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Abstract. Let I be a stable matching instance with N stable matchings.
For each man m, order his N stable partners from his most preferred to
his least preferred. Denote the i th woman in his sorted list as pi (m).
Let � i consist of the man-woman pairs where each man m is matched
to pi (m). Teo and Sethuraman proved this surprising result: for i = 1 to
N , not only is � i a matching, it is also stable. The � i 's are called the
generalized median stable matchings of I .
In this paper, we present a new characterization of thesestable matchings
that is solely based on I 's rotation poset. We then prove the following:
when i = O(log n), where n is the number of men, � i can be found
e�cien tly; but when i is a constant fraction of N , �nding � i is NP-
hard. We also consider what it means to approximate the median stable
matching of I , and present results for this problem.

1 In tro duction

In the stable marriage problem (SM), there are n men and n women, each of
whom has a list that ranks all individuals of the opposite sex. A matching is
a set of man-woman pairs where each individual appears in at most one pair.
The objective of the problem is to �nd a matching � that has n pairs and has
no blocking pairs { i.e., a man and a woman who prefer each other over their
partners in � . The rationale behind the stabilit y condition is that if a blocking
pair exists, then the man and the woman will likely leave their partners and
thereby compromisethe integrit y of the matching � . A celebratedresult by Gale
and Shapleystates that every instance of SM has a stable matching that can be
found in O(n2) time [5]. Today, centralized stable matching algorithms match
medical residents to hospitals [14], students to schools [1,2], etc.

To �nd a stable matching for an arbitrary instance, Gale and Shapley pre-
sented the deferred-acceptance(DA) algorithm, where the men ask and the
women accept or reject o�ers. The result is the man-optimal/woman-pessimal
stable matching { every man is matched to the woman he prefers the most
among all his partners in a stable matching and every woman is matched to the
man she prefers the least among all her partners in a stable matching. On the
other hand, when the men and women switch roles, the result is the woman-
optimal/man-pessimal stable matching and is de�ned accordingly. Thus, while



the DA algorithm produces a stable matching, one may not want to use the
matching becauseit is biasedtowards one side of the matching. This motivates
the problem of �nding \fair" stable matchings.

Di�eren t notions of fair stable matchings have been consideredin the past.
Supposea person'shappinessin a stable matching is basedon his/her partner's
rank in his/her preferencelist. Selkow [12] and, later, Gus�eld [6] studied the
minimum-r egret stable matching, which maximizes the happinessof the unhap-
piest person in the matching. Irving et al. [9], on the other hand, considered
the egalitarian stable matching, which maximizes the sum of the happinessof
all the participants. In both cases,the proposedstable matchings can be found
in polynomial time. However, by using global measures,these types of stable
matchings may sacri�ce the happinessof someindividuals as they aim for the
greater good. In another direction, Klaus and Klijn [11] suggesteddesigning
probabilistic matching mechanisms that are procedurally fair . That is, a stable
matching is consideredfair if the procedure used to arrive at the outcome is
equitable to all the participants. They studied three di�eren t random mecha-
nisms and the probabilit y distributions they induce on the stable matchings of
an instance.

Yet another notion of fair stablematchings is dueto Teoand Sethuraman [15].
Let I be a stable matching instance, M (I ) its set of stable matchings, and
N = jM (I )j. Let p� (a) denote the partner of a in stable matching � . For each
man m, sort the multiset of womenf p� (m); � 2 M (I )g from m's most preferred
to least preferred woman. Let pi (m) denote the i th woman in this sorted list for
i = 1; : : : ; N . Do the samefor each woman w. By applying linear programming
tools, they showed that the following family of stable matchings exists:

Lemma 1. [Teo and Sethuraman] Let � i consist of man-woman pairs where
each man m is matched to pi (m). Similarly, let � i consist of all man-woman
pairs where each woman w is matched to pi (w). For i = 1; : : : ; N , � i and � i are
stablematchings; moreover, � i = � N � i +1 .

The most remarkable of thesestable matchings are the onesin the \middle"
{ � (N +1) =2 when N is odd, and � N =2 and � (N +2) =2 when N is even { called the
median stablematching of I .1 It matchesevery participant to his/her (lower or
upper) median stable partner and, thus, is fair at the individual level in a very
strong sense.The stable matchings � i and � N � i +1 are called the i th generalized
median stable matching of I , for i = 1; : : : ; N .

SinceTeo et al.'s work [15], two other setsof authors [10,4] have proven the
existenceof thesematchingsusingdi�eren t tools.No one,however, hasaddressed
the complexity of �nding an instance's median stable matching. Simply using
the de�nition can be ine�cien t becausethere are instances whose number of
stable matchings is exponential in the input size.Our goal is to �ll this gap.

To �nd an instance's median stable matching, we take a combinatorial ap-
proach and use its rotation poset. Algorithmically , the rotation poset is a very

1 Throughout the paper, we shall refer to an instance's median stable matching in
singular form even though there can be two such matchings.



useful structure becauseit encodesall the stable matchings of the instance and,
yet, is polynomial in the input size.Our main results are as follows:

{ First, we present a new characterization of the generalizedmedian stable
matchings that is solely basedon rotation posets.It implies that to �nd an
instance's median stable matching, enumerating all of its stable matchings
can be avoided; instead, the task can be accomplishedby counting certain
subsetsof its rotation poset.Additionally , the characterization alsoprovides
interesting insights into the generalizedmedian stable matchings that are
not evident from their de�nitions.

{ We prove that �nding � i and � N � i +1 can be done e�cien tly when i =
O(log n), but that it is NP-hard when i is a constant fraction of N . Hence,
�nding an instance's median stable matching is NP-hard.

{ Finally, we considerwhat it meansto approximate the median stable match-
ing of an instance, and present results for this problem.

The outline for the rest of the paper is as follows: in Section 2, we de�ne
rotation posets and describe their properties. We present the new characteri-
zation for the generalizedmedian stable matchings in Section 3, and prove the
easycasesand the hardnessresult for �nding � i in Section 4. We consider the
problem of approximating the median stable matching in Section 5.

2 Some background: distributiv e lattices and rotation
posets

Let I be a stable matching instance,and � and � 0 be two of its stable matchings.
An individual a prefers � to � 0 if a prefers his/her partner in � over his/her
partner in � 0; otherwise, a prefers � 0 to � or is indi�er ent between them if a
has the samepartner in both matchings. The stable matching � dominates � 0,
denoted as � � � 0, if every man prefers � to � 0 or is indi�eren t between them.
It turns out that the dominancerelation � inducesa nice structure on M (I ).

Theorem 1. [12] (M (I ); � ) is a distributive lattice.

The top and bottom elements of M (I )2 are the man-optimal stable matching
� M and the woman-optimal stable matching � W of I , respectively since � M

dominates every stable matching of I which, in turn, dominates � W .
Associated with the distributiv e lattice M (I ) is the rotation posetof I . Rota-

tions are the incremental changesthat needto be madesothat a stable matching
� can be transformed into another stable matching � 0 that it dominates.We de-
�ne them formally next; we refer readersto [7] for a thorough discussionof the
subject.

When � 6= � W , there is a man m so that p� (m) 6= p� W (m). For each such
man m, de�ne his successorwoman, s� (m), as the �rst woman on his preference

2 We sometimes use M (I ) to refer to the set as well as the distributiv e lattice. The
context will indicate which one we are referring to.



list that follows p� (m), and prefers him over her current partner in � . For ex-
ample, p� W (m) is a possiblecandidate for s� (m) but there may be other eligible
women aheadof her in m's preferencelist. A rotation � exposed in � is a cyclic
sequenceof man-woman pairs � = ((m0; w0); (m1; w1); : : : ; (mr � 1; wr � 1)) such
that (m i ; wi ) 2 � and s� (m i ) = wi +1 for all i wherethe addition in the subscript
is modulo r . To eliminate � from � , each man m i in � is matched to wi +1 while
the rest of the pairs not in � are kept the same. The result is another stable
matching denoted as �=� which � dominates.

Let I be an SM instance of sizen (i.e., it has n men and n women), and let
R(I ) denote the set of all rotations that are exposedin the stable matchings of
I . We note the following properties of rotations. First, a man-woman pair can
be part of at most onerotation of I . Thus, jR(I )j � n2=2 becauseevery rotation
consistsof at least two pairs, and the rotations in R(I ) together contain at most
n2 pairs. Second,if � and � 0 are two rotations exposed in � , � and � 0 do not
have any pairs in common. This implies that � 0 remains exposedin �=� . Third,
whenever � 6= � W , there will always be at least one rotation � exposed in � .
Furthermore, there is no stable matching � 0 such that � � � 0 � �=� . Thus, in
the Hassediagram of M (I ), every edgebetween two stable matchings can be
labeled by the rotation whoseelimination from the dominant stable matching
results in the dominated stable matching.

A rotation � 0 precedes rotation � , � 0 � � , if in order to obtain a stable
matching in which � is exposed,� 0 must be eliminated �rst. The pair (R(I ); � )
is called the rotation posetof I . Gus�eld hasshown that R(I ) can be constructed
in an e�cien t manner [6]; more precisely, a rotation digraph G(I ) whosevertices
correspond to the rotations of R(I ) and whosetransitiv e closurecontains all the
precedencerelations of R(I ) can be built in O(n2) time.

A subsetS of R(I ) is closed if whenever a rotation is in S, all rotations that
precedeit are also in S. There is a very nice correspondencebetweenthe stable
matchings of I and the closedsubsetsof its rotation poset:

Theorem 2. [8] There is a one-to-one correspondence between the elementsof
M (I ) and the closed subsetsof R(I ). In particular, if � 2 M (I ) corresponds
to the closed subsetS of R(I ), then � can be obtained by starting at � M and
eliminating all the rotations in S.

For example, the empty subsetof R(I ) corresponds to � M while R(I ) itself
correspondsto � W . Given R(I ) and oneof its closedsubsetsS, �nding the stable
matching that corresponds to S takes O(n2) time since constructing � M takes
O(n2) time, and the total number of pairs in the rotations of S cannot exceed
n2. Conversely, �nding the closed subset of R(I ) that corresponds to a stable
matching � of I also takesO(n2) time. This can be doneby starting at � M , and
then eliminating rotations until the partner of every man m is p� (m). The set
containing all the eliminated rotations corresponds to � .

When P is a poset, let c(P) denote the number of closed subsets of P.
According to Theorem 2, c(R(I )) = jM (I )j. Later, we will use the fact that
c(P) is also equal to the number of antichains of P. The correspondenceis as
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Fig. 1. The Hassediagrams for the lattice of stable matchings and rotation poset of
the example in Section 2.

follows: if A is an antichain, let SA be the closedsubset that contains A and all
the elements that precedea for each a 2 A; if S is a closedsubset, let AS be the
antichain that contains all the bottom elements of S.

Interestingly, the rotation posets of SM instances do not have any special
structure in the following sense{ Blair showed that for every poset P, there is
an SM instance I (P) whoserotation poset is isomorphic to P [3]. In [8], Irving
and Leather presented an algorithm that given P will construct I (P) whosesize
and construction time is O(jP j2). Moreover, de�ning the isomorphism between
the elements of P and the rotations of I (P) is straightforward.

Beforeweendthis section,wepresent an exampleto illustrate the distributiv e
lattice and rotation poset of the following SM instance I :

m1: w1 w2 w3 w4 w5 w6

m2: w2 w3 w4 w1 w5 w6

m3: w3 w1 w5 w2 w4 w6

m4: w4 w3 w1 w2 w5 w6

m5: w5 w1 w6 w2 w3 w4

m6: w6 w3 w1 w2 w4 w5

w1: m4 m5 m3 m1 m2 m4

w2: m1 m2 m3 m4 m5 m6

w3: m6 m4 m2 m3 m1 m5

w4: m2 m4 m1 m3 m5 m6

w5: m3 m5 m1 m2 m4 m6

w6: m5 m6 m1 m2 m3 m4

It has six stable matchings, where � 1 is the man-optimal stable matching
and � 6 is the woman-optimal stable matching:

� 1 : f (m1; w1); (m2; w2); (m3; w3); (m4; w4); (m5; w5); (m6; w6)g
� 2 : f (m1; w2); (m2; w3); (m3; w1); (m4; w4); (m5; w5); (m6; w6)g
� 3 : f (m1; w2); (m2; w4); (m3; w1); (m4; w3); (m5; w5); (m6; w6)g
� 4 : f (m1; w2); (m2; w3); (m3; w5); (m4; w4); (m5; w1); (m6; w6)g
� 5 : f (m1; w2); (m2; w4); (m3; w5); (m4; w3); (m5; w1); (m6; w6)g
� 6 : f (m1; w2); (m2; w4); (m3; w5); (m4; w1); (m5; w6); (m6; w3)g

It hasfour rotations: � 1 : ((m1; w1); (m2; w2); (m3; w3)), � 2 : ((m2; w3); (m4; w4)),
� 3 : ((m3; w1); (m5; w5)) � 4 : ((m4; w3); (m5; w1); (m6; w6)). Figure 1 shows the
Hassediagrams of (M (I ); � ) and (R(I ); � ). The correspondencebetween the
stable matchings of I and the closedsubsetsof R(I ) are: � 1 and ; , � 2 and f � 1g,
� 3 and f � 1; � 2g, � 4 and f � 1; � 3g, � 5 and f � 1; � 2; � 3g, � 6 and f � 1; � 2; � 3; � 4g.



3 A new characterization

In this section, we present a characterization of the generalizedmedian stable
matchings by describing the closedsubsetsof R(I ) they correspond to. Not only
doesthe characterization provide an alternate way to compute the matchings, it
also leadsto someinteresting insights that are not evident from their de�nitons.

Theorem 3. For each � 2 R(I ), let n � denote the number of closed subsetsof
R(I ) that do not contain � . For i = 1; : : : ; N , S(i ) = f � : n � < ig is a closed
subsetof R(I ), and � i is the stable matching obtained by starting at � M and
eliminating all the rotations in S(i ).

Proof. By the de�nition of closedsubsets,the function n � is an increasingfunc-
tion; i.e., if � 0 precedes� in R(I ), n � 0 < n� . Therefore, if � 2 S(i ), every rotation
that precedes� also belongsto S(i ).

For i = 1 to N , let S(� i ) denote the closedsubsetof R(I ) that corresponds
to � i . The secondpart of the theorem states that S(� i ) = S(i ). To prove it, we
shall show that each man m satis�es the following condition: the set of rotations
in S(� i ) that m appearsin is exactly the set of rotations in S(i ) that m appears
in. This is su�cen t becauseif S(� i ) 6= S(i ), there is a rotation � 2 (S(� i ) �
S(i )) [ (S(� i ) � S(i )), and every man that appears in � will not satisfy the
condition.

When m doesnot appear in any rotations in R(I ) (i.e., m's partner in � M is
never replacedin any of the stable matchings of I ), the abovecondition is clearly
satis�ed. So suppose m does appear in some rotations in R(I ): � 1; � 2; : : : ; � k

where m appears with wj in � j . Additionally , supposem prefers w1 the most,
followed by w2, then w3, etc. This meansthat � 1; � 2; : : : ; � k form a chain in the
rotation poset because� i must be eliminated beforem can be matched to wi +1

for i = 1; : : : ; k � 1. Let x j denote the number of stable matchings that match
m to wj . By applying the de�nition of � i , m's partner in � i is wj � where j � is
the index that satis�es the inequality:

x1 + x2 + : : : + x j � � 1 < i � x1 + x2 + : : : + x j � � 1 + x j � : (1)

In order for m to bematchedto wj � , rotations � 1; : : : ; � j � � 1 haveto beeliminated
but � j � ; � j � +1 ; : : : ; � k are not; i.e., of the k rotations that m appearsin, the �rst
j � � 1 are the only onesthat lie in S(� i ).

Next, notice that if a stable matching correspondsto a closedsubsetof R(I )
that does not contain � j , m must be matched to one of the following women:
w1; w2; : : : ; wj . This implies that n� j = x1 + x2 + : : : + x j . Applying inequal-
it y (1), n� j < i if and only if j < j � . Thus, � 1; : : : ; � j � � 1 belong to S(i ) but
� j � ; � j � +1 ; : : : ; � k do not. We have now shown that, for every man m, the rota-
tions that m appears in in S(� i ) are exactly the sameonesin S(i ). Thus, � i is
the stable matching obtained by eliminating the rotations in S(i ). ut

In the example in Section 2, n � 1 = 1, n� 2 = n� 3 = 3, and n� 4 = 5. Since
N = 6, the median stable matching will consist of two stable matchings { the



two that correspond to S(3) = f � 1g and S(4) = f � 1; � 2; � 3g, which are � 2 and � 5

respectively. Next, we note someunexpectedobservations about the generalized
median stable matchings.

1. Location of the median stable matching. Does an instance's median stable
matching lie in the \middle" of its lattice of stable matchings or can it be
somewhereelse?Consider an instance I whoserotation poset consistsof k
rotations which are pairwise incomparable; i.e., R(I ) is an antichain of size
k. Every subset of R(I ) is a closed subset so I has 2k stable matchings.
Moreover, for each rotation � , n � = 2k � 1. Thus, for 1 � i � 2k � 1, S(i ) =
; , and for 2k � 1 + 1 � i � 2k , S(i ) = R(I ). In other words, the lower
median stable matching of I is the man-optimal stable matching, which is
the top element of M (I ), while the upper median stable matching of I is
the woman-optimal stable matching, which is the bottom element of M (I )
{ exactly the two stable matchings we least expected for the median stable
matching! Indeed, it is not di�cult to construct examplesthat show that
the median stable matching can lie \an ywhere" in the distributiv e lattice of
stable matchings.

2. Number of distinct generalized median stable matchings. Teo and Sethura-
man [15] had already observed that an instance'sgeneralizedmedian stable
matchings neednot be all distinct. In our example above, the instance has
2k di�eren t stable matchings and, yet, its generalizedmedian stable match-
ings consistedof only two types. In general, how many could there be? By
Theorem 3, it is equal to the number of distinct S(i ) sets.But this number
is simply onemore than the number of distinct n � values;the additional one
accounts for the fact that none of the rotations belong to S(1). Thus, if I
has sizen, it can have at most n2=2+ 1 distinct typesof generalizedmedian
stable matchings.

3. Instances with isomorphic rotation posets. Finally, Theorem 3 also implies
that an instance's generalizedmedian stable matchings are completely de-
pendent on the structure of its rotation poset. To see this, consider two
instances I and I 0 whose rotation posets are isomorphic. Let f be an iso-
morphism from R(I ) to R(I 0). For each � 2 R(I ), n � = nf ( � ) . Thus, if S(i )
is the closedsubsetof R(I ) that corresponds to the i th generalizedmedian
stable matching of I , then f (S(i )) = f f (� ) : � 2 S(i )g is the closedsubsetof
R(I 0) that corresponds to the i th generalizedmedian stable matching of I 0.
Interestingly, the median stable matching is the only \fair" stable matching
we know of that has this property.

4 Finding the generalized median stable matc hings

Supposewe �nd the i th generalizedmedian stable matching of I using its de�-
nition, which we call the direct method. It requires(i) enumerating all the stable
matchings of I to construct the multiset of stable partners for each man, (ii)
sorting each man's multiset of stable partners from his most preferred to his



least preferred woman, and (iii) matching each man to the i th woman in his
sorted multiset of stable partners. Clearly, the bottleneck is in steps(i) and (ii);
thesestepstake O(n2 + nN ) time by using the enumeration algorithm in [6] for
step (i) and bucket sort for step (ii).

Lemma 2. Let I be a stablematching instance of size n with N stablematch-
ings. When N is polynomial in n, the direct method for �nding � i runs in time
polynomial in n, for i = 1; : : : ; N .

Thus, when N is no longer polynomial in n, can � i still be computed e�-
ciently? We shall show next that there are indeed someeasycasesbut that, in
general, the the answer is \no" unlessP=NP . Theorem 3 will play a key role in
the derivation of our results.

Theorem 4. Let I be an SM instance of sizen with N stablematchings. When
i = O(log n), computing � i and � N � i +1 can be done in polynomial time.

Proof. Let � 2 R(I ). Let R(I ) � denote the posetobtained from R(I ) by deleting
� and every rotation it precedes.Notice that n � = c(R(I ) � ), the number of
closedsubsetsof R(I ) � . Moreover, (i) when R(I ) � has at least i � 1 elements,
� 62S(i ) becausec(R(I ) � ) � i , and (ii) when R(I ) � has at most i � 2 elements,
we can simply check which subsets of R(I ) � are closed subsets to determine
the exact value of c(R(I ) � ). Using theseobservations, it is not di�cult to show
that determining S(i ) exactly and then eliminating all its rotations from � M to
construct � i can be done in O(i2i n4) time. Thus, if i = O(log n), �nding � i can
be done in polynomial time. Since � N � i +1 = � i , the sameresult also holds for
�nding � N � i +1 . ut

4.1 The hardness result

Suppose P and Q are posets on disjoint sets. Their ordinal sum is the poset
P + O Q on the set P [ Q such that x � y in P + O Q if (i) x; y 2 P and x � y,
or (ii) x; y 2 Q and x � y, or (iii) x 2 P and y 2 Q. The following is easy to
establish:

Lemma 3. Let P and Q be posetson disjoint sets and c(�) be a function that
counts the number of closed subsetsof a poset.Then c(P + O Q) = c(P)+ c(Q)� 1.

Here is a technical lemma we needfor our hardnessresult.

Lemma 4. Let M be a positive integer. There is a poset QM so that jQM j =
O(log2 M ), the number of edgesin its Hassediagram is O(log3 M ), and c(QM ) =
M .

Proof. Consider the binary representation of M : b0 � 20 + b1 � 21 + : : : + bk 2k . Let
A i and Ci denote an antichain of sizei and a chain of sizei , respectively. When
b0 = 0 (i.e., M is even), let QM = Ab1 � 1 + O Ab2 � 2 + O : : : + O Abk � k + O Cnz � 1

wherenz is the number of non-zerobits in the binary representation of M . Thus,



jQM j � 1+ 2+ : : : + k + k = O(k2), which is O(log2 M ); the number of edgesin
QM 's Hassediagram is at most 1 � 2 + 2 � 3 + : : : + (k � 1) � k + k + k � 1 =
O(k3), which is O(log3 M ). From Lemma 3, it is straightforward to check that
c(Ab1 � 1 + O Ab2 � 2 + O : : : + O Abk � k ) = M � (nz � 1) and c(Cnz � 1) = nz, so
c(QM ) = M � (nz � 1) + nz � 1 = M . When b0 = 1 (i.e., M is odd), let
QM = QM � 1 + O C1. By applying the sameanalysis when b0 = 0, QM satis�es
the three properties in the lemma as well. ut

Theorem 5. Let I be an SM instance with N stablematchings. Supposep and
q are positive integers such that p < q. When i = dpN=qe, computing � i and
� N � i +1 is NP-hard.

Proof. Since � N � i +1 = � i , it is su�cien t to prove the theorem for � i . Let us
�rst considerthe casewhen p = 1. Let ComputeMedian-q be an algorithm whose
input is an SM instanceI and whoseoutput is I 's djM (I )j=qe-generalizedmedian
stable matching and its corresponding closedsubset.Its runtime is f (jI j), where
jI j denotesthe sizeof I . Let P be a poset. Recall that c(P) denotesthe number
of closedsubsetsof P. The main idea behind our proof is that ComputeMedian-q
can be usedto answer queriesof the form \Is c(P) � m?". We describe how this
can be done next.

Query(P; m)

1. Construct the poset P0 = qP + O x + O Qq(q� 1)m + q� 1 where qP denotesthe
ordinal sum of q copiesof P, x is the singleton poset containing x and Qi is the
poset described in Lemma 4. Note that c(P0) = qc(P) + 2+ q(q � 1)m + q� 1 �
(q � 1) � 2 = qc(P) + q(q � 1)m.
2. Construct an SM instance I (P0) whose rotation poset is isomorphic to P0.
Find the rotation � x in R(I (P0)) that corresponds to x in P0.
3. UseComputeMedian-q to �nd I (P0)'s djM (I (P0)) j=qe-generalizedmedian sta-
ble matching and its corresponding closedsubsetS.
4. If � x 2 S return \y es"; else,return \no".

By the construction of P0, nx = qc(P) � (q � 1). Since n � x = nx and S =
S(c(P) + (q� 1)m), � x 2 S implies that c(P) < m + 1 or c(P) � m becausec(P)
is an integer. Similarly, when � x 62S, c(P) � m + 1. The correctnessof Query
follows. It is straightforward to verify that sinceq is a constant, the sizesof P0,
I (P0), and R(I (P0)) are all polynomial in jP j and logm. Thus, the runtime of
Query is polynomial in jP j, logm and f (jP j + logm).

Now, c(P) � 2jP j . To determine c(P), we simply do a binary search over
the range [1; 2jP j ] using Query as a subroutine. Clearly, O(jP j) queriesare su�-
cient where the value of m in each query is at most 2jP j . If Compute-Median-q
also runs in time polynomial in its input size, the algorithm we have just de-
scribed computes c(P) in time polynomial in jP j. In [13], it was shown, how-
ever, that computing the number of antichains of a poset is #P-complete. Since
there is a one-to-onecorrespondencebetween the antichains of a poset and its
closedsubsets,computing c(P) is also #P-complete. It follows that �nding the
djM (I )j=qe-generalizedmedian stable matching of an instance I is NP-hard.



Let us now prove that the theorem is also true when p > 1. Without lossof
generality, assumethat p and q arerelatively prime. SupposeComputeMedian-(p;q)
is an algorithm like ComputeMedian-q except that it computesthe dpjM (I )j=qe-
generalizedmedian stable matching of I and its corresponding closedsubset in
g(jI j) time. This time we shall useComputeMedian-(p;q) to �nd the djM (I )j=qe-
generalizedmedian stable matching of I .

ConstructMedian- q( I )

1. Construct R(I ). Find positive integersk and r so that pk = qr + 1. (Since p
and q are relatively prime, theseintegersexist. Also, 1 � k � q and 1 � r � p.)
2. Create the poset P0 = R(I ) + O x + O R(I ) + O x + O R(I ) + O : : : + O x + O R(I )
so that there are k copiesof R(I ) and k � 1 copiesof x in P0. For each � 2 R(I ),
mark as� ( j ) the element that correspondsto � in the j th copy of R(I ). Similarly,
mark as x ( j ) the j th copy of x. Construct an SM instance I (P0) whoserotation
poset is isomorphic to P0.
3. Use ComputeMedian-(p;q) to �nd the dpjM (I (P0)) j=qe-generalizedmedian
stable matching of I (P0) and its corresponding closedsubsetS.
4. Let S0 consist of the rotations in P0 that have corresponding rotations in S.
(Find these rotations using the isomorphism from P0 to the rotation poset of
I (P0).) Let S00= f � : � ( r +1) 2 S0g.
5. Find the man-optimal matching of I , � M . Create the djM (I )j=qe-generalized
median stable matching of I by eliminating S00 from � M and return the stable
matching.

It is straightforward to verify the following: c(P0) = k � c(R(I )), nx ( j ) =
j � c(R(I )) for 1 � j � k� 1, and n � ( j ) = (j � 1)c(R(I ))+ n � for each � 2 R(I ), 1 �
j � k � 1. By our choiceof k and r , we know that pk=q= r + 1=q. Thus, in step 3,
dpjM (I (P0)) j=qe = dpk� c(R(I ))=qe = r � c(R(I )) + dc(R(I ))=qe. Consequently ,
in step 4, S0 = [ r

j =1 f � ( j ) : � 2 R(I )g [ f � ( r +1) : n� < dc(R(I ))=qeg[ f x ( j ) :
j � r g. Thus, S00= f � : n� < dc(R(I ))=qeg. SinceS00 is the closedsubset that
corresponds to the djM (I )j=qe-generalizedstable matching of I , step 5 outputs
the correct stable matching.

Sincep and q are constants, jP0 j = O(jR(I )j). Also, jI (P0)j = O(jR(I )j2) so
jI (P0)j = O(jI j4). It is easy to verify that steps 1, 2, 4 and 5 can be accom-
plished in time polynomial in jI j. If ComputeMedian-(p;q) runs in time polyno-
mial in its input size,step 4 will also run in time that is polynomial in jI j; i.e.,
ConstructMedian- q is an e�cien t algorithm. But we just showed that �nding
the djM (I )j=qe-generalizedstable matching of I is an NP-hard problem. It fol-
lows that computing dpjM (I )j=qe-generalizedstable matching of I when p > 1
is also NP-hard. ut

5 Appro ximating the Median Stable Matc hing

While the median stable matching is arguably the most fair stable matching
that hasbeenproposedin the literature so far, our result in the previous section



shows that �nding it is computationally hard unlessP=NP . A natural direction
to take is to �nd a stablematching that is \close" to the median stablematching.

When N is an even number, the median stable matching of I consistsof � N =2

and � (N +2) =2. Notice though that I may have stable matchings the lie between
� N =2 and � (N +2) =2 in M (I ). (Recall our example in Section 3.) These stable
matchings have the property that at least one (but not all) men are matched
to their upper median stable partners and at least one (but not all) women are
matched to their lower median stable partners. If we say that � N =2 and � (N +2) =2

are fair becauseevery individual is matched to his/her median stable partner,
surely stable matchings that lie betweenthesetwo matchings must also be fair.
By the samereasoning,if we say that � i 0 and � i 00 are good approximations of the
median stable matching where i 0 < dN=2e < i 00, every stable matching that lies
between the two matchings must also be a good approximation of the median
stable matching. This leadsus to the following de�nition:

De�nition 1. Let I be an SM instance with N stablematchings. Let � be one
of its stable matchings and S� be its corresponding closed subsetin R(I ). We
say that � is an � -approximation of the median stable matching of I if � lies
between � bN =2c� � and � dN =2e+ � in the lattice of stable matchings of I . That is,
S(bN=2c � � ) � S� � S(dN=2e+ � ).

Since an SM instance of size n can have at most 2n 2 =2 stable matchings,
Theorem 4 implies that �nding an (N=2 � O(log logN ))-approximation to the
median stable matching of an SM instance can be found e�cien tly . In the next
theorem, we present a slight improvement over this result.

Theorem 6. Let I be an SM instance of sizen with N stablematchings.Finding
a stablematching � of I such that � lies between � dlog N =2e and � N �b log N =2c can
be done in O(n2) time. That is, �nding an (N=2 � O(log N ))-approximation to
the median stablematching of an SM instance can be found e�ciently.

Proof. SupposeR(I ) has m rotations. Let � 1; � 2; : : : ; � m be a topological order-
ing of its rotations. Let Jr = f � 1; � 2; : : : ; � r � 1g for r = 1; : : : ; m + 1.

Claim: For r = 1; : : : ; m+ 1, Jr is a closed subset,and S(r ) � Jr � S(N � m+ r ).
Proof of Claim: Sincethe rotations are orderedtopologically, when � 2 J r , every
rotation that precedes� also belongsto J r . That is, Jr is a closedsubset.

Suppose� doesnot belong to Jr . Then n� � r becauseJ1; J2; : : : ; Jr are all
closedsubsetsthat do not contain � . Hence,� 62S(r ). In other words, S(r ) � J r .
On the other hand, when � 2 Jr , there are at least m � r + 1 closedsubsetsthat
contain � : J i +1 for i = r; : : : ; m. Thus, N � n� � m � r + 1 or N � m + r � 1 � n � ,
so � 2 S(N � m + r ).

When r = dm=2e, S(dm=2e) � Jdm= 2e � S(N � bm=2c). But becauseR(I )
hasm rotations, m+ 1 � N � 2m . Hence,m � logN soS(dlogN=2e) � Jdm= 2e �
S(N � blogN=2c). Thus, the stable matching of I that correspondsto the closed
subsetJdm= 2e lies between� dlog N =2e and � N �b log N =2c.



Now, constructing R(I ) and its accompanying digraph G(I ) takes O(n2)
time. Topologically sorting its rotations also take O(n2) time. Finding � M , and
then eliminating all rotations of Jdm= 2e from � M also takes O(n2) time. Thus,
�nding the stable matching in the theorem takesO(n2) time. ut

In contrast, we have the next result whoseproof is like that of Theorem 5.

Theorem 7. Let � be a constant. Let I be an SM instance with N stablematch-
ings. Finding a stable matching � of I such that � lies between � bN =2c� � and
� dN =2e+ � is NP-hard. That is, �nding an O(1)-approximation to the median sta-
ble matching of an SM instance is NP-hard.

Interestingly, this leavesus with the following problem:

Op en Problem: Is there an e�cien t algorithm for �nding an � -approximation
to the median stable matching of an SM instance where � is ! (1) but at most
N=2 � 
 (log N )?
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