both o; and o; delete p, (iii) neither o; nor o; needs p and
both delete p, (iv) neither o; nor o; needs p and both make
ptrue, (V) o; makesp trueand o; only deletes p, (vi) o; only
needs p and o; only deletes p and, (vii) o; makes p true and
o;j both needs p and deletes p.

o o o

0 () o (vii)

(ii) o’ )

(iii) o’ (vi)

o

Figure 2. Temporal relations between two ac-
tions o' and o"

16. If two actions o; and o; have same duration such that



o; deletes precondition of o;, then o; and o; cannot start at
same time ¢. The clauses —(o;(t) A 0;(t)),t € [0,k — 1]
are generated for all pairs of such actions to represent this
constraint in the encoding.

17. If o; with duration greater than 1 deletes precondition
p of action o; which has duration 1 such that o; does not
delete its own precondition p, then o; and o; cannot start at
same time t. The clauses =(o;(t) A 0;(t)),t € [0,k — 1]
are generated for all pairs of such actions to represent this
constraint in the encoding.

18. If o; has precondition p which it also deletes and action
o;j only deletes p (o; does not need p), then if o; starts at ¢,
theno; cannot start at atimet’ > ¢if (t'+d;) = (t+d;). To
represent this in the encoding, the clauses —(o;(t) A 0;(t'))
aregenerated for all pairs of such actions, for al timest and
t'suchthat (t +d;) = (t' +d;),t' > t,t € [0,k —1],¢' €
[0,k —1].

19. If actions o; and o; both only delete some fluent p and
both do not need p, then it cannot be the case that o; ends
at starting time of o;. This avoids consecutive deletions of
a fluent without making the fluent true. To represent this
in the encoding, the clauses —(o;(t) A 0;(t")) are generated
for all pairs of such actions, for all timest¢ and ¢’ such that
(t+d;)=t,tel0,k—1],t €[0,k—1].

20. If two actions o; and o; both only delete some fluent p
and both do not need it, then it cannot be the case that o;
endsat ending time of o;. To represent thisin the encoding,
the clauses —(o;(t) A 0;(t')) are generated for &l pairs of
such actions, for al times ¢ and ¢’ such that (¢ + d;) =
(t'+dj),t €0,k —1],t' € [0,k —1].

The encoding contains O(k.(| O | + | U |)) variables
andO(k.(] O | +| U |) + k. | O |?) clauses. The num-
ber of variables and clauses in the SAT encoding of atem-
pora planning problem are respectively higher than the the
number of variables and clausesin the encoding of the same
problemwith all action durationssetto 1. Thisismainly be-
cause of the action durations and the three variables needed
to model three different states of each fluent.

4 Discussion

We showed how tempora planning can be encoded as
a SAT problem and found the asymptotic number of vari-
ables and clauses in the encoding. In this section, we show
how the size of this encoding can be reduced without los-
ing soundness and completeness. We also show how this
encoding can be adapted to the more complex case of tem-
poral planning in which it is not necessary for all precondi-
tions of an action to be true at the same time and different
effects of an action may become true at different times dur-
ing its execution. We also show how the encoding is useful
in casting temporal planning as a CSP other than SAT.

4.1 Reducing Encoding Size

Though asmaller encoding is not always easier to solve,
smaller encodings have been shown to be solvable faster
[4], [3], [7]. The size of an encoding can be reduced by
propagating the truth assigned to unit clauses. Such unit
clauses are available in the specification of initial state and
goal in the encoding. Almost al SAT simplification tech-
niques which apply to the case where al actions have du-
ration 1 also apply to the case where actions have unequal
durations and we will not discuss these.

One can select a better value of & to avoid solving sev-
eral encodings generated with unacceptable lower values of
k. The planning graph [1] can be used to wisely choose
the value of k. Graphplan works in 2 phases. The first in-
volves growing a planning graph and is called the plan-
graph construction phase. Thisis a forward phase, begin-
ning with theinitial state. The second phaseisasolution ex-
traction phase. Thisis backward search phase starting with
the goal. Plangraph, or planning graph (PG), has two kinds
of levels called action levels and proposition levels. The
Oth proposition level isthe same astheinitial state. The Oth
proposition level occurs beforethe Oth action level whichin
turn occurs before the 1st proposition level which precedes
the 1st action level, etc. In general, the th proposition level
isimmediately succeeded by the i th action level. And, the
i thaction level immediately precedes (i + 1) th proposition
level. A propositionlevel and an action level can be consid-
ered as sets whose members are the same as the contents of
these levels. Thei th action level in the plangraph contains
all actionswhose al preconditions appear in the i th propo-
sition level. Thereis aso a dummy action called a no-op,
maintenance action, or persistence action in the i th ac-
tion level for each proposition in the ¢ th proposition level.
The precondition and effect of this action is the proposition
for which the action was created. This action is included
in the plangraph because if ho action changing the truth of
the proposition occurs, the truth of the proposition remains
same. The (i + 1) th proposition level is the union of the i
th proposition level and the effects of the actionsin the i th
actionlevel. Thus, proposition level 7 isasuperset of propo-
sitionlevel (i — 1). Similarly, action level 7 is a superset of
actionlevel (i — 1).

There are three kinds of edges in plangraph: (i) edges
from propositionsin proposition level i to the same propo-
sitions in proposition level (i + 1) (for no-ops), (ii) edges
from propositions in proposition level i to actions (whose
precondition list contains these propositions) in action level
7 and (iii) edges from actions in action level ¢ to proposi-
tions (which are effects of these actions) in proposition level
(i+1).

A key to the efficiency of Graphplan is the inference of
binary mutex (mutually exclusive) relations. Two kinds of



mutexes are found: (i) mutexes between actions, and (ii)
mutexes between propositions. Each of these two kinds
of mutexes could be static or dynamic. Static mutexes are
found by examining preconditions and effects of actions.
Dynamic mutexes are found by propagating static mutexes
using truths of conditionsin the initial state. Note that dy-
namic mutexes may be permanent or temporary.

If the plangraph has a proposition level that contains al
conditions from the goal such that no two of these are mu-
tex, Graphplan starts a backward search for a plan. If no so-
lution is found, Graphplan extends planning graph by one
action level and 1 proposition level and tries the solution
extraction again. Graphplan is guaranteed to report unsolv-
ability of aproblem. A plangraphis said to level off if the
none of the following change when the plangraph is grown
further: (i) the number of actions in last action level, (ii)
the number of propositionsin last proposition level, (iii) the
number of pairs of actionsthat are mutex in last action level,
and (iv) the number of pairs of mutex propositionsin last
proposition level. In the planning graph in Fig. 3, false
propositions are not shown in proposition levels for read-
ability. Because of same reason, mutex relations are not
shown. The planning graph has 3 proposition levels and 2
action levels. M1, M2, M3 and M4 are actions in the do-
main. The preconditions and effects of these actions are
shown on the left and right sides of the boxes respectively.
Here is the planning graph figure. The goal is achievable
with the plan Step 0: M2, Step 1: M1 & M3. The actions
M1 and M2 are static mutex and the actions M 3, M4 are dy-
namic mutex in thefirst action level. Kautz & Selman have
shown that planning graph can be used to reduce the size of
a SAT encoding for planning with actions of unit duration

[6].

lnitial Siate: A& B Goal Siate E& F

A C—>[MI——> B&F
B C——>[M2——> -B&D
D——>[MI——>E
F—>M——> ¢

Figure 3. A planning graph

It is clear that actions that do not appear in the last
action level of the leveled off planning graph are not
relevant to solving the problem. Such actions need
not be represented in the SAT encoding. Let us con-
sider a leveled off planning graph with four action levels
which are {02,04}, {02,04,05}, {02,04,05,08,09}, and,
{02, 04, 05,08,09,011 } respectively, excluding no-opsfrom

the action levels. This planning graph is constructed by
Graphplan [1]. If O = {0; | 1 < i < 20}, then it can
be concluded that actions 01,03, 0¢,07,010, 012, 013,014,
015,016, 017, 018, 019 and oy are not relevant to solving the
problem. These need not be represented in the encoding
for temporal planning. Since o5 occurs in the first action
level of the planning graph, it is clear that in case o5 oc-
curs in temporal plan, its start time will be greater than or
equal to min(ds,ds). This is because the planning graph
shows that o5 can occur only after one or more of the ac-
tions from {o2,04} occur. This means that we need not
create variables o5(t),t € [0,min(dz,ds) — 1]. Similar
argument shows that we need not create the following vari-
ables: 08 (tl), t1 € [0, (mm(dQ, d4) + min(dQ, d4, d5)) —
1], 09(t2),t2 S [0, (mm(dQ,d4) + min(dQ,d4,d5)) — 1]
and, Oll(tg),tg S [0, (min(dz,d4) + min(dg, d4,d5) +
min(ds,dy,ds,ds,dy)) — 1]. This significantly reduces
the number of variables and clauses in the encoding. This
also reduces the number of literals in various clauses.
The number of steps k& can then be chosen so that 8’ <
k < 0" where ¢ = (min(ds,ds) + min(ds,dy,ds) +
min(dg, d4, d5, dg, dg) + min(dg, d4, d5, dg, dg, dll)) and
0" = (maz(de,ds) + max(ds,dys,ds) +
max(dQ, d4, d5, dg, dg) + max(dQ, d4, d5, dg, dg, d11))

4.2 MoreComplex Temporal Planning

We assumed that all preconditions of an action are true
at the same time which is same as the time of start of ex-
ecution of the action. We also assumed that all effects
of an action hold at the same time which is same as the
time of end of execution of the action. In redlity, dif-
ferent effects may hold at different times and it may not
be necessary for al preconditions of an action to hold
at the same time. Consider the action move(A4, B, C)
which moves block A from top of block B to top of
block C. Its preconditions are clear(A),on(A, B) and
clear(C). Let us assume that there are several grippersand
one does not need the precondition hand — empty. The
effects of this action are on(A, C), ~clear(C), clear(B)
and, —on(A, B). clear(A) and on(A, B) have to be true
at same time. However clear(C) can become true later
during the execution of the action since some other action
may move block from the top of C before A is put on
C. The effect —on (A, B) holds immediately and the ef-
fect on(A, C)) becomestrue much later. Consider the action
fly(P, London, Paris) which flies plane P from London
to Paris. Its effects are at(P, Paris), ~at(P, London).
Itis clear that —at(P, London) becomes true much earlier
than at(P, Paris). Such an action may be specified with
times at which various preconditions are needed true rela-
tiveto s and various effectsbecometrue, relativeto s, where
s is start time of the action.



L et us see whether one needs to change constraints from
section 3 to handle such actions and if so how. Constraints
1 through 4 do not need any change to handle such ac-
tions. Constraint 5 needs a minor change. The new con-
straint specifies that different preconditions and effects are
true at different times. Constraints 6 and 7 do not need any
change. Constraint 8 needs a minor change. The new con-
straint states that precondition of an action deleted by itself
is undefined over the interval [t + 1,¢ + r — 1], when the
precondition is deleted r time units after the start of the ac-
tion, ¢ being start time of the action. Constraint 9 needs a
minor change to specify that different effects of an action
are undefined over different time intervals. Constraints 10
and 11 do not need any change. Constraint 12 needs a mi-
nor change. The new constraint states that if a fluent p is
true at time ¢ and undefined at time (¢ + 1), some action of
duration greater than 1 which deletes p at two time units or
more | ater than the time of start of its execution must occur
at time ¢t. The remaining constraints can be easily adapted
to handle such actions.

4.3 Temporal Planning as CSP other than SAT

Since SAT can beeasily transformed into O-1ILP, an ILP
encoding of temporal planning can be directly created using
our SAT encoding. For example, the clause (z V y V =z V
-b) can be trandated into the linear constraint (z' + y' +
(1 -2+ (1 -1")) > 1 where the domain of the integer
varigblesz',y', z’,b" is {0, 1}. The direct translation of our
SAT encoding into 0-1 ILP encoding leads to O(k.(] O |
+ | U |)) integer variablesand O(k.(| O | + | U |) + k. |
O |?) linear constraints among these.

One can create a CSP using the constraints that lead
to the SAT encoding. Specifically, one can have k. |
O | boolean variables whose values represent occur-
rence/absence of actionsat varioustime steps. One can have
(k+1). | U | variables with the domain {t, f, u} to repre-
sent various states of the fluents at al time steps. Note that
in SAT encodingweneed 3.(k +1). | U | boolean variables
to represent various states of al fluents at all time steps. In
the CSP formulation, we need only (k + 1). | U | vari-
ables. Though the domains of these variables contain 3 val-
ues, the worst-case size of the space of assignments to the
fluent variables is lower in the CSP formulation. Since by
definition each variable in CSP is assigned a unique value,
we do not need constraints to specify that a fluent cannot
be in more than one state at any time. Note that in the SAT
encodingweneed 3.(k + 1). | U | binary clauses to specify
that a fluent cannot be in more than one state at any time.
In SAT encoding, we need (k + 1). | U | clauses to spec-
ify that each fluent istrue or false or undefined at each time
step. No constraints are needed in the CSP to specify this
regquirement. Remaining constraints leading to the SAT en-

coding can be trandated to complete the CSP formulation.
This shows how the constraints we developed to generate a
SAT encoding are useful in casting temporal planning as a
CSP. Note that no extra effort is needed to verify the cor-
rectness of the CSP formulation.

4.4 Other SAT Encodings

In this subsection, we discuss two additional SAT en-
codings of temporal planning. The first is a variation of
our state-space encoding with explanatory frame axiomsfor
temporal planning. The other encoding is an augmentation
of the causal encoding for classical planning from [5].

Let us consider our state-space encoding with explanatory
frame axioms for temporal planning. The variables for en-
coding undefined states of fluents can be eliminated from
this encoding. The only use of these variables is that they
prevent certain conflicting actions from overlapping. For
example, if o, deletesp, p isundefined during the execution
of 01. If 02 needs p and does not delete it, then execution
of o, and o; cannot overlap. Since p cannot be both true
and undefined at the same time, executions of o; and o2
cannot overlap. Then one does not need an explicit mutual
exclusion constraint to prevent overlapping of o, and 0.
The variables for encoding undefined states of fluents can
be eliminated and explicit mutual exclusion constraints can
be added to an encoding. If the variable for encoding unde-
fined state of afluent is eliminated, the variables for encod-
ing true and fal se states can also be eliminated. So for aflu-
ent p, onecan eliminate pt(t), pf(t) and pu(t) variablesand
just use p(t) variable such that if p(t) = true, p istrue at
timet andif p(t) = false, pisfaseattimet. Thiselimina
tion reduces the number of variablesin the encoding. This
allows us to remove the following types of clauses as well:
~(pt(t)Apf(t)), ~(pu(t) Apf(t)), —(pt(t) Apu(t)). Instead
of 6 kinds of explanatory frame axioms, only two kinds
of explanatory frame axioms are needed, for change from
true to false and vice versa, when the variables for un-
defined state are eliminated. This does however require an
inclusion of several clauses for mutual exclusion between
actions. This may not be a concern since the experiments
on SAT encodings of planning show that reducing the num-
ber of variablesis moreimportant than reducing the number
of clauses.

Let us consider the causal encoding for classical planning
from [5]. Though it has been shown [8] that causal en-
codings are harder to solve than state-space encodings in
classical planning, causal encodings may be more useful
for temporal planning than state-space encodings. Thisis
because causal encodings represent partial order on steps
and because there is no explicit representation of time.
As a result if the difference in the durations of actions
is high, this will not blow up the size of the causa en-



coding. Causal encodings represent all step-action bind-
ings. For example, if there are 4 actions o4, 0,2, 03 and
o4 and there are 3 steps p1, p2 and ps3, the causal encod-
ing contains the following constraints among many others:
((p1 = 01)V(p1 = 02)V(p1 = 03)V(p1 = 04)V(p1 = ¢)),
((p2 = 01)V(p2 = 02)V(p2 = 03)V(p2 = 04)V(p2
((ps = 01)V(ps = 02)V(ps = 03)V(p3 = 04)V(p3

=9))
=9)),
),
)
)

(

(
2((p1 = o) A1 = @), 7((p1 = 02)A(p1 = ¢
=((p1 = 03) A(p1 = ¢)), 7((p1 = 01) A (p1 = 9)),
=((p1 = 01) A(p1 = 02)), ~((p1 = 01) (p1 = 03)),
=((p1 = 02) A(p1 = 03)), =((p1 = 02) A (p1 = 04)),

—((p1 = 01) A (p1 = o04)). In brief, it contains clauses
that represent that each step is bound to one and only ac-
tion, including no-op ¢. ¢ has no preconditions. ¢ has no
effects. The use of no-ops alows an extraction of plans
with fewer steps than k. The causal encoding also con-
tains clauses for resolving conflicts arising out of deletion
of preconditions. It also contains clauses that specify anti-
symmetricity, irreflexivity and transitivity of partial order-
ing over steps, aong with some other clauses. The vari-
ables of type p; = o; in the above clauses are boolean vari-
ables. If p; = o; is assigned true, then step p; is bound
to action o;. If p; = o; is assigned false, then step p; is
not bound to action o;. The causal encoding [5] aso has
variables of type p; < p;. < denotes partial order. If the
boolean variable p; < p; isassigned true, it means that step
p; precedes step p;. This means that if action bindings of
p; and p; are o, and o, respectively, then o,, occurs before
oq. Let us consider the case of temporal planning where
(i) all effects of an action hold at the same time which is
same as the end of its execution, and, (ii) al preconditions
of an action must be true at same time which is same as
the start of execution of the action. For this type of tem-
pora planning, the causal encoding [5] can be used with
the following additions: (i) Thisis about interpreting truth
assignment of the partial-order variables. If p; < p; isas-
signed true, the action bound to p; ends before action bound
to p; starts. (ii) For each pair of actions o; and o; that can-
not overlap, and, al pairs of steps p, and p,, the follow-
ing clause should be added to the causal encoding from [5]:
(((pa = Oi) A (pb = Oj)) = ((pa < pb) \4 (pb < pa)))-
This leads to additional O(k?. | O |?) clauses. k isthe
number of stepsin the causal encoding. & does not repre-
sent the time duration of execution of plan. Once the encod-
ing is solved, start times can be assigned to various actions
in polynomial time using the truth assignments of the step-
action binding variables (e.g. p, = 0;) and the variablesfor
partial orders on steps (e.g. p, < pp)- That gives an exe-
cutable temporal plan. Since durations of actions and their
start times are not represented in the encoding, the times do
not affect the size of the encoding at all.

5 Summary

There is an increasing amount of work on extend-
ing/adapting the recent advances in plan synthesis under
classical assumptions to more expressive planning. More
expressive planning involves dealing with metric time, con-
ditional effects, quantifiers and resource quantities. Verify-
ing the soundness and compl eteness of such plannerswhich
cast planning as some kind of CSP is non-trivial. We devel-
oped a SAT encoding for temporal planning such that the
encoding is solvableif and only if thereis a plan whose ex-
ecution time is less than or equal to chosen bound (k + 1).
We showed how the size of the encoding can be signifi-
cantly reduced using information in planning graph. We
showed how the SAT encoding can be adapted to handle ac-
tions all of whose preconditions need not be true at same
time and/or whose effects become true at different times.
We also showed how the SAT encoding is useful in casting
temporal planning asa0-1 ILP and as a CSP different from
SAT and 0-1 ILP. We al so reported on two additional encod-
ings for temporal planning. One of them is causal encoding
whose size is not affected by durations of actionsat all.
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