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Abstract

In the test suite geneation problem (TSG) for software systems,| is a set of n
input parameterswhereeach | 2 | has (l) data values, and O is a collection of
subsetsof | where the interactions of the parametersin eadh O 2 O are thought to
a ect the outcome of the system. A test casefor (I ;O; ) is an n-tuple (t1;to;:::;ty)
that speci es the value of ead input parameterin | . The goalis to generatea smallest-
sizedtest suite (i.e., a set of test cases)that covers all combinations of each O 2 O.
The decisionversion of TSG is known to be NP-complete.

In this paper, we present new families of (I ;O; ) for which optimal test suites
can be constructed e cien tly. They dier from the onesalready known by the way
we characterize (1 ;O) and . We then usetheseinstancesto generatetest suites for
arbitrary software systems. When eath O 2 O hasjOj = 2, the sizesof the test suite
are guaranteedto be at most dog, ne OPT, matching the current best bound for this
problem. Our constructions utilize the structure of (I ;O) and ; consequetly, the less
\complex" (I ;0) and are, the better are the bounds on the sizesof the test suites.

1 Intro duction

Black-box testing is a form of software testing that seekso determineif a program meetsits
speci cation from the behavioral or functional point-of-view. Typically, the total number of
black-box test casesis extremely large. Testersare facedwith the challenge of determining
a subsetof the test casesor test suite that is small enoughsothat all the chosentest cases
can be executedwithin the current available resources,and extensive enough so that the
test casescan exposemost of the system'sdefects.

Seweral methods for constructing test suites conbinatorially (e.g. [3, 9, 10, 19)) can be

whereeath | 2 | has (l) data values. Let O be a collection of subsetsof | where the
interactions of the parametersin ead subsetO 2 O are thought to a ect the outcome of

smallest-sizedtest suite sothat every combination of every O 2 O is covered by sometest



casein the test suite. We shall call such a test suite optimal and denote the problem asthe
test suite geneation problem (TSG).

Consider the example from [19]: a program has three input parametersA, B and C
whosedata valuesarerespectively f 1:5; 3:6g, f North, South, East, Westg, andf TDC, BDMg.
Thus, there are atotal of 2 4 2= 16 test casesfor the program. A popular method of
software testing, rst usedin the AETG system|[3], cheds all pairwise interactions of the
input parameters;i.e.,| = fA;B;Cgand O = ff A;Bg;fA; Cg; fB;Cgg. Eight test cases
are su cien t as shown below.

A 1.5 3.6 1.5 3.6 1.5 3.6 1.5 3.6
B | North | North | South | South | East | East | West | West
C | TDC | BDM | BDM | TDC | TDC | BDM | BDM | TDC

On the other hand, Schroeder and Korel noted that this program has two output pa-
rametersW and Z. SupposeW is dependert on A and C, and Z is dependert on B only.!
In their testing method, it is sucient to cover all combinations of O = ff A; Cg;fBqgg;
four test casesare enoughas shown below.

A 1.5 3.6 1.5 3.6
B | North | South | East | West
C | TDC | BDM | BDM | TDC

Solving TSG is likely goingto be hard. Seroussiand Bshouty have shown that deciding
if a size-4test suite is sucient for an arbitrary (1;0; ) is NP-complete [20]. In the
special casewhen O consistsof all the t-wise conbinations of | for somet 2 Z*, a test
suite for (I ;0O; ) is called a mixed (t-wise) covering array. Additionally, when is a
constart function, i.e., all | 2 | have the samenumber of data valuesk, the test suite
is simply called a (t-wise) covering array. Many e cien t? constructions of optimal-sized
covering arrays exists (seeHartman [10] and referencegherein) most of which are obtained
via results on orthogonal arrays, a type of combinatorial design. The existenceof these
constructions rely on the sizeof | and the valuesof t and k. There are, howewer, far fewer
constructions available for creating optimal mixed covering arrays. Among them is the
work by Moura et al. [16] where they were able to determine the optimal size of the test
suiteswhenjl j = 4 and for somecaseswhenijl j = 5.

We note though that knowing how to create optimal mixed covering arrays does not
mean that we can also create optimal test suites for TSG. To seethis, supposea software
system has four input parametersl ;15;13;14 with 15;2; 3; 10 data valuesrespectively and
O = ffl1;1,0;fl2;130;fl3;1490 It is easyto create a test suite of 30 test casesfor this
software system{ which is optimal sincel; and I, have 15 2 = 30 combinations. If we
take a mixed covering arrays approac, we will have to replace O with O°where the latter
consistsof all pairwise tuples of | . Thus, although our original problem doesnot require
it, the mixed covering array will have to make surethat all 15 10= 150 combinations of

1Such input-output parameter dependenciesare usally found by performing someanalysis on the program.
2By \ecien t" here we mean that the runtimes of the constructions are polynomial in the size of the
input and the output.



I1 and |4 are covered soits sizeis at least 150, v e times more than the size of the optimal
test suite.

Since TSG is NP-hard, a lot of work has also beendewted to approximating the best
test suite. In the cortext of nding the smallest pairwise covering array, Cohenet al. [3]
suggestedthe following greedy algorithm: Let C consist of all the combinations of all the
subsetsO 2 O. At ead iteration, (i) pick a test caseT that coversthe most number of
conmbinations in C, (ii) remove from C the conbinations covered by T, and (iii) add T to
T. Stop when Cis empty; i.e. all combinations of each O 2 O have beencovered. They
shawved that the resulting test suite T is guararteed to have sizeat most 1+ log, N k?
1+log, N OPT wherek is the number of data valuesof all the parametersin | , N = r21 k2,
the total number of combinations of all O 2 O, and OPT s the sizeof an optimal test suite
for (I ;0O; ). Chenget al. [2] noted that, in fact, the greedy algorithm is applicable to all
instancesof TSG, and it can be shown that the size of the test suite it producesis at most
(1+ InjOj) OPT. The approximation factor in this bound is slightly better becauseit is
dependert on the sizeof O only and not on N . Unfortunately, while the algorithm produces
small test suites, its running time is slow becausending the test caseT at ewery iteration
in the algorithm is non-trivial (e.g., see[6]). Many researters have designedheuristics for
nding T or modi ed the algorithm altogether to make it more e cien t (e.g., [3, 12, 21]).
Others [4, 5] used techniques like hill-climbing and simulated annealing to generate test
suites. In empirical tests, theseheuristics seemto produce small test suitesbut do not have
provably good boundson the sizesof the resulting test suites.

More recertly, Colbourn et al. [6] found a way to speedup the above greedy algorithm
for nding small mixed pairwise covering arrays. Recall that every combination of every
pair of parametersfli;l;g of I must be covered by the covering array. At the beginning
of ead iteration of the greed;@lgorithm, let ri; bethe number of combinations of f1;;1;g
that still lie in C. Thus, |Cj = fij g Tii - Instead of picking a test casethat coversthe most
number of corrblnat|01|1§ in Cat eam iteration, they choosea test caseT “that is guaranteed
to cover at least tii o T ) ™ of the combinations in C. If welet I; and I, be the

two parameterswith the largest number of (E)ata valuesso that (I1) (12) (i) (1;) for

every pair of parametersli;l; 2 |, then fij g (|1r)' ) @ ) (| y- That is, T?always
covers at least a constart fraction of the combinations in C. One can then show that the
number of iterations the algorithm would take for Cto beempty is at most 1+ log, N OPT,
where N is again the total number of combinations of all the pairs in O. In their paper,
Colbourn et al. outlined an e cien t method for choosing T° Hence,their modi ed greedy
algorithm is a polynomial-time algorithm that producesmixed pairwise covering arrays of
sizeat most 1+ log,b N OPT. Note, howewer, that becausethe greedy algorithm bound
of (1+ InjOj) OPT is applicable to all instancesof TSG, we shall useit asthe basisfor
comparisonof our algorithms' performances.

Our Results. Since O is a collection of subsetsof |, the pair (I ;O) is a hypergraph.
In particular, if ead setin O has size 2, (I ;O) is a graph. We adopt this perspective
throughout our work. In this paper, we presen new families of software systems(l ;O; )
for which we can construct optimal test suites e cien tly. Our results di er from the ones
known for covering arrays and mixed covering arrays in that we do not assumethat O
contains all t-wise combinations of | for somet. Our rst family of software systemsis



completely characterized by the structure of (I ; O). In particular, we prove that if (I ;O) is
a bipartite graph, a cycle, or a hypertree then, for any function , (I ;O; ) hasan optimal

test suite that can be constructed e cien tly. The construction is graph theoretic in nature

{ a departure from the techniques usedfor creating optimal covering arrays. Our second
family of software systemsis characterized by a conmbination of the structure of (I ;O) and
the function , and is basedon constructions of orthogonal arrays and ordered orthogonal
arrays. Finally, our third family of software systemsis characterized, in its simplestversion,
by the function alone. We shaw that aslong as (Is) and (l;) are relatively prime for
ewvery pair of parametersls and I; in | then, for any (I ;O), (I ;O; ) hasan optimal test
suite that can be constructed e cien tly. The construction is a direct consequenceof the

ChineseRemainder Theorem.

We then use our rst and secondfamilies of software systemsto create test suites for
arbitrary software systems. When (I ; O) is a graph, our strategy producesa test suite T
whosesize is guararteed to be at most dog,ne OPT in time polynomial in the size of
(1 ;0) and T. Thus, we match the bound of the greedyalgorithm but improve its running
time. Sinceour strategy is also sensitive to the structure of (I ; O), the \simpler" (I ;O) is,
the better is the bound on the sizeof T. We presern our rst two constructionsin Sections
2 and 3. We presen our third construction and concludein Section4.

We note that Meagherand Stevens[15 werethe rst onesto considercovering arrays
for graphs. Shortly after we submitted this paper, we learnedthat Meagheret al. indepen-
dently proved in [14] that when (I ; O) is a bipartite graph or a cyclethen (I ;O; ) hasan
optimal test suite for any . Their constructions have somesimilarities with ours.

O = flg;;ls,;::0 15, 0. Each test caseT = (tg;ty;:::;ty) covers exactly one combination
of O: (ts;;ts,;::15ts, ). A testsuite T for (1 ;0; ) is a collection of test casesthat covers
all the (Is,) (Isy) it (I's,) combinations of O, for ead O 2 O. We shall store the
test casesof T ascolumnsof ann jT|j array whoserows are indexed by I1;::::1,.2 If

T hasthe smallest sizeamong all the test suites of (I OQ ), we say that T is an optimal
test suite. In particular, if T hasexactly (O; )= maxf *, ,5 (Is);O 2 Og test casesit
must be optimal.

In Section 2, we use a type of test suites called equitable test suite as building blocks.
We say that a test suite T for (I ;O; ) is equitableif, for ead I 2 |, every value of I
occurs at least bjTj= (Is)c times, and for valuesO; 1;:::;z wherez= (jTj 1)mod (ls),
exactly djTj= (Is)e times. It is easyto increasethe sizeof T and still keepit equitable:

this operation ADD(T). We will alsoneedto decreasethe number of valuesof a particular
input parameter | 5 from kg to kg in T. Let T%denotethe set of test casesin T whosel s-
valuesarein [kJ]. Let T®= T T9 Initialize z to jTY. For eadh T 2 T % do the following:

3Throughout the paper, we will continually be interchanging our two views of T as a collection of test
casesand as an array.



replacethe |s-value of T with ts = zmod (ls), add the modied T to TS and incremert
z by 1. (Note that z keepstrack of the sizeof T?) Call this operation MODIFY(I ; ks; k).
When MODIFY changesthe | s-value of eadh T 2 T 2t is choosing a value of | s which ADD
would have chosenif it wereto add a new test suite to T % Since ADD ensuresequitabilit y,
then sodoesMODIFY. In section 3, we considerstrongly equitable test suites a test suite is
strongly equita@e if, for each O; = fI@; Is,;::7;1s,92 O, every combination of O; occurs
betweenbjTj="1_; (Is)canddjTj="{.; (Is)etimes.

2 Construction 1: a graph-theoretic approach

In this section,we will rst considersoftware systems(l ; O; ) where(l ;O) is a graph; i.e.,
eah O 2 O contains two parameters. We begin by describingways in which we can derive
a test suite for (1 ;O; ) basedon test suites of seweral (I % 0% j o) whereead (1 509 is a
smaller graph comparedto (I ;O).

Lemma 2.1. For (I ;O; ), let G= (I ;0) be a connected graph. Supmsel is a cut vertex
of G and partitions the graph into r > 1 connected components. For i = 1;:::;r, let
Gi = (Ii;O;) denotethe graph induced by the vertices of the ith component togetherwith 1.

Proof. For ead i, do the following: (i) if jTij < M, increaseits sizeto M test caseshy
applying ADD M |T;j times; (ii) arrange the test casesas columns of an array so that
their | -values are sorted in increasing order. Once the r arrays have been constructed,
concatenatethem vertically. There will be r rows indexed by | all of which are identical
becauseead T, is equitable; keeponly one of the rows. Call this test suite T. Clearly, T
hasonly M test casesand is equitable. Moreover, ead T; covers all the combinations of O;
soT coversall the combinations of O becauseO = [ |_; O;. O

Let G = (V;E) beagraph,V® V andv 2 V° In the next lemma, we let N (v) denote
the neighbors of v in G. We will also contract V°to v (i.e., \shrink" V°to v) sothat the
resulting graph hasV V[ fvg asits vertex set, and eah edge(x;y) that hasx 2 V°is
replacedby (v;y). Loopsand multiple edgeswill be deleted.

Lemma 2.2. For (I ;0; ), let 1, be one of the parametersin | with the most number of
data values. SupmseN (I ;) is an independent set and, amongall the parametersin N (I ;),
ly has the most numkber of data values. Let (1 3OS ; o) be obtained by contracting N (I ;)
to Iy. If T%is an equitable test suite of (I 0% j o), then (1;0; ) has an equitable test
suite of sizeat mostjT 4.

Proof: Arrange the test casesof T ®ascolumnsof an array. Let usextend T °to a test suite
T for (1;,0; ) asfollows: for eath I 2 N(1;) flyg, (i) append a row indexed by | that
is an exact copy of the row indexed by Iy; (ii) decreasd 's number of valuesfrom (ly) to
(1) using MODIFY.
The number of columns in the array was never increasedso T j = jT 9. By building T
from T © we guararteethat (i) T is equitable becauseT Cis equitable and MODIFY presenes
equitability, and (i) if O 2 O\ O%then T coversall combinations of O becauseT °does. If

5



02 O 0Y%hen O must consistof a pair (I;1;) wherel 2 N(I,) flygandl¢ 21  N(l)
becauseN (1) is an independert set. Thus, (1y;1t) 2 O%and so T % covers all combinations
of (Iy;1¢). But I'srow in T is an exact copy of I ,'s row exceptthat the valuesof |, that do
not belongto [ (I)] are modi ed. Hence,T coversall combinations of (I ;1) aswell. O

We are now ready for our rst major result in this section.

Theorem 2.3. If (I ;0) is a bipartite graph, then (I ;O; ) has an eguitable optimal test
suite of size (O; ).

Proof: Assume for now that G = (I ;O) is connected. When jl j = 2,1 = flq;l,9 and
O = f(l1;12)g. A test suite consisting of all the ordered pairs of [ (11)] [ (I2)] is valid,
equitable, and optimal for (I ; O; ). Assumingthe theoremis true whenijl j r, let usnow
show it is true whenjl j = r + 1. Let |, be the parameter with the most number of values
in | . Considerall its neighbors.

Casel. |, hasonly one neightor I. In this case,ly is a cut vertex in G. Let G consistof
the singleedge(l;;1y), andlet G, = (1 2;02) wherel, =1 fl,gandO,= O f(ly;l,)g.
We know that (G1; ji,;1,) hasan equitable test suite of size (I;) (ly). SinceG2 remains
a connectedbipartite graph and | ; hasr vertices, (I 2; O2; j ,) hasan equitable test suite
of size (Oz; j,) by the induction hypothesis. By Lemma 2.1, (1 ;O; ) hasan equitable
test suite of sizeM = max( (1z) (Iy); (O2; j,)), whichisequalto (O; ) sincethe edges
of G are either in G; or G».

Case2: |, hasmore than one neightor. SinceG is bipartite, N (I,) is an independert set.
Let 1y be the parameter in N (I;) with the most number of values. Let G°= (1 %09 be
derived from G by cortracting N(I;) to Iy. SinceN(l;)j > 1, jl Y r. Furthermore,
G remains a connectedbipartite graph so by the induction hypothesis(l 60% ; o) hasan
equitable test suite of size (0% jo). By LemmaZ2.2, (l;O; ) hasan equitable test suite
of the samesize. Let us now verify that (0% jo) isequalto (O; ).

Consider all the setsthat belongto O but not to O% and vice versa. Let N (N (I,))
consist of the neighbors of the neighbors of 1;; i.e., N(N(12)) = [2ng,)NU)  flzg
The set O OO consists of sets of the form fl;1,g and fl;1,g, wherel; 2 N(l,) and
lv 2 N(N(l;)) while O° O consistsof sets of the form fly;1vg wherel, 2 N(N(I2)).
But for sudh Iy's and Iy's, (ly) (It) and (1;) (Iv) by our choice of Iy and I,.
Hence, (Iy) (I2) () (12) () (Iy), and (ly) (I2) (Iy) (Iv). It follows that
(O 0%) (Iy) (Iz) and (O° O; jo) (Iy) (17). And sincefly;l,g2 O\ O°
it must be the casethat the sets with the largest number of combinations in O and in
0% belongto O\ O% Thus, (O; ) = (O\ 0% ) and (0% j;0) = (O\ 0% ) so
(0% 9= (0; ).

We have now shown by induction that if G = (I ; O) is a connectedbipartite graph then
(1 ;0; ) hasan equitable test suite of size (O; ). It is straightforward to ched that the
theorem remainstrue evenif G is not connected. O

In the appendix, we transform the proof above into a recursive algorithm that runs in
O(l jjoj+ jl j (O; )). Let us now work out an example on constructing test suites for
(1;0; ) when (I ;O) is a bipartite graph.

Let (I ;0; ) berepresertied by graph G; shown in Figure 1. The numbers next to eah
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Figure 1: An example of how a bipartite graph is reducedto K ».

Gi 1 by removing 1, when it has only one neighbor, and by contracting all of N (I ;) into
Iy otherwise. Thus, G, was obtained from G; by cortracting N (l1) to Is5, Gz from G, by
removing |1, etc. To generatea test suite for (I ; O; ), we start with a test suite Ts for Gs.

T_I20000111122223333
°7 1, 01 23012301230123
Since N (12) was contracted to |4, the row indexed by Is in T4 is a copy of 14's where the

number 3 is replacedby other numbersin f0; 1; 2g using MODIFY.

2 3

0 001

1230 5
1200

R
NN R
R W
oOonN
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NN
N W N
OO w
PR w
NN W
O ww

The parameter | 3 was deleted from Gz sothe number of test casesin T4 is increased rst

sothat T3 would have enoughto cover the combinations of | 3 and I5. Thesetest casesare
marked in bold casebelow. Then the test casesin T4 are sorted basedon their |s-values
and the row for |3 is appended. (Note that accordingto Lemma 2.1, we should append two
rows rst { onefor |5 and onefor I3 { sothat all the combinations of (Is;13) are covered
and then remove the row for 1 5. Clearly, this is equivalent to just appendingthe row of | 3.)

2 3

l, 001 2330112300127231
T_§|40300031131102223212
341, 000000111111 22222?2

3 01 23 45012345001234°7%5

The parameter | ; wasdeletedfrom G, sothe test casesn T3 areincreasedagain and sorted
basedon their |5 values. The row for I 1 is appendedsothat all combinations of (I1;15) are
covered.

3

|

I>

2
l4
T2= |5
I3
I1

ooooo
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NNO O R
WwWooN
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OO wWww
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Finally, N (I 1) was cortracted into 15 sothe row indexedby 1 in Ty is a copy of I 5's where
the number 2 is replacedby valuesin f0; 1g using MODIFY.

2 3

, 001 233201123030122310
l, 03 0003211311032223210
;815000000011 111112222222
1781, 0123450012345 10123452
I, 01 2345601234560 123456
s 000000011 111110101010

We also use the same approac in the proof of Theorem 2.3 to shav that the next
theoremiis true.

Theorem 2.4. If (I ;0) is acycle,then (I ;O; ) hasan equitable optimal test suite of size
(O; ).

Proof: Sincean even cycleis bipartite, we only have to considerthe casewhen (I ; O) is an
odd cycle. Once again, we will prove the theorem by induction. When jl j = 3, it is easyto
construct an equitable optimal test suite of size (O; ) for (I ;O; ). Assumingthe theorem
holds when (I ; O) is an odd cyclewith at most 2r 1 nodes, let us now considerthe case
whenjl j = 2r+ 1. Let |, the parameterwith the most number of valuesin | . Notice that |,
hastwo non-adjacern neighbors,say |y and I ; let (1y) (Ix). Contract N(I;) to Iy. The
resulting graph G%= (1 % 09 consistsof a smaller odd cycle (I ©°0° cortaining I together
with the edge(ly;1,) hangingo of the cycle. By assumption, we know that (I °90% o)
has an equitable optimal test suite of size (0% j o). Combining this with the fact that
ly is a cut vertex in G% Lemma 2.1 implies that (1 40% j o) has an equitable test suite
of sizeat most max( (0% j09; (ly) (1)) = (O% ;o). But (0% j0)= (O; ) because
every edge(ls;1¢) in (1209 isalsoin (1;0) or (Is) (It)  (ly) (). By induction, we
have now shawn that the theorem is true. O

We now use Theorem 2.3 to generatea test suite for software systemswhere (I ; O) is
an arbitrary graph.

Corollary 2.5. If (I ;0) is a g-colorable graph, g 2, then (I ;O; ) has a test suite of
size at most dog,ge  (O; ). Furthermore, provided a g-coloring of (I ; O) is given, the
test suite can be constructed in O(logqg (jl jjOj+ jl j (O; ))) time.

Proof: Let us show that every g-colorable graph can be covered by dog, ge of its bipartite
subgraphs. First, let K4 be the complete graphonV = f0;1;:::;9 1g. Dumitrescu [7]
gave the following construction. For ead j 2 V, let j; denote the ith digit in the binary

consistsof pairs (j; ] 9 sudh that j; 6 j° H; is bipartite becauseV can be partitioned into
two sets: one cortains all j sudc that j; = 0 and another corntains all j sud that j; = 1.
Sinceany two integersin V dier in at leastonedigit in their binary represenation, every

Next, considera g-coloring of G = (I ;O) using the colors0;1;:::;q 1. Let|; denote

the set of parametersin G assignedthe color j. Fori = 0;1;:::;dog,qe, let G; be the
subgraphof G whoseedgeset consistsof edgesbetweenl j and | ;o provided j; & jio. By the

8



edgesof G. It is easyto chedk that oncethe g-coloring of G is found, generating the G;'s
take O(jOjlogg) time.

Let (I ;O;; ) denote the software systemthat correspondsto G;. From Theorem 2.3,
(1;05; ) hasan equitabletegt suite T; with size (Oj; ) (O; ). By the construction of

the G;'s, it follows that T = ?'zolgzqe T, coversall combinations of all the setsin O, and has

size. %992% (0;: ) dog,ge (O; ). Finally, becausewe have to construct dog, e

di erent test suites, and we know that ead test suite can be constructed in O(jl jjOj +
jl j (O; )) time, the runtime in the corollary follows. O

Let n be the number of nodesin the largest connected componert of (I ;O). Since
an n -coloring of (I ; O) can always be found quickly, the above result implies that we can
e cien tly construct a test suite for (I ;O; ) whosesizeis at mostdog,n e (O; ). But
notice that jOj n 1 soour bound is ascompetitiv e asthe onefor the greedyalgorithm.
It is in fact better if (I ;O) is a densegraph, or g is smaller than n and a g-coloring of
(1 ;0) can be found quickly. In the next section, we shall shov that our bound can be
further improved when the function satis es certain conditions.

Next, we extend our technique to hypertreesfor our secondmain result in this section.
Given a hypergraph H, a sequencevie;V,e; :::Vp€pVp+1 IS a path if the vi's and g's are
distinct verticesand edgesin H, and v;;vi+1 2 & fori = 1;:::p. If vps1 = vy, the sequence
is a cycle It is easyto verify that in a cycle-freehypergraph, any two edgeshave at most
one vertex in common. A hypergraph is connected if, for every pair of verticesv; and v;,
there is a path from v; to v;. It is a hypertree if it is cycle-freeand connected.

Lemma 2.6. Let H be a hypertree and e be an edgein H. Deleting e from H creates j¢g
connected components each of which is also a hypertree.

Proof: Let Hdenote the hypergraph obtained by deleting e from H. SinceH is acyclic,
every connectedcomponert of H%is acyclic as well (i.e., it is a hypertree). Furthermore,
every v; 2 e must belongto someconnectedcomponert of H © (even though the componert
may have no edges). Sincev; cannot belongto two or more connectedcomponerts of H©,
H%hasat most jej connectedcomponerts. Now, if two verticesin e, v; and vj, belongto the
sameconnectedcomponert of H then the path from v; to v; in H%together with e forms
acyclein H. This is a cortradiction. Hence,H © has exactly jej connectedcomponerts. [

Theorem 2.7. When (I ;O) is a hypertree, then (I ; O; ) has an equitable test suite with
size (O; ).

Proof: If (I ;O) cortains only one edgeO, the theorem is clearly true. Let us now assume
that the theorem holds true aswell for all hypertreeswith at most r edges,and (I ; O) has
r + 1 edges.SupposeO; hasthe most number of conbinations amongall the setsin O. Let
0%= O f0;0. According to Lemma 2.6, (1 ;09 is still cycle-freeand hasjO;j connected
componerts all of which have at most r edges.Let us denotethe ith componert of (1 ;09
by Hi = (Ii;0i; ) whereH; cortains the ith input parameter|g of Oj.

If H; hasno edges(i.e., | j is a singleton and O; is an empty set), let T; simply consistof
a singlerow whereits jth entry equalsj mod (I;) forj = 0;:::; (O; ) 1.If H; hasat
least one edge,by our assumption, it hasan equitable test suite T; of size (O;; ). Increase
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S.n-
the sizeof T; to (O; ) using ADD. Let us now assenble the test casesin {Sl“ T; to form

atestsuite T for (1 ;0; ). The rowsin T will be indexed rst by the parametersin Hq,

of Oy, do the following: (i) for i = 1to jO4j, nd an unusedtest caseT; 2 T, whoselsg -
value equalsts; and mark T; asused. SinceT; is equitable, jTij = (O; ), and O; hasthe
most number of combinations, we will always nd sud a T;. (ii) Form the test caseT by
concatenating Ty; T2; @ :: Tjp,j into a single column, andadd T to T.

Our assenbly processensuresthat T covers eat combination of O;. Furthermore,
becausethe Ti's are equitable test suites that cover all the combinations of all the setsin
0% T is valid and equitable for (I ;O; ). And sincethere are exactly (O; ) combinations
of O1, jTj= (O; ). By induction, it follows that our theorem s true. O

Like the test suite generation schemein Theorem 2.3, the proof above can be trans-
formed into a recursive algorithm that runs in time polynomial in the size of (I ;O) and
(O; ). The following corollary is immediate.

Corollary  2.8. If the hypergraph (I ;O) can be covered by q of its partial hypergraphs

g OPT, where OPT is the size of an optimal test suite of (I ;O; ).

3 Construction 2: an OA and OOA-approac h

In this section, we make use of a well-studied family of conbinatorial objects known as
orthogonal arrays (OA) and its generalizationordered orthogonal arrays (OOA) to construct
our test suites. Sincethe introduction of covering arrays, orthogonal arrays have beenused
to createtest suites. We are presering Theorem 3.1 and its corollariessothat we canframe
the results of orthogonal arrays in the context of our view that (I ; O) is a hypergraph, and
usetheir proofs asa gertle introduction to the rest of the results in this section.

An n k' array A with ertries from a k-elemen set S is an orthogonal array with
k levels, strength t and index , or OA (n;k;t) for short, if every t k! subarray of A
contains ead t-tuple of S exactly times as a column. Of interest to us are orthogonal
arrays of index 1.

Recall that a hypergraphH = (V;E) is g-partite if V can be partitioned into q setsso
that for each e 2 E no two nodesin e belongto the samepartite set.

Theorem 3.1. Suppse (I ;O) is a g-partite hypergraph, is a constant function where
(1) =k foreachl 21,and (O; )= k! for somet2 Z*,t q. If an OA1(q k;t) exists
then (1 ;O; ) hasa strongly equitable optimal test suite of size (O; ).

Now, let O = flg,;ls,;:::;15,92 O. Clearly, r t because (O; ) = kt. Furthermore,
no two parametersin O belongto the same partite set so these parameters' rows in T
correspond to dierent rows in A. If r = t, then the subarray of T formed by the rows

10



orthogonal array. If r < t, there must be a set O%such that O  O%and no two parameters
in O%belongto the samepartite set. Applying the previous argumert, all the combinations
of O°must be covered exactly onceby T. This meansthat all conbinations of O are covered
exactly jTj=k! " = k" times. Hence,T is a strongly equitable test suite for (1 ;0; ). O

Bush [1] proved that whenewer k isa prime power,and0 t k+ 1,anOA(k+ 1;k;t)
exists. Thus, we have the following corollary.

Corollary 3.2. Let k be a prime power, t be an integer suchthat 0 t k+ 1. If (I;0)
is a (k + 1)-partite hypergraph, is a constant function with (1) = k for each| 2 |, and
(0; ) = ki, then (I ;O;k) hasa strongly equitable optimal test suite of size (O; ).

The above result can now be applied to the special casewhen (I ; O) is a graph.

Corollary 3.3. Let k be a prime power. If (I ;0O) is a g-colorable graph, q 2, and
(1) =k for eachl 21, then(l ;O; ) hasa test suite of sizeat mostdog,,; ge (O; ).

Proof: When (I ;O) is a g-partite graph, we employ the sametechnique in Corollary 2.5
(except that we use the (k + 1)-ary represenation of an integer rather than its binary
represertation) to createdog,.; de (k+ 1)-partite subgraphsof (I ;O) sothat together the
subgraphs cover (I ;O). We then construct optimal test suites for the software systems
that correspond to the (k + 1)-partite subgraphsusing orthogonal array OA1(k + 1;Kk; 2)
on the set [k], and combine them together to form a test suite for (I ; O; ). Sincethere are
dogy.; ge sud test suites all of sizek?, the theorem follows. O

While the above corollary provides a better bound for the sizeof a test suite of (I ;O; )
when is a constart function than the one given in Corollary 2.5, it doesnot seemto be
particularly usefulin other situations. When is not a constart function, simply replacing
ead (l) with the smallest prime power k such that k fmax (I):1 2 1gisnot a good
strategy becausethe size of the optimal test suite for the modi ed software systemcan be

(k) times that of the optimal test suite of (I ;O; ) when (I ;O) is a graph. For example,
suppose(l ;O) is a 3-cyclewhere (11) = p, a prime number, and (I,) = (I3) = 2. The
optimal test suite for (I ;O; ) hassize2p but rounding (I2) and (I3) to p will require a
test suite of sizep?.  To x this situation, we intro ducebasek functions, and modify Bush's
construction for orthogonal arrays so they becomesuitable for thesetypesof functions.

Let k be a positive integer. We say that afunction :1 ! Z* isbasek if it mapseadh
| 21 to apower of k. It turns out that basek functions approximate arbitrary 's well in
the following sense.

Lemma 3.4. Let k be a positive integer and (I ;O) be a graph. For (1;0; ), let 1) =
kdogk (De i (1:0; 9 hasan optimal test suite of size (O; 9, then (1 ;0; ) hasa test
suite of sizeat mostk?  (O; ).

Proof: Since (1) Y1) k (1) foreah | 2 1, every test suite T%for (1 ;0O; 9 can
be transformed into atest suite T for (I ;O; ). Furthermore, becauseecat O 2 O contains
two parameters,if T§= (O; Y thenjTj= (O; 9 k* (O;). O

4In this simple example, one might do some post-processingof the test suite to push the size from p?
down to 2p. In bigger examples, however, it is not obvious that such post-precessingwill eliminate many
test cases.
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201230123012301233
A:§0123103223013210
01 232301321010 23?2
01 23321010322301

Figure 2: An orthogonal array OA1(4;4;2) that obeysthe conditions of Lemma 3.5. The
elemerts of GF (4) are represerned by their indices.

Next, we describe a very simple construction of OA(k;k;2) due to Bush [1] that is
basedon the Galois Field GF (k) wherek is a prime power. Let A beak k2 array. Index
its rows by the elemerts of GF (K): ¢::::; k 1, and its columns by the k? polynomials
of maximum degreel over GF (K): o;:::; k2 1. Setthe valueof Aj to j( i) for ead i
andj. Now considera 2 k2 subarray of A. No two of its columns indexed by say, j and

jo, are equal because | jo is a polynomial of maximum degreeat most 1 and cannot
have more than one zero. Hence, all the pairwise combinations of the elemens of GF (k)
occur exactly oncein this 2 k2 subarray of A. If the addition and multiplication tables
of GF (k) are known, constructing A takes O(k®) time. It turns out that the elemers of
GF (k) canbe chosenand the columnsof A rearrangedto obtain stronger properties about
A asstated in the next lemma. The proof can be found in the appendix.

Lemma 3.5. Let k = p* wher p is a prime number and z is a positive integer. Let A
be an OA1(k;k;2) orthogonal array obtained by Bush's construction. Let A[r] denote the
array obtained by replacingeach ; by i moqr in the entries of A. The elementsof GF (k)
can be chosenand the columns of A can be arrangal so that for each non-negative integer
z° z, everyrow of A[pzo] is a concatenation of permutations of f o; 1;:::; 020 19

Seean example of an orthogonal array that satis es the conditions of Lemma 3.5 in
Figure 2. We are now ready for the rst main result of this section.

Theorem 3.6. Let k be a prime powerandz 2 Z*. If (1 ;0) is a k?-partite graph, is a
basek function, and (O; ) = k% or k?**1 then (I ;O; ) hasa strongly equitable optimal
test suite of size (O; ).

Let A beak? k2 orthogonal array OA(k?; kZ;2) obtained using Bush's construction and
an array that respectsthe propertiesin Lemma 3.5. Recall that Alr] is the array obtained
by replacingeadtr ; by i modr in the entries of A. Replaceead ; in A[r] by i sothat

l;; denote a parameterin I with k' values.

If Iz, let the row indexed by I in T bean exact copy of the jth row in A[K'].
If | > z, let the row indexedby Ij; in T consistof k22 ! 0's, k% ! 1's,:::, k% k! 1's.
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Clearly, each row in T haslength k%2 soT hask? test cases.Let us now provethat it is
astrongly equitable test suite for (I ;O; ). SupposeO = flj,,;1j,:1,9. Since (O; ) = k22,
it follows that k'1k'z k%,

Casel: I zl> z. Whenly = |, = z, both the rows indexed by I, and Ij,,, in T
belongto array A and so must cover the k*  k* conmbinations of O exactly once. When
l1;12  z, then for i = 1;2, the row indexed by 1;,;; is almost an exact copy of the row
indexed by 1j,., exceptthat eat valuev is replacedby v mod k'i. We just shoved that T
would have covered all conmbinations of (1;,.2;1;,:z) soit must do likewisefor (1j,:1,;1j,:,)-
Furthermore, ea combination of (1j,,;1j,:,) appearsk? 't k% 'z times becauseof the
way |j; ., is obtained from I;,., fori = 1;2.

Case2: Iy < z< Iyorly< z< l;. Without lossof generality, assumel; < z < |, sothe
row indexed by I;,,, is a row from A[k'1]. According to Lemma 3.5, and the fact that we
replacedeac ; by i, the row is a sequenceof k¥ 't permutations of 0;1;:::;k'* 1. On
the other hand, the row indexed by 1;,,, consistsof k?? 2 0's, k% 'z 1's and ending with
k% 2 kl2 1's, Sincek't divides k¥ '2, it follows that every combination of O is covered
exactly k% (1*12) timesin T.

Sincely;l, > z is an impossibility, we have now shown that for every O 2 O, ewery
conmbination in O is covered the samenumber of timesin T. When (O; ) = k221 our
construction for T is similar with a few modi cations:

If | z, let the row indexed by Ij; in T consist of k copiesof the jth row in Alk']
concatenatedtogether.
If | > z, let the row consistof k?2*1 ! 0's, k%%t ! 1's,:::, kZ* Tkl 1's,
The resulting test suite T is strongly equitable in this casefor the samereasonswhen
(0; ) = k#&. O

In the above construction, creating the array A takes O(f (k%) + k%) = O(f (k?) +
(0; )*®) time, wheref (k?) is the time neededto construct the addition and multiplication
tables of GF (k?). Filling up the entries of T simply requires copying from the ertries of
the A[r]'s and sotakesO(jl j (O; )) time. Thus, if the k#-coloring of (I ; O) is given, then

the test suite can be constructed in O(f (k?) + (O; )X®+jl j (O; )) time.

Considerthe software systemexamplein the previous section, shavn in Figure 1, except
that this time we replaceeacth (1) with q1) = 2909 (De. Hence, (O; ) = 32 = 25.
According to the proof of Theorem 3.6, because32= 222*1 and (I ; O) is bipartite, we can
construct the rows of 1, and I4;15;1¢ basedon the rst two rows of the orthogonal array
OA1(4;4;2) in Figure 2 while 1, and | 3's rows simply consistof 22 0's, 22 1's, and so forth
ending with 22 7's. The test suite is shavn below.

2 3
I 0000 1111 2222 3333 4444 5555 6666 7777

I, 0123 0123 0123 0123 0123 0123 0123 0123
I3 0000 1111 2222 3333 4444 5555 6666 7777
l, 0123 1032 2301 3210 0123 1032 2301 3210
Is 0123 1032 2301 3210 0123 1032 2301 3210
l¢ 0101 1010 0101 1010 0101 1010 0101 1010

Using the subgraph covering technique we usedin Corollary 2.5, the next corollary is
immediate.
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Corollary 3.7. Letk beaprime powerandz 2 Z*. If (I ;O) is a g-colorablegraph,q 2,
is a basek function, and (O; ) = k% or k%*! then (I ;O; ) hasa test suite of size at
most dog,. g (O; ).

When is not a basek software system,we dene 1) = 24992 (1)e gnd generatean
optimal test suite for (1 ;0; 9. Applying Lemma 3.4, we have the following corollary.

Corollary 3.8. Supmwse is not a base? function in (1 ;0; ). Let 1) = 2dog. (Ie
and let z be the smallest integer sothat (O; 9 2% or 2%*1_ If (1 ;0) is a g-colorable
graph, then (1 ;O; ) hasa test suite of size at most 4dog,. ge  (O; ). Moreover, if the
g-coloring of (I ; O) is given, then the the test suite can be constructed in O(logg (jO]j +
f(22)+ (O; )¥®+jlj (0; ))) time wher f (2?) is the time needed to construct the addition
and multiplication tablesof GF (27).

Hence,whenz >> 4 the above corollary producesa bound on the sizeof (I ;O; )'s test
suite that is better than the one found in Corollary 2.5. Next, we attempt to extend the
result in Theorem 3.6 to the casewhen (I ; O) is a generalhypergraph for the secondmain
result of this section. To do so, we make use of a generalization of orthogonal arrays.

An nl  k tarray A with ertries from a k-elemert set S is an ordered orthogonal array
OOA (n;l;k;t) if the rows can be partitioned into n groups of | rows ead, denoted by
R1;R2;:: Ry vahere Ri = fry 1 i lg, so that the following condition is true:
whenewer t = j”=1 t; where eadh t; is a non-negative integer such that t; | then the
t k! subarray of A formed by taking the rst t; rowsof R;, i = 1;:::;s, contains eah
t-tuple of S exactly times asa column. Notice that when| = 1, then an OOA (n;l;k;t)
is an OA (n;Kk;t). Below is an example of an OOA1(2; 2; 3; 2).

2 3
ry 000111222
§r120120120122
ry 012120201
rp, 01 2012012

Theorem 3.9. Supmse (I ;O) is a g-partite hypergraph, is a basek function, and
(O; ) = k' for somet 2 Z*. If an OOA(q;t; k;t) existsthen (I ;O; ) has a strongly
equitable optimal test suite of size (O; ).

because (O; ) = k'. Denote by Ij 2 I; a parameter with (1) = ki. Let A be
an OOA1(q;t; k;t) whose elemens are from the set [k]. We shall denote A's rows as

T for (I ;O; ) in the following manner. For ead i,

whenj = 0, let the row indexed by I; simply consistof all 0's; _
whenj > 0, let the row indexed by 1j beri;k®+ rigk? + :::+ rijkl 1. That is, the hth
ertry in the row indexedby 1 isr{kO+ rkl+ 1o+ ri(jh)kj 1 wherer(" is the hth ertry

in row r; of array A.
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Let us now show that all the conbinations of eadh O 2 O are covered the samenumber
of times. Sinceno two parametersin O belongto the samepartite set, we can write O as

lelsl;IQ252;”:;IQ|Slg'
Casel: Eachs; lands;+ sy+ :::+ 5 =1t.

In this case,O haskSt k%2 ::: k% = k' combinations. Let (vi;V»;:::;Vv|) bea par-
ticular combination of O. Each v; 2 [kS] sowe canwrite Vi asXq1K®+ Xq ok + 11:1XqgKS 1
where eah Xg 2 [K]. In particular, (Xg1;:::; Xqis1s Xapli:os Xgpsor it Xq1r::0: Xgs) IS @
tuple of [k]'. But notice that this combination appears exactly once as a column in the
subarray of A formed by the rows rq 1;:::;rgsisFgpli it Fgsys ioi g1t s becauseA
is an OOA1(q;t; k;t). Consequetly, this meansthat (vi;Vvo;:::;V|) appearsexactly once
asa column in the subarray of T indexedby | gs;;lgs,i: 531 gs

Case2: Eachs; lbuts;+s,+:::+5<t.
Chooses) suc that s + s, + :::+ s = t. By casel, all the combinations of O° =

hth entry in the row indexedby |, isthe hth entry in the row indexed by | g9 mod kSt
Thus, not only should every combination of O be covered by T; ead oneis covered the
samenumber of times.

Case3:. s;+ sp+:::+ 5 tbut somes's are equalto 0.

In this case,chooseO® O sud that all the parametersin O° have at least k data
values. By casesl and 2, the combinations of 00 are covered the samenumber of times.
All the parametersin O 00 have their valuessetto 0. Soall the combinations of O are
also covered the samenumber of times. O

Scmid [18] and Lawrence [11] independertly proved that OOA's are equivalent to
(t; m; s)-nets, which are collections of points in the s-dimensional cube that have desirable
uniformity properties. Many constructions for (t; m; s)-nets are known; see[13, 17] for a
survey. Oneresult dueto Faure [8], which whentranslated in terms of OOA's, statesthat if
k;g;t 2 Z*,wheret 2andk is aprime number such that k g, then an OOA ((q; t; k; t)
exists. Thus, if we let g= k, we have the following corollary.

Corollary 3.10. Letk;t 2 Z*, wheet 2 and k is a prime number. If (I1;0) is a
k-partite hypergraph, is a basek function, and (O; ) = k', then (I ;O; ) hasa strongly
equitable optimal test suite of size (O; ).

Unlike Theorem 3.6, we have been unable to use this result to obtain test suites for
software systems(l ; O; ) where(l ;O) is an arbitrary hypergraph.

4 Construction 3 and Conclusion

In Sections2 and 3, we have preseried families of software systems(l ;O; ) for which
optimal test suites can be constructed e cien tly. For the rst set of families, the criteria
for optimality completely relied on the structure of (I ;O) (i.e., whether it is a bipartite
graph, a cycle,or a hypertree). For the secondset of families, the criteria wasa combination
of the structure of (I ;O) and the function (i.e., whether it is a basek function for some
prime number k). We presen a third set of families which, in its simplest version, is able
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to produce an optimal test suite becauseof the function only. The proof is remarkably
simple.

Theorem 4.1. If (Is) and (lI¢) are relatively prime for every pair of parameters|s and
I+, then (1 ;O; ) has an equitable test suite with size (O; ) which can be constructed in
O(jl j (O; )) time.

Proof: Let T beanjlj (O; ) array whoserows are indexed by the parametersin | . For
the row indexedby I 2 1, say row i, let Ty = j mod (I),j =0;:::; (O; ) 1. Thus, T

test suite for (I ;O; ), consideran arbitrary O = flg;;ls,;:::;15,92 O. Its combination
(tsyitsysiiists,) is covered by T if there exists a column j sudh that ts, = j mod (Isg,)
fork=1;:::; r.QAccording to the ChineseRemainder Theorem, such aj exists and liesin
the range 0 to ( rk=1 (Is.)) 1becausethe integers (Is,); (bs;z);:::; (Is,) are pairwise
relatively prime. SinceT has (O; ) columnsand (O; ) (= (Is)), it follows that
T coversthis combination of O. O

Notice that the proof simply relied on the fact that every pair of parametersl s and I,
in ead O 2 O have (ls) and () relatively prime. Thus, we can strengthen the theorem
as follows.

Corollary 4.2. If, for every pair of parametersls and I, (lIs) and (I;) are relatively
prime wheneverlg and |; belongto the sameO 2 O, then (I ;O; ) has an equitable test
suite with size (O; ) which can be constructed in O(jl j (O; )) time.

Aside from nding new optimal instancesof TSG, we would also like to emphasizethe
techniques we used to arrive at the results. Our rst construction is graph-theoretic in
nature { a departure from the common approacesusedin creating orthogonal arrays or
covering arrays. Our secondconstruction shavs that much stronger results can be obtained
by (a) examining the structure of Bush's technique for creating orthogonal arrays and (b)
using ordered orthogonal arrays instead of just orthogonal arrays to create test suites.
Finally, our third construction relies on the ChineseRemainder Theoremto create optimal
test suites.

Additionally , we have also used our newly found optimal instancesto generate test
suitesfor arbitrary software systems. In particular, we proved that when (I ; O) is a graph,
(1;0; ) for any has a test suite whose size is at most dog,ne OPT that can be
constructed in polynomial time. Our bound matches the one guaraneed by the greedy
algorithm, which is currently the bestknown for TSG. Se\eral interesting questionsremain:
() Aside from bipartite graphs,cycles,and hypertrees,what other graph familiescan(l ; O)
belong to so that (I ;O; ) has an optimal test suite for any that can be constructed
e cien tly? (ii) Similarly, aside from basek functions, what other classesof functions can

belongto sothat for many hypergraphs(l ; O), optimal test suitesfor (I ;O; ) can be
constructed optimally? (iii) Finally, can we extend our techniques for constructing test
suites of sizeO(logn) OPT to (I ;0; ) where(l ;O) is an arbitrary hypergraph?
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App endix

We transform the proof of Theorem 2.3 to algorithm GENERAE-TSG. In the algorithm,
(V1[ Vo, E) is a connectedbipartite graph, and the test suite T is storedinann  (O; )

row in T is lled.

GENERAE-TSG(V:i; V2 E; )

Create T,ann (O; ) array whoserows are indexed by the parametersin V[ Va.
Initialize all ertries of T to O.
T  GENERAE(V1; Vo E; ; T)

GENERAE(V1; Vo E; ; T)

I, aninput parameterin Vi [ V, with largest number of data values
Iy aninput parameterin N (I;) with largest number of data values
if jVij = jVoj = 1
forv=0to (Iy) 1
forj=v (I)tov (I)+ () 1
TIOT v
v 0
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forj =0to (ly) (I;) 1
Tl 0] v
v (v+1)mod (I,)
else
if iN(I2)j=1 /* 1, hasonly one neighbor */
Delete |, from Vi [ V> and (Iy;1;) from E
T GENERAE(Vy;V2E; ; T)
M maxf (E; ); (Iy) ()9
ifM > (E; )
fori=1toM (E; )
Using ADD(T), add a test casefor the system(Vi[ Vo;E; )to T at
column (E; ) 1+

sorted numbersin array A sothat T[IyJ[A[]] TI[yJ[A[l + 1]]Jforj =0;:::;M 2
v O
forj=0toM 1

T[AGD v

v (v+1) mod (I,)

else /* 1, has more than one neighbor */

X N(lz) flyg
Contract N(l;) to Iy, and update (V1 [ V2;E; ) accordingly
T  GENERAE(V1; Vo, E; ; T)
foreah Ig2 X

forj=0to (E; ) 1

TOSIG]  T06]
Apply MODIFY(ls; (ly); (Is)) to T but only up to column (E; ) 1.
return(T)

Theorem 4.3. Algorithm TSG-GENERAE createsan equitabletest suite T for the software
system(V1[ Vo;E; ) in O(nm+ n (O; )) time where n = jVi[ V,j and m = jE].

Proof: The correctnessof TSG-GENERAE follows directly from Theorem 2.3. The two
modi cations we made occur when |, has only one neighbor: (1) Instead of explicitly
sorting the columns T[ ][O}, T[ J[1}:::;T[ ]J[M 1] basedon their |y-values, we simply
sort the numbers T[IyJ[O; T [Iy][1];:::; T[Iy][M 1] and store the column numbers of the
sorted numbers in array A so that the columns do not have to be moved. (2) Instead
of following the stepsin Lemma 2.1 to create the row for |1,, we add a row for 1, so
that T [AO]); T ZMALLD :::; TI[AM  1]] consist of sequencesof the permutation
0;1,:::; (Iz) 1. Sinceead Iy-value occursat least (I;) times becauseM (Iy) (12),
every combination of (I;;1y) is covered by T.

Each time GENERAE is called, there are three types of work performed: (a) rows
and/or columnsof T are lled, (b) I, and Iy are found and the graph (V1[ V2;E) modi ed
either by deleting vertices or cortracting a set of vertices, and (c) pre-processingand/or
post-processingwork is doneon T beforeor after the entries of T are lled.

Let n = jVi[ Voj and m = jEj. The total time spent ontype (a) work is proportional to
the sizeof the array T, n (O; ). Finding |, and I, takesO(n) time; modifying (Vi[ V2;E)
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requiresO(n + m) time. The pre-processingwork of sorting the | y-valuesof the columns of
T takesO( (O; )) time by using bucket sort. The post-processingwork of modifying 1s's
value from (Iy) to (Is) takesO( (O; )) time. Whenewer GENERAE is called, at least
one parameter'srow (e.g., 1, if [N(I2)j = 1,every g2 X if jN(I,)j> 1) is lled sothere
are at most n calls to GENERAE. Hence,the total time spert on types(b) and (c) work
is O(n?+ nm + n (O; )) time. The theorem follows. O

Next, we presen the proof for Lemma 3.5.

Lemma 3.5. Let k = p* wher p is a prime numker and z is a positive integer. Let A
be an OA1(k;k;2) orthogonal array obtained by Bush's construction. Let A[r] denote the
array obtained by replacingeach ; by | moqr in the entries of A. The elementsof GF (k)
can be chosenand the columns of A can be arrangeal so that for each non-negative integer
z° z, everyrow of A[pzo] is a concatenation of permutations of f o; 1;:::; 020 19

Proof. Recall that every elemernt of GF (k) can be written as a polynomial ag + a;x +
aox2+ ::1:+a, 1x% 1 wherethe coe cien ts are elemerts of f0; 1;::: ;p 1g. Denote suc
an elemen by ;ifi= ag+ aip+ axp®+ :::;+a, 1p* 1, and de ne a total order on the
elemerns of GF (k) by letting i < o wheneweri < i% Hence, ¢ = 0, 1 = 1, etc.
Next, arrange the columnsof A sothat its rst k columns are indexed by the polynomials

oX+ 0 oX+ 1 oX+ k 1,thenextkonesby 1x+ g iX+ 1;iii; X+ ko1,
the next k onesby >x+ ; 2X+ 1;:::; 2X+ | 1, etc. That is, the vector of coe cien ts
of the polynomials are lexicographically increasing.

If we partition A into subarrays of pZO columns eat, where z®  z is an integer, it is
straightforward to verify that becausek = p? the columnswithin ead subarray are indexed
by polynomials of the form + o, + 4,:::;, + 020 1 where is somepolynomial over
GF (k). When thesepolynomials are evaluated at someelemert of GF (k), the results form
a sequenceof the form + o, i+ 1, :::5, i+ 020 1 for some ; 2 GF (k). Because
of the way we have denoted the elemerns of GF (k), this same sequencemust then be a
permutation of the elemerts ion f 2% op®+1i ity gpPp® 19 where q = bi:pzoc. This
implies that every row of A[p?] is a concatenation of permutations of f ¢; 1;:::; 02° 10-
Seean examplein Figure 2.
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