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Abstract

Local search-based methods of SAT solving have re-
ceived a significant attention in the last decade. All local
search-based methods choose the next truth assignment by
flipping the value of only one variable. Simultaneously flip-
ping values of multiple variables on an iteration can allow
a local search-based solver to take long leaps in the search
space. We report on SAT solver MFSAT, which has nine lo-
cal search-based procedures. One of them is similar to con-
ventional procedures which flip the value of one variable on
an iteration. Other eight procedures are capable of simulta-
neously flipping values of multiple variables on an iteration
to generate the successor truth assignment. We call these
procedures “multi-flip” procedures. We report on the em-
pirical evaluation of the nine procedures on more than 2700
benchmark SAT problems. Our results show that multi-flip
procedures solve many more problems than the uni-flip pro-
cedure. Several multi-flip procedures solve problems many
times faster than the uni-flip procedure.

1 Introduction

Propositional satisfiability (SAT) is a prototypical com-
binatorially hard problem which is as expressive as a gen-
eral constraint satisfaction problem. The importance of SAT
in artificial intelligence is clear from several practical appli-
cations and from several workshops, international compe-
titions, and special issues of journals devoted to this prob-
lem. The practical applications of SAT include circuit de-
sign, diagnosis and verification, job scheduling and plan-
ning. Several combinatorial problems have been encoded
as SAT and solved efficiently. These include map coloring
and Steiner tree finding. Classical planning problem can
be solved efficiently, when encoded and solved as a SAT
problem [4]. The work on classical planning as satisfiabil-
ity includes [9],[10],[11],[12], [13], and [14].

Local search-based methods have gained a significant at-
tention in the last decade. These are iterative improvement
methods. They are incomplete. These methods have solved
many SAT and constraint satisfaction problems (CSPs) or-
ders of magnitude faster than the global search-based meth-
ods. Local search methods start with an initial assignment
to variables and choose assignments that maximize the in-
crease in the number of constraints satisfied or increase the
number of satisfied constraints. The methods often choose
assignments that do not lead to any improvement either to
do simulated annealing or escape from local maximum. The
next assignment which improves the value of the score func-
tion is generally chosen by examining several candidate as-
signments. These candidates are obtained by assigning dif-
ferent values to the same variable or assigning different val-
ues to multiple variables. In both cases, any candidate as-
signment differs from the current assignment in the value of
only one variable.

Several local search-based methods have been reported
in [1], [3], [6], [7], and [8]. All of these generate candidate
assignments by changing the value of only one variable. For
example, given an n-variable SAT instance, � candidate as-
signments can be generated, each by flipping the value of
one variable. Flipping the values of multiple variables on an
iteration to generate the next assignment can be useful for
several reasons. Multiple flips can avoid local maximum.
Evaluating the effects of multiple flips allows a solver to
look ahead. Multiple flips can reduce the number of itera-
tions needed to solve a problem and/or solving time.

The nine local search-based procedures in this paper are
P-1A, P-1A-2A, P-1A-2A-T, P-1A-2S, P-1A-3S, P-1A-2S-
3S, P-1A-2S-3S-4S-5S, P-1A-2S-3S-4S-5S-T, and P-1A-
JWOS. “A” in the names of procedures stands for all and
“S” in the names of the procedures stands for some. “T”
denotes the use of tabu list. Procedures whose names con-
tain “T” use tabu list. “xA” in the name of a procedure de-
notes that the procedure examines “all” candidate assign-
ments differing in the values of “x” variables from the cur-



rent assignment, on each iteration. So P-1A examines all
assignments differing in the value of 1 variable. P-1A is
like many conventional local search-based procedures. We
also refer to P-1A as the “uni-flip” procedure. P-1A-2A ex-
amines all assignments differing in the value of 1 variable
and all assignments differing in the values of two variables
on each iteration. “xS” in the name of a procedure denotes
that the procedure examines “some” assignments differing
in the values of “x” variables on each iteration. For ex-
ample, P-1A-2S examines all assignments differing in the
value of 1 variable and some assignments differing in the
values of two variables, on each iteration. P-1A-2S-3S-4S-
5S-T examines all assignments differing in the value of one
variable, some assignments differing in the values of two
variables, some assignments differing in the values of three
variables, some assignments differing in the values of four
variables, and some assignments differing in the values of
five variables, along with the tabu list restriction. Procedure
P-1A-JWOS uses ideas from Jeroslow-Wang rule (JW) [2]
and occurrences (OS) of variables. All nine procedures do
steepest descent since they accept the best possible change
from their neighborhood on each iteration, rather than any
change that leads to some improvement.

Our work makes the following contributions:

� We report on eight local search-based multi-flip algo-
rithms.

� We report on an empirical evaluation of the nine pro-
cedures on 2714 benchmark SAT instances. The em-
pirical evaluation shows that many multi-flip proce-
dures solved many more problems (83 �) than P-1A
(44 �).

� The empirical evaluation also shows that many prob-
lems are solved faster by multi-flip procedures than
P-1A. The evaluation shows that flipping the values
of multiple variables on an iteration can be a very
good idea.

� We discuss broader usefulness of our work. This
includes development of efficient local search-based
procedures using dynamic and automatic selection of
neighborhood of truth assignments and multi-flip lo-
cal search procedures for integer linear programming
(ILP), MAX-SAT, weighted MAX-SAT and CSPs.

2 Background

Local search style methods have become a viable al-
ternative to constructive backtrack style methods for solv-
ing constraint satisfaction and SAT problems [8]. A local
search-based algorithm for SAT is reported in [1]. This
algorithm generates candidate assignments by flipping the

value of one variable. Several local search algorithms have
been reviewed in [7]. These include GSAT, HSAT, WSAT-
G, WSAT-B, WSAT, Novelty, and Novelty+. All of these
flip the value of only one variable to generate a candidate
truth assignment. The random walk (RW), random walk
with freebie move (RWF) and Walksat algorithms in [8] flip
the value of only one variable on an iteration. The min-
conflicts hill climbing algorithm [6] flips the value of one
variable on an iteration. The number of satisfied clauses
is a common score function in local search. Some local
search-based algorithms perform steepest descent. They
choose the assignment yielding maximum value of the score
function from their neighborhood of assignments. Some lo-
cal search-based algorithms (e.g. Random Walk, Walksat)
select an assignment that yields some improvement in the
value of the score function. Algorithms like Walksat some
times select assignments that do not yield any improvement,
even though improving assignments exist.

3 Multi-flip Procedures

In this section we first explain the notation relevant to the
multi-flip procedures. Then we explain how various neigh-
bors are found. After this we explain the algorithms of P-1A
and the eight multi-flip procedures.

3.1 Notation

We represent the truth assignment to various variables
assuming a fixed total order over the variables. So the as-
signment �� � �� �� � �� �� � � is represented by
� �� �� � �, assuming that the total order over the vari-
ables is �� � �� � ��. ������

denotes the list of all truth
assignments differing in the value of one variable, as com-
pared with the truth assignment��. For example, if �� ��
�� �� � �, then ������

is [� �� �� � ��� �� �� � �
�� �� �� � �]. If �� �� �� �� �� � �, then ������

is [� �� �� �� � ��� �� �� �� � ��� �� �� �� � ���
�� �� �� � �]. If �� is an assignment to � variables, then
length of ������

= �. 	�������
� is the first assignment in

������
that satisfies maximum number of clauses from the

given SAT instance, among all assignments in ������
. In

general, 	�
� is the first assignment from list 
 which sat-
isfies maximum number of clauses among all assignments
from 
.
������

denotes the list of all assignments differing in
the values of 2 variables when compared with the assign-
ment ��. For example, if �� �� �� �� � �, then
������

is �� �� �� � ��� �� �� � ��� �� �� � ��. If
�� �� �� �� �� � �, then ������

is �� �� �� �� � �
�� �� �� �� � ��� �� �� �� � ��� �� �� �� � ���
�� �� �� � ��� �� �� �� � ��. In general, length of������

is �������
� when �� contains an assignment to � variables.



	�������
� is the first assignment from������

which satis-
fies maximum number of clauses.
�������

denotes the list of first � assignments differing
in the values of two variables, when compared with the as-
signment ��, where � � �
�����������

�. So � � �������
� .

�������
� is ���� ��. If a value higher than �������

� is chosen,

� is considered to be equal to �������
� by MFSAT solver.

For a given �� and �, �������
is unique. For example,

if � � � and �� �� �� �� � �, then �������
� ��

���� � ��. If � � �, then ������
� �� ���� � ���

�� �� � ��. Let �� �� ��� ��� ��� �� �, where ��� ��� ��
and �� are values of 4 variables ��� ��� �� and �� respec-
tively. Then �������

contains first � elements of the fol-
lowing list: � �������� ��� �� �, � ���� ������� �� �,
� ���� ��� ������ �, � ����������� �� �, �
������� ������ �, � ��� ���������� �. If �� � � , then
��� � � . If �� � � , then ��� � � . The list contains �� �
assignments obtained by flipping �� and every other value.
The list contains � � � assignments obtained by flipping
�� and every value �� � � � �. In general the list contains
� � � assignments obtained by flipping �� and every value
��� � � �, such that � � � � ��� ��. 	��������

� is the first
assignment from�������

which satisfies maximum number
of clauses.
�������

is the list of first � assignments differing in the
values of 3 variables as compared with the assignment � �,
where � � �����������

� . These are first � assignments from
the list which has �� � truth assignments obtained by flip-
ping ��� �� and every other value. The list has �� � assign-
ments obtained by flipping ��� �� and every value �� � � � �.
In general, the list has � � � � � assignments obtained by
flipping ��� ����, and every value �� � � � ��	 ��, such that
� � � � �� � ��. Note that �������

here does not con-
tain � ���� ��� ���������� ��� ���� ������� ������ �
etc. If such assignments are included, the maximum length
of�������

is �������������
� which is very high for high val-

ues of �. If � higher than �����������
� is specified, MFSAT

solver uses � equal to �����������
� . �������

is unique for a
given � and ��.
�������

denotes the list of first � assignments from a list
of truth assignments which differ in the values of 4 variables
as compared with the assignment ��. The list has �� �� �
assignments obtained by flipping ��� ����� ���� and every
value �� � � � �� 	 ��, such that � � � � �� � ��. So the

maximum length of�������
is �����������

� . If the value of �

chosen is greater than �����������
� , then � is assumed to be

equal to �����������
� by MFSAT solver.

�������
is the list of first � assignments from a list of

truth assignments differing in the values of 5 variables, as
compared with the assignment ��, where � � �����������

� .

Thus the maximum length of �������
is �����������

� and

not �������������������������
��	 . �������������������������

��	 is
same as ���� 
�. If the chosen value of � is greater than
�����������

� , then �����������
� is used by MFSAT.�������

is
computed in a manner similar to �������

, �������
, �������

,
and�������

. �������
is unique for a given � and��. The list

from which elements of�������
are chosen has �� ��� as-

signments obtained by flipping ��� ����� ����� ���� and ev-
ery other value �� � � � ��	 ��, such that � � � � ��� ��.

3.2 Local Search-based Algorithms

We describe the algorithms used by the 9 local search-
based procedures in this subsection. Search is considered to
be stuck in local maximum if the number of clauses satisfied
by all alternative assignments (all neighbors) is less than
or equal to the number of clauses satisfied by the current
assignment.

The initial truth assignment is generated by all the 9 pro-
cedures in the following manner. To assign initial truth
value to each variable, a random number � is generated and
(� mod 2) is found. If the resulting number is 0, the variable
is assigned true, otherwise it is assigned false. So genera-
tion of the initial truth assignment to � variables involves
generation of � random numbers.

The neighboring truth assignments are generated by each
procedure in a fixed order. If multiple truth assignments
satisfy maximum number of clauses which are also more
than the ones satisfied by the current assignment, then the
assignment generated first is chosen from these. If tabu list
is used, the the earliest generated assignment which is not
in the tabu list and which also satisfies maximum and more
clauses than the current assignment, is selected as the next
assignment.

To escape from a local maximum, each procedure gen-
erates a random positive integer � which is less than the
number of variables and then flips the assignments of � vari-
ables 1,2,3,...,�. In DIMACS format, variables are denoted
by positive integers.
Algorithm for P-1A
1. Generate a random initial truth assignment for all vari-
ables. Let this be �.
2. For �� � � to max iterations �
� If � satisfies all clauses, then exit.
If there is an assignment in ����� which satisfies more
clauses than �, then ��� 	�������, else
��� A randomly generated assignment for escaping from
local maximum �.
3. Print “No solution found”.
Algorithm for P-1A-2A

It is same as that of P-1A, with the following difference.
Instead of�����, we have the list obtained by concatenating
����� and ����� everywhere in the procedure for P-1A-
2A.



Algorithm for P-1A-2A-T
It is same as that of P-1A-2A, with the following differ-

ence. A move (flipping of values of variables) is not made
if it is in the tabu list. Tabu list serves as a simple form of
short term memory managed by first in first out (FIFO) rule.
If the best move is in the tabu list, next best move is used if
it satisfies more clauses than�. If all moves satisfying more
clauses than � are in the tabu list, a random assignment for
escaping from local maximum is generated.
Algorithm for P-1A-2S

The algorithm for P-1A-2S is same as that for P-1A with
the following difference. Instead of �����, we have the list
obtained by concatenating����� and������ everywhere in
the procedure for P-1A-2S.
Algorithm for P-1A-3S

The algorithm for P-1A-3S is same as that for P-1A with
the following difference. Instead of �����, we have the list
obtained by concatenating����� and������ everywhere in
the procedure for P-1A-3S.
Algorithm for P-1A-2S-3S

The algorithm for P-1A-2S-3S is same as that for P-1A
with the following difference. Instead of�����, we have the
concatenation of the three lists �����, ������ and �������,
everywhere in the procedure for P-1A-2S-3S.
Algorithm for P-1A-2S-3S-4S-5S

The algorithm for P-1A-2S-3S-4S-5S is same as that
for P-1A with the following difference. Instead of
�����, we have the concatenation of the five lists
������ ������� �������� �������� and ���������, everywhere
in the procedure for P-1A-2S-3S-4S-5S.
Algorithm for P-1A-2S-3S-4S-5S-T

This is same as that for P-1A-2S-3S-4S-5S with the fol-
lowing difference. P-1A-2S-3S-4S-5S-T uses tabu list. If
the best move is in the tabu list, next best move is chosen
if it leads to satisfaction of more clauses than the current
assignment �. If all moves that lead to satisfaction of more
clauses than � are in the tabu list, a random assignment to
escape from local maximum is chosen.
Algorithm for P-1A-JWOS

This procedure uses the number of positive and neg-
ative occurrences of a variable and ideas from Jeroslow-
Wang rule [2] in deciding which move to make. Con-
sider the SAT instance �� � � � ��� 	 �� � ���. �� �� �
all have 1 positive occurrence in the instance. �� �� � re-
spectively have 0,1,1 negative occurrences in the instance.
���� denotes the absolute difference between the number
of positive occurrences of � (�	) and the number of nega-
tive occurrences of � (�	). In case of the example instance,
���� � �� ���� � ���� � �. ���� where � is a literal
in the SAT instance is

�
���� found over all clauses con-

taining �, �� denoting the length of � th such a clause. In
case of the example, ���� � ��� � ����
, ����� � �,
���� � ����� � ��� � ����
, ���� � ����� � ��� �

���
. If the clause ��� � �� � � �� is added to the instance,
����� � ��� 	 ��� � �����
.

P-1A-JWOS computes ���� values of all variables and
���� values of all literals in the given SAT instance. It
ranks variables in the decreasing order of the ���� val-
ues. It ranks literals in the decreasing order of the ����
values. P-1A-JWOS uses user specified values �� and �
,
� � �� � �� � � �
 � �. �
 denotes the set of first ��
variables with high ���� values from the ���� based or-
der. ��� denotes the set of first �
 literals with high ����
values from the ���� based order.
P-1A-JWOS
1. Generate a random initial truth assignment for all vari-
ables. Let this be �.
2. For �� � � to max iterations �
� If � satisfies all clauses, then exit.
(a) Find an assignment in ����� which satisfies maximum
number of clauses. Let this be ��.
(b) Find an assignment by flipping values of 2 randomly
chosen variables from �
. Let this be ��.
(c) Find an assignment by flipping values of 2 randomly
chosen variables from ��� . Let this be ��.
(d) If 	����� ��� ���� satisfies more clauses than �, then
��� 	����� ��� ���� else
��� A randomly generated assignment to escape from

local maximum �.
3. Print “No solution found”.

4 Empirical Evaluation

The MFSAT solver containing the nine local search-
based procedures is implemented in C++. When run, the
solver first checks whether all files with .cnf extension in
its directory are in DIMACS input format. If some files are
not in the correct input format, it does not proceed. The
solver allows a user to select the procedures to be run. The
solver asks a user to choose the maximum number of iter-
ations, length of tabu list and the number of neighboring
truth assignments to be examined by various procedures.
MFSAT attempts all 9 procedures in a fixed sequence on
all problems in its directory, when a user chooses to run all
procedures. The solver outputs the number of times each
procedure got stuck in local maximum on each problem,
the number of iterations used, the cpu seconds and the max-
imum number of clauses it could satisfy. The maximum
number of clauses satisfied is the maximum of the clauses
satisfied on all iterations. The empirical evaluation was con-
ducted on a grid with Solaris 8, dual UltraSparc 3/750, 1.5
GB RAM, and 40 GB fiber channel local drive.

Results from the empirical evaluation are shown in ta-
bles 1,2,3,4,5,6,7,8, and 9. A summary based on these re-
sults is shown in Table 10. S/A in tables 1,...,9 denotes



the number of problems solved and the number of prob-
lems attempted. SOB in tables 1,...,6 denotes the number
of problems solved only by the specific procedure (and not
solved by any other procedure which attempted the prob-
lems). For example, table 2 shows that out of 800 prob-
lems attempted by all procedures, 53 were solved only by
P-1A-2A. F in tables 1,...,5 shows the number of problems
solved by a procedure fastest, when two or more procedures
solved the problem. I in tables 1,...,5 denotes the number of
problems solved by two or more procedures that a specific
procedure solved in fewest iterations. For example, table
5 shows that 12 of the problems solved by P-1A-2A were
also solved by some other procedure/procedures, such that
P-1A-2A solved these in fewest iterations. FM in tables 7,8
and 9 shows the number of problems that the specific multi-
flip procedure solved faster than P-1A. FU in tables 7,8 and
9 shows the number of problems that P-1A (uni-flip pro-
cedure) solved faster than the specific multi-flip procedure.
For example, table 7 shows that P-1A-3S solved 152 prob-
lems faster than P-1A and that P-1A solved 217 problems
faster than P-1A-3S. MF in table 10 denotes the total num-
ber of problems containing the specified number of vari-
ables that one or more multi-flip procedures solved. OMF
in table 10 denotes the total number of problems contain-
ing the specified number of variables that only one or more
multi-flip procedures solved. * in table 5 and - in tables
7,9 and 8 denote “Not Applicable”. �� denotes the num-
ber of neighbors differing in the values of two variables. � �

denotes the number of neighbors differing in the values of
three variables. �� denotes the number of neighbors differ-
ing in the values of four variables. �� denotes the number
of neighbors differing in the values of five variables. � � is
relevant to P-1A-2S, P-1A-2S-3S, P-1A-2S-3S-4S-5S, and
P-1A-2S-3S-4S-5S-T. �� is relevant to P-1A-3S, P-1A-2S-
3S, P-1A-2S-3S-4S-5S, and P-1A-2S-3S-4S-5S-T.�� is rel-
evant to P-1A-2S-3S-4S-5S, and P-1A-2S-3S-4S-5S-T. � �

is relevant to P-1A-2S-3S-4S-5S, and P-1A-2S-3S-4S-5S-
T. �� denotes the number of variables with high ���� val-
ues. �
 denotes the number of literals with high ��� values.
�� and �
 are relevant to P-1A-JWOS.

Every problem was attempted with P-1A and at least
one multi-flip procedure. Since the primary aim of this
work was a comparison of multi-flip procedures and P-1A,
not every multi-flip procedure was attempted on each prob-
lem. For each procedure, we found the number of problems
solved by it. We also found the number of problems solved
by a procedure that no other procedure did (SOB). We also
found the number of solved problems on which a proce-
dure was fastest, based on problems that were solved by 2
or more procedures. A procedure � � was considered to be
fastest on a problem if the solving time needed by � � was
not higher than the solving time of any other procedure that
solved . So two or more procedures may be fastest on the

same problem. We found the total solving time for proce-
dure based on the problems solved by it. We also found the
number of problems solved by a procedure in fewest itera-
tions, based on problems solved by 2 or more procedures.
A procedure �� was considered as needing fewest iterations
on a problem  if the number of iterations needed by � �

was not higher than the number of iterations needed by any
other procedure that solved  . We found the total number
of iterations needed by each procedure based on the prob-
lems solved by it. We also found the total number of prob-
lems solved by some procedure other than P-1A (MF). This
information is reported in Table 10. We also found the total
number of problems solved only by some multi-flip proce-
dure. This information (OMF) is also reported in Table 10.

The empirical results on 100 20-variable random 3-
SAT satisfiable problems are shown in Table 1. All
these problems have 91 clauses. These are first
100 problems from the uf20-91.tar.gz collection at
http:!!www.intellektik.informatik.tu-
darmstadt.de!SATLIB!. These are hard problems from the
phase transition region, with the ratio of the number of
clauses and the number of variables equal to 4.55. The
length of the tabu list was 5. ��� � 
 ��� 
� were all equal to
10. The maximum number of iterations was 200. P-1A-2A-
T solved all 100 problems. 7 out of the 8 multi-flip proce-
dures solved more problems than P-1A. 7 multi-flip proce-
dures needed fewer total iterations than P-1A. P-1A-JWOS
needed lower total solving time than P-1A and also lower
average solving time than P-1A. Two multi-flip procedures
(P-1A-3S and P-1A-JWOS) were fastest on more problems
than P-1A. These two procedures also solved more prob-
lems than P-1A. Every multi-flip procedure solved some
problems that P-1A did not. P-1A-2A and P-1A-2A-T were
best at this, both solving 20 problems that P-1A did not.
MFSAT attempted remaining 900 problems from the same
collection. All procedures used upto 200 iterations, tabu
list length 5 and �� values equal to 10. The results of this
run are shown in Table 7. The number of problems solved
by one or multi-flip procedures was 900. So each problem
was solved by some multi-flip procedure. 273 out of these
900 problems were solved faster than P-1A by one or more
multi-flip procedures. Only 5 out of the 900 problems were
solved by P-1A faster than all 8 multi-flip procedures. In-
stead of SOB, F and I values, we found FM and FU values
which reveal different and useful information.

Results on 800 50-variable satisfiable random 3-SAT
problems from the uf50-218.tar.gz collection at SATLIB are
shown in Table 2. The ratio of the number of clauses and
the number of variables for problems in this collection is
4.36. These are hard problems. They belong to the phase
transition region. The length of tabu list was 5. The limit
on the number of iterations was 1000. All � �� � 
 ��� 
�
were equal to 10. 7 multi-flip procedures solved more prob-



Procedure S/A SOB F I
P-1A 80 / 100 0 37 4

P-1A-2A 98 / 100 0 23 35
P-1A-2A-T 100 / 100 0 20 29
P-1A-2S 87 / 100 0 31 7
P-1A-3S 89 / 100 0 40 5

P-1A-2S-3S 80 / 100 0 24 6
P-1A-2S-3S-4S-5S 85 / 100 0 18 6

P-1A-2S-3S-4S-5S-T 86 / 100 0 24 10
P-1A-JWOS 84 / 100 0 49 2

Table 1. Results on 20-variable random 3-SAT
problems

lems than P-1A. 53 problems were solved only by P-1A-
2A. P-1A-JWOS was fastest on more solved problems than
all other procedures. At least 7 multi-flip procedures each
solved more than 100 problems that P-1A did not. P-1A-2A
solved 462 problems that P-1A did not. We also evaluated
the 9 procedures on the remaining 200 problems from the
uf50-218.tar.gz collection of 1000 problems.

Procedure S/A SOB F I
P-1A 195 / 800 2 78 18

P-1A-2A 647 / 800 53 69 237
P-1A-2A-T 623 / 800 43 70 243
P-1A-2S 200 / 800 2 75 19
P-1A-3S 188 / 800 1 77 22

P-1A-2S-3S 199 / 800 3 58 18
P-1A-2S-3S-4S-5S 223 / 800 2 69 23

P-1A-2S-3S-4S-5S-T 218 / 800 2 56 23
P-1A-JWOS 221 / 800 3 100 26

Table 2. Results on hard 50-variable random
3-SAT problems

The results on 60-variable problems are shown in Ta-
ble 3. These are 3-SAT problems with 258 clauses
from dejong60cnf.tar.gz collection at http:!!www.in.tu-
clausthal.de! � gottlieb!benchmarks!sat. These are hard
problems from the phase transition region with the ratio of
the number of clauses and the number of variables equal to
4.3. The length of tabu list was 5, all six �� values were
equal to 10 and the limit on the number of iterations was
1100. Three multi-flip procedures solved more problems
than P-1A.

The results on 75-variable problems are reported in Table
4. These are hard random 3-SAT satisfiable problems with
325 clauses from the uf75-325.tar.gz collection at SATLIB.

Procedure S/A SOB F I
P-1A 4 / 40 0 3 2

P-1A-2A 19 / 40 5 3 6
P-1A-2A-T 19 / 40 4 2 8
P-1A-2S 3 / 40 0 1 0
P-1A-3S 2 / 40 0 1 1

P-1A-2S-3S 5 / 40 0 1 0
P-1A-2S-3S-4S-5S 3 / 40 0 3 0

P-1A-2S-3S-4S-5S-T 2 / 40 0 1 0
P-1A-JWOS 4 / 40 0 2 0

Table 3. Results on hard 60-variable random
3-SAT problems

The problems lie in the phase transition region. The limit
on the number of iterations was 1000 in the attempts on
all problems. The length of tabu list was 10 in the case of
attempts on 87 problems and 5 in case of attempts on 12
problems. The ��� � 
 ��� 
� values were equal to 10 in
case of attempts on 22 problems and equal to 20 in case of
attempts on 77 problems. Five out of eight multi-flip proce-
dures solved more problems than P-1A. 13 problems were
solved only by P-1A-2A. Six multi-flip procedures were
fastest on more problems than P-1A. P-1A-2A solved 31
problems that P-1A did not.

Procedure S/A SOB F I
P-1A 1 / 99 0 0 0

P-1A-2A 32 / 99 13 7 8
P-1A-2A-T 31 / 99 10 8 11
P-1A-2S 2 / 99 2 2 2
P-1A-3S 0 / 99 0 0 0

P-1A-2S-3S 5 / 99 1 3 0
P-1A-2S-3S-4S-5S 3 / 99 0 2 1

P-1A-2S-3S-4S-5S-T 1 / 99 1 0 0
P-1A-JWOS 1 / 99 1 1 0

Table 4. Results on hard 75-variable random
3-SAT problems

The results on 90-variable satisfiable problems from 3
colorable flat graph coloring set collection flat30-60.tar.gz
at SATLIB are shown in Table 5. The problems have 300
clauses. The SAT instances are encodings of problems with
30 vertices and 60 edges. The limit on the number of iter-
ations was 1000 and all �� values were equal to 20. Two
multi-flip procedures solved more problems than P-1A. P-
1A-2S was fastest on more solved problems than P-1A.

The results on 100-variable problems are shown in Table



Procedure S/A SOB F I
P-1A 8 / 100 1 5 2

P-1A-2A 86 / 100 66 0 12
P-1A-2A-T 0 / 0 * * *
P-1A-2S 11 / 71 1 7 5
P-1A-3S 3 / 40 0 0 0

P-1A-2S-3S 5 / 40 0 2 1
P-1A-2S-3S-4S-5S 5 / 40 0 4 1

P-1A-2S-3S-4S-5S-T 0 / 0 * * *
P-1A-JWOS 3 / 40 0 3 1

Table 5. Results on 90-variable graph coloring
problems

6. These are problems from the CBS k3 n100 m403 b10
collection at SATLIB. These are hard satisfiable random 3-
SAT problems with 403 clauses and 10 backbones. The
hardness of SAT instances is correlated with the number
of backbones. A backbone is a variable that must be as-
signed only 1 value. For example, � and � are backbones
in the SAT instance � 	 �� 	 �� � ��. " is a backbone in
the SAT instance �" � �� 	 �" � ���. 10 problems were
attempted only with P-1A, P-1A-2A and P-1A-2A-T with
2000 as the limit on the number of iterations and 5 as the
length of tabu list. 46 problems were attempted only with
P-1A and P-1A-2A, with 1500 as the limit on the number
of iterations. 44 problems were attempted only with P-1A
and P-1A-2A, with 1700 as the limit on the number of it-
erations. 14 problems were attempted only with P-1A, P-
1A-2S, P-1A-3S, P-1A-2S-3S, P-1A-2S-3S-4S-5S, P-1A-
2S-3S-4S-5S-T, and P-1A-JWOS, with ��� � 
 ��� 
� val-
ues equal to 20, tabu list’s length equal to 5 and 5000 as
the limit on the number of iterations. 26 problems were
attempted only with P-1A, P-1A-2A, P-1A-2S, P-1A-3S, P-
1A-2S-3S, P-1A-2S-3S-4S-5S, P-1A-2S-3S-4S-5S-T, and
P-1A-JWOS, with 1500 as the limit on the number of itera-
tions and ��� � 
 ��� 
� values equal to 20. 45 problems were
attempted only with P-1A, P-1A-2A, with 1200 as the limit
on the number of iterations. 25 problems were attempted
only with P-1A, P-1A-2S, P-1A-3S, P-1A-2S-3S, P-1A-2S-
3S-4S-5S and P-1A-JWOS, with all �� values equal to 20
and 1200 as the limit on the number of iterations. P-1A-2A
solved maximum number of problems (34). Five multi-flip
procedures solved more problems than P-1A. 33 problems
were solved only by P-1A-2A. We also attempted 60 more
problems from the 403 clause, 10 backbones collection with
P-1A, P-1A-JWOS and P-1A-2A. P-1A solved only 1 prob-
lem and P-1A-2A solved 16 problems. All these procedures
used upto 2000 iterations on these 60 problems. Values of
�� and �
 that P-1A-JWOS used were 20 and 10 respec-
tively.

Procedure S/A SOB
P-1A 0 / 210 0

P-1A-2A 34 / 171 33
P-1A-2A-T 2 / 10 1
P-1A-2S 0 / 65 0
P-1A-3S 1 / 65 1

P-1A-2S-3S 0 / 65 0
P-1A-2S-3S-4S-5S 1 / 65 1

P-1A-2S-3S-4S-5S-T 0 / 40 0
P-1A-JWOS 1 / 65 1

Table 6. Results on hard 100-variable random
3-SAT problems

We also used 150-variable satisfiable 3 colorable flat
graph coloring problems from the flat50-115.tar.gz collec-
tion at SATLIB. The problems have 545 clauses. The prob-
lems are encodings of graph coloring problems with 50 ver-
tices and 115 edges. 10 problems were attempted only with
P-1A-2A and P-1A, with the number of iterations limited
to 1000. 21 problems were attempted only with P-1A, P-
1A-2S, P-1A-3S, P-1A-2S-3S, P-1A-2S-3S-4S-5S, P-1A-
2S-3S-4S-5S-T, and P-1A-JWOS, with all �� values equal
to 20 and the number of iterations limited to 1200. P-1A-2A
was the most effective procedure on these problems. P-1A
did not solve any problem. P-1A-2A solved 4 out of the 10
problems.

Procedure S/A FM FU
P-1A 775 / 900 - -

P-1A-2A 887 / 900 128 405
P-1A-2A-T 893 / 900 120 367
P-1A-2S 783 / 900 136 208
P-1A-3S 778 / 900 152 217

P-1A-2S-3S 797 / 900 115 247
P-1A-2S-3S-4S-5S 799 / 900 108 338

P-1A-2S-3S-4S-5S-T 800 / 900 107 346
P-1A-JWOS 798 / 900 158 153

Table 7. Results on additional 20-variable ran-
dom 3-SAT problems

Multi-flip procedures are able to examine more truth as-
signments than the uni-flip procedure in the same number
of iterations. So one can compare the the performances of
multi-flip procedures using upto � iterations with the per-
formance of the uni-flip procedure using upto � � iterations,
where �� �� �. The uni-flip procedure may solve more
problems if it is allowed to use more iterations than the



multi-flip procedure. To test this, we evaluated the proce-
dures on several hard satisfiable 40-variable and 80-variable
3-SAT problems. The evaluation showed that multi-flip pro-
cedures continued to have advantages over the uni-flip pro-
cedure.

Results on 97 satisfiable 40-variable 3-SAT problems
from the dejong40cnf.tar.gz collection are shown in Table
8. P-1A was allowed to use 10,000 iterations and the multi-
flip procedures were all allowed only 1000 iterations. The
length of the tabu list was 5 and �
 � �� � �� � �� �
�� � �� � ��� The number of problems that 3 or more
multi-procedures solved was 63 (out of 97). The number
of problems that were solved by 4 or more multi-flip proce-
dures was 52 (out of 97). The number of problems solved
by 5 or more multi-flip procedures was 42 (out of 97). This
shows that given a problem, there is a good chance that
some multi-flip procedure will solve it. Number of prob-
lems that two or more multi-flip procedures solved faster
than P-1A was 52. Number of problems that three or more
multi-flip procedures solved faster than P-1A was 42. Num-
ber of problems that four or more multi-flip procedures
solved faster than P-1A was 27. This shows that given a
problem, there is a good chance that some multi-flip proce-
dure will solve it faster than P-1A. 76 out of the 97 problems
were solved faster than P-1A by one or more multi-flip pro-
cedures. P-1A solved 12 out of the 97 problems faster than
all multi-flip procedures. 90 out of the 97 problems were
solved by one or more multi-flip procedures. Total number
of problems solved by one or more multi-flip procedures
excluding P-1A-2A was 83.

Procedure S/A FM FU
P-1A 82 / 97 - -

P-1A-2A 83 / 97 29 53
P-1A-2A-T 0 / 0 - -
P-1A-2S 47 / 97 28 30
P-1A-3S 52 / 97 42 19

P-1A-2S-3S 44 / 97 29 29
P-1A-2S-3S-4S-5S 47 / 97 27 41

P-1A-2S-3S-4S-5S-T 50 / 97 21 47
P-1A-JWOS 51 / 97 43 23

Table 8. Results on hard 40-variable 3-SAT
problems

The results on 80-variable hard 3-SAT problems are
shown in the Table 9. These are problems from the de-
jong80cnf.tar.gz collection. The uni-flip procedure was al-
lowed 20,000 iterations on each of these problems. The
multi-flip procedures were allowed between 2000 and 2500
iterations only. On 18 problems, the multi-flip procedures
were allowed 2000 iterations, with all �� values equal to 20

and tabu list of length 10. On 57 problems, they were al-
lowed 2500 iterations, with all �� values equal to 10 and
tabu list of length 10. This evaluation shows that allowing
many more iterations to uni-flip procedure did not improve
its performance. It solved only 6 out of 76 problems and
the multi-flip procedures solved 22 out of the 75 problems
they attempted. 8 out of the 75 problems were solved by
one or more multi-flip procedures faster than P-1A. P-1A
did not solve any problem faster than all multi-flip proce-
dures. So multi-flip procedures continue to have superior
performance.

Procedure S/A FM FU
P-1A 6 / 76 - -

P-1A-2A 22 / 75 5 5
P-1A-2A-T 0 / 0 - -
P-1A-2S 2 / 75 0 2
P-1A-3S 2 / 75 1 1

P-1A-2S-3S 3 / 75 2 1
P-1A-2S-3S-4S-5S 0 / 75 0 2

P-1A-2S-3S-4S-5S-T 4 / 75 2 2
P-1A-JWOS 1 / 75 0 2

Table 9. Results on hard 80-variable 3-SAT
problems

A summary based on results in tables 1,2,3,4,5,6,7,8,
and, 9 is shown in Table 10. Multi-flip procedures solved 83
� (2254) of the 2714 problems they attempted. The uni-flip
procedure solved only 44 � (1197) of the attempted 2714
problems. 39 � of the attempted problems (1061) were
solved only by multi-flip procedures. The multi-flip pro-
cedures solved 1057 more problems than the uni-flip proce-
dure.

5 Discussion

Previously developed local search-based methods for
SAT solving flip value of only one variable to generate the
next truth assignment. Flipping values of multiple vari-
ables simultaneously can yield lower solving times and/or
reduce the number of iterations needed to solve problems.
We reported on eight local search-based procedures which
are capable of simultaneously flipping values of multiple
variables on an iteration. We reported on their empirical
evaluation on 2714 benchmark problems. A brief summary
of the results from tables 1,...,9 is shown in Table 10. This
shows that the multi-flip approach can be considerably su-
perior to the steepest descent-based uni-flip procedure.

Procedures P-1A-2A and P-1A-2A-T examine many
more flips than GSAT, random walk, min-conflict hill



# Vars # Problems MF OMF
20 1000 1000 145
40 97 90 7
50 1001 923 685
60 40 25 21
75 99 47 46
80 76 22 17
90 100 88 81
100 270 55 55
150 31 4 4

Table 10. Summary based on tables
1,2,3,4,5,6,7,8, and 9

climbing and Walk-sat algorithms. This can significantly in-
crease the solving times of P-1A-2A and P-1A-2A-T. Most
previously developed local search-based algorithms includ-
ing the four mentioned above do not conduct steepest de-
scent. In the first step, Walk-sat chooses an unsatisfied
clause and flips the value of a variable in it, if the flip does
not make any currently satisfied clause unsatisfied. If a flip
is not made in the first step, a stochastic flip is made in
the second step. Some other local search-based algorithms
flip values of a bounded number of variables rather than
all, to decide which variable’s value to flip. Multi-flip pro-
cedures may benefit from stochastic moves that Walk-sat
makes. Since the multi-flip procedures are more effective
than P-1A and because algorithms like Walk-sat have been
much more successful, algorithms in the middle are wor-
thy of investigation. The algorithms in the middle are those
which flip values of more than 1 variable on some itera-
tions without examining as many flips as P-1A-2A and P-
1A-2A-T. P-1A-JWOS is one such procedure. P-1A-JWOS
was more successful than P-1A but not as successful as P-
1A-2A. The number of candidate assignments examined by
P-1A-JWOS on each iteration is ��	�� which lies between
the number of candidates examined by P-1A ��� and P-1A-
2A �� 	 �������

� �. Ideas from global search-based solvers
can be used to intelligently select which variables’ values
to flip in local search. Procedures like P-1A-JWOS may be
more successful than P-1A-2A if they examine some more
wisely chosen neighbors than �	 �.

The 9 procedures differ because of the different neigh-
borhoods they examine. A Venn diagram showing the rela-
tionships among the neighborhoods of the 9 procedures is
shown in Fig. 1. The problem of an intelligent selection
of neighboring truth assignments to examine, is same as the
problem of an automatic selection of neighborhood. The
size of the neighborhood used by the 9 procedures is fixed.
This can be varied during search. A procedure can examine
more neighbors when many clauses are unsatisfied and ex-

amine fewer neighbors when more clauses are satisfied. The
length of the tabu list can also be varied during search. Our
future work includes strategies for automatically selecting
and varying neighborhood during local search. Our future
work also includes an investigation of multi-flip variants of
walk-sat. Our future work also includes an evaluation of the
procedures through multiple runs on same problems. This is
very relevant since different runs will have different initial
truth assignments.

P-1A

P-1A-3S

P-1A-2S-3S-4S-5S

P-1A-2S

P-1A-2A-T

P-1A-2S-3S

P-1A-2S-3S-4S-5S-T

P-1A-JWOS

P-1A-2A

Figure 1. Relations between neighborhoods
of the 9 procedures

Kautz & Walser use local search for solving integer lin-
ear programming problems (ILPs) [5]. Since ILP and SAT
are special kinds of CSPs, multi-flip procedures can be de-
veloped for solving ILPs and CSPs. An algorithm which
uses local search for solving MAX-SAT and weighted
MAX-SAT is reported in [3]. MAX-SAT is the problem
of finding truth assignment to variables that satisfies max-
imum number of clauses in the given instance. W-MAX-
SAT is the problem of finding a truth assignment that maxi-
mizes the sum of the weights of the satisfied clauses. Given
that multi-flip procedures are effective on SAT instances,
their effectiveness at solving MAX-SAT and W-MAX-SAT
is worthy of study. On most of the 2714 problems, we found
that the maximum number of clauses satisfied by some
multi-flip procedure was higher than the maximum number
of clauses satisfied by P-1A. In fact on most unsolved prob-
lems, the multi-flip procedures were unsuccessful because
they failed to satisfy one or two clauses. This shows that
multi-flip procedures can be very effective on MAX-SAT,
W-MAX-SAT, MAX-CSPs and W-MAX-CSPs.



6 Conclusion

Previously developed local search-based SAT solving al-
gorithms flip value of only one variable to generate the next
assignment. Simultaneously flipping the values of multiple
variables can reduce solving times and/or reduce the num-
ber of iterations needed to solve problems and/or satisfy
more clauses in case the instance is unsatisfiable and/or sat-
isfy more clauses from satisfiable instances in limited time
or limited number of iterations. We reported on eight multi-
flip procedures. They all have a low order polynomial run-
ning time. We compared the effectiveness of these eight
procedures with that of one uni-flip procedure on 2714 hard
benchmark SAT instances. The evaluation shows that multi-
flip procedures solve many more problems than the uni-flip
procedure. In fact multi-flip procedures solved 83 � of
the 2714 problems and the uni-flip procedure solved only
44 � of these problems. 1061 problems were solved only
by the multi-flip procedures. Multi-flip procedures solved
1057 more problems than the uni-flip procedure. The evalu-
ation also shows that several problems are solved by multi-
flip procedures many times faster than the uni-flip proce-
dure. The evaluation also shows that allowing the uni-flip
procedure to run for many more iterations than the multi-
flip procedures does not always improve the performance
of the uni-flip procedure. This shows that making many
flips in few iterations can be superior to making a single
flip on many more iterations. We discussed the broader use-
fulness of our work. Multi-flip procedures can be highly
effective on MAX-SAT, W-MAX-SAT, MAX-CSP and W-
MAX-CSP. Our future work includes development of multi-
flip procedures which examine flips of values of more vari-
ables than highly successful Walk-sat and which examine
far fewer flips than P-1A-2A and P-1A-2A-T.
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