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Abstract

In the test suite generation problem (TSG) for software systems, I is a set of n
input parameters where each I 2 I has � (I ) data values, and O is a collection of
subsetsof I where the interactions of the parameters in each O 2 O are thought to
a�ect the outcome of the system. A test casefor (I ; O; � ) is an n-tuple (t1; t2; : : : ; tn )
that speci�es the value of each input parameter in I . The goal is to generatea smallest-
sized test suite (i.e., a set of test cases)that covers all combinations of each O 2 O.
The decisionversion of TSG is known to be NP-complete.

In this paper, we present new families of (I ; O; � ) for which optimal test suites
can be constructed e�cien tly . They di�er from the ones already known by the way
we characterize (I ; O) and � . We then use these instancesto generatetest suites for
arbitrary software systems. When each O 2 O has jOj = 2, the sizesof the test suite
are guaranteed to be at most dlog2 ne� OPT, matching the current best bound for this
problem. Our constructions utilize the structure of (I ; O) and � ; consequently , the less
\complex" (I ; O) and � are, the better are the bounds on the sizesof the test suites.

1 In tro duction

Black-box testing is a form of software testing that seeksto determine if a program meetsits
speci�cation from the behavioral or functional point-of-view. Typically, the total number of
black-box test casesis extremely large. Testersare facedwith the challengeof determining
a subsetof the test casesor test suite that is small enoughso that all the chosentest cases
can be executedwithin the current available resources,and extensive enough so that the
test casescan exposemost of the system'sdefects.

Several methods for constructing test suites combinatorially (e.g. [3, 9, 10, 19]) can be
framed in the following manner: let I = f I 1; I 2; : : : ; I ng be a set of n input parameters
where each I 2 I has � (I ) data values. Let O be a collection of subsetsof I where the
interactions of the parameters in each subsetO 2 O are thought to a�ect the outcome of
the system. A test caseT for (I ; O; � ) is an n-tuple (t 1; t2; : : : ; tn ) that speci�es each input
parameter's value; i.e., ts is a value of I s for s = 1; : : : n. If O = f I s1 ; I s2 ; : : : ; I sr g, then
the test caseT covers one combination of O: (t s1 ; ts2 ; : : : ; tsr ). The goal is to generatea
smallest-sizedtest suite so that every combination of every O 2 O is covered by sometest
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casein the test suite. We shall call such a test suite optimal and denote the problem as the
test suite generation problem (TSG) .

Consider the example from [19]: a program has three input parameters A, B and C
whosedata valuesarerespectively f 1:5; 3:6g, f North, South, East, Westg, and f TDC, BDM g.
Thus, there are a total of 2 � 4 � 2 = 16 test casesfor the program. A popular method of
software testing, �rst used in the AETG system [3], checks all pairwise interactions of the
input parameters; i.e., I = f A; B ; Cg and O = ff A; B g; f A; Cg; f B ; Cgg. Eight test cases
are su�cien t as shown below.

A 1:5 3:6 1:5 3:6 1:5 3:6 1:5 3:6
B North North South South East East West West
C TDC BDM BDM TDC TDC BDM BDM TDC

On the other hand, Schroeder and Korel noted that this program has two output pa-
rameters W and Z . SupposeW is dependent on A and C, and Z is dependent on B only.1

In their testing method, it is su�cien t to cover all combinations of O = ff A; Cg; f B gg;
four test casesare enoughas shown below.

A 1:5 3:6 1:5 3:6
B North South East West
C TDC BDM BDM TDC

Solving TSG is likely going to be hard. Seroussiand Bshouty have shown that deciding
if a size-4 test suite is su�cien t for an arbitrary (I ; O; � ) is NP-complete [20]. In the
special casewhen O consistsof all the t-wise combinations of I for somet 2 Z + , a test
suite for (I ; O; � ) is called a mixed (t-wise) covering array. Additionally , when � is a
constant function, i.e., all I 2 I have the same number of data values k, the test suite
is simply called a (t-wise) covering array. Many e�cien t 2 constructions of optimal-sized
covering arrays exists (seeHartman [10] and referencestherein) most of which are obtained
via results on orthogonal arrays, a type of combinatorial design. The existenceof these
constructions rely on the sizeof I and the valuesof t and k. There are, however, far fewer
constructions available for creating optimal mixed covering arrays. Among them is the
work by Moura et al. [16] where they were able to determine the optimal size of the test
suites when jI j = 4 and for somecaseswhen jI j = 5.

We note though that knowing how to create optimal mixed covering arrays does not
mean that we can also create optimal test suites for TSG. To seethis, supposea software
system has four input parameters I 1; I 2; I 3; I 4 with 15; 2; 3; 10 data valuesrespectively and
O = ff I 1; I 2g; f I 2; I 3g; f I 3; I 4gg. It is easy to create a test suite of 30 test casesfor this
software system { which is optimal since I 1 and I 2 have 15 � 2 = 30 combinations. If we
take a mixed covering arrays approach, we will have to replaceO with O0 where the latter
consistsof all pairwise tuples of I . Thus, although our original problem does not require
it, the mixed covering array will have to make sure that all 15� 10 = 150 combinations of

1Such input-output parameter dependenciesare usally found by performing someanalysis on the program.
2By \e�cien t" here we mean that the runtimes of the constructions are polynomial in the size of the

input and the output.
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I 1 and I 4 are covered so its sizeis at least 150, �v e times more than the sizeof the optimal
test suite.

Since TSG is NP-hard, a lot of work has also beendevoted to approximating the best
test suite. In the context of �nding the smallest pairwise covering array, Cohen et al. [3]
suggestedthe following greedy algorithm: Let C consist of all the combinations of all the
subsetsO 2 O. At each iteration, (i) pick a test caseT that covers the most number of
combinations in C, (ii) remove from C the combinations covered by T, and (iii) add T to
T . Stop when C is empty; i.e. all combinations of each O 2 O have been covered. They
showed that the resulting test suite T is guaranteed to have sizeat most 1+ log2 N � k2 �
1+ log2 N � OPT wherek is the number of data valuesof all the parametersin I , N =

� n
2

�
k2,

the total number of combinations of all O 2 O, and OPT is the sizeof an optimal test suite
for (I ; O; � ). Cheng et al. [2] noted that, in fact, the greedy algorithm is applicable to all
instancesof TSG, and it can be shown that the sizeof the test suite it producesis at most
(1 + ln jOj) � OPT. The approximation factor in this bound is slightly better becauseit is
dependent on the sizeof O only and not on N . Unfortunately, while the algorithm produces
small test suites, its running time is slow because�nding the test caseT at every iteration
in the algorithm is non-trivial (e.g., see[6]). Many researchers have designedheuristics for
�nding T or modi�ed the algorithm altogether to make it more e�cien t (e.g., [3, 12, 21]).
Others [4, 5] used techniques like hill-clim bing and simulated annealing to generate test
suites. In empirical tests, theseheuristics seemto producesmall test suitesbut do not have
provably good bounds on the sizesof the resulting test suites.

More recently, Colbourn et al. [6] found a way to speedup the above greedyalgorithm
for �nding small mixed pairwise covering arrays. Recall that every combination of every
pair of parameters f I i ; I j g of I must be covered by the covering array. At the beginning
of each iteration of the greedyalgorithm, let r i;j be the number of combinations of f I i ; I j g
that still lie in C. Thus, jCj =

P
f i;j g r i;j . Instead of picking a test casethat covers the most

number of combinations in Cat each iteration, they choosea test caseT 0 that is guaranteed
to cover at least � =

P
f i;j g

r i;j
� (I i )� (I j ) of the combinations in C. If we let I 1 and I 2 be the

two parameterswith the largest number of data valuesso that � (I 1)� (I 2) � � (I i )� (I j ) for
every pair of parametersI i ; I j 2 I , then � �

P
f i;j g

r i;j
� (I 1 )� (I 2) � jCj

� (I 1)� (I 2 ) . That is, T 0 always
covers at least a constant fraction of the combinations in C. One can then show that the
number of iterations the algorithm would take for Cto beempty is at most 1+ log2 N � OPT,
where N is again the total number of combinations of all the pairs in O. In their paper,
Colbourn et al. outlined an e�cien t method for choosing T 0. Hence,their modi�ed greedy
algorithm is a polynomial-time algorithm that producesmixed pairwise covering arrays of
sizeat most 1 + log2 N � OPT. Note, however, that becausethe greedy algorithm bound
of (1 + ln jOj) � OPT is applicable to all instancesof TSG, we shall use it as the basis for
comparisonof our algorithms' performances.

Our Results. Since O is a collection of subsets of I , the pair (I ; O) is a hypergraph.
In particular, if each set in O has size 2, (I ; O) is a graph. We adopt this perspective
throughout our work. In this paper, we present new families of software systems(I ; O; � )
for which we can construct optimal test suites e�cien tly. Our results di�er from the ones
known for covering arrays and mixed covering arrays in that we do not assumethat O
contains all t-wise combinations of I for some t. Our �rst family of software systems is
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completely characterizedby the structure of (I ; O). In particular, we prove that if (I ; O) is
a bipartite graph, a cycle, or a hypertree then, for any function � , (I ; O; � ) has an optimal
test suite that can be constructed e�cien tly. The construction is graph theoretic in nature
{ a departure from the techniques used for creating optimal covering arrays. Our second
family of software systemsis characterized by a combination of the structure of (I ; O) and
the function � , and is basedon constructions of orthogonal arrays and ordered orthogonal
arrays. Finally, our third family of software systemsis characterized, in its simplest version,
by the function � alone. We show that as long as � (I s) and � (I t ) are relatively prime for
every pair of parameters I s and I t in I then, for any (I ; O), (I ; O; � ) has an optimal test
suite that can be constructed e�cien tly. The construction is a direct consequenceof the
ChineseRemainder Theorem.

We then use our �rst and secondfamilies of software systemsto create test suites for
arbitrary software systems. When (I ; O) is a graph, our strategy producesa test suite T
whosesize is guaranteed to be at most dlog2 ne � OPT in time polynomial in the size of
(I ; O) and T . Thus, we match the bound of the greedyalgorithm but improve its running
time. Sinceour strategy is also sensitive to the structure of (I ; O), the \simpler" (I ; O) is,
the better is the bound on the sizeof T . We present our �rst two constructions in Sections
2 and 3. We present our third construction and concludein Section 4.

We note that Meagher and Stevens [15] were the �rst onesto considercovering arrays
for graphs. Shortly after we submitted this paper, we learned that Meagheret al. indepen-
dently proved in [14] that when (I ; O) is a bipartite graph or a cycle then (I ; O; � ) has an
optimal test suite for any � . Their constructions have somesimilarities with ours.

Somede�nitions. Let I = f I 1; : : : ; I n g bethe set of n input parametersof a software system
where each I 2 I has � (I ) data values. If � (I ) = k, we represent the k data valuesof I s as
the integersin [k] = f 0; 1; : : : ; k � 1g. Let O = f O1; : : : ; Om g where each O 2 O is a subset
of I . The software system is now described by the triple (I ; O; � ). A test case T for the
software system(I ; O; � ) is an n-tuple (t1; t2; : : : ; tn ) where ts 2 [� (I s)] for each s. Suppose
O = f I s1 ; I s2 ; : : : ; I sr g. Each test caseT = (t1; t2; : : : ; tn ) covers exactly one combination
of O: (ts1 ; ts2 ; : : : ; tsr ). A test suite T for (I ; O; � ) is a collection of test casesthat covers
all the � (I s1 ) � � (I s2 ) � : : : � � (I sr ) combinations of O, for each O 2 O. We shall store the
test casesof T as columns of an n � jT j array whoserows are indexed by I 1; : : : ; I n .3 If
T has the smallest size among all the test suites of (I ; O; � ), we say that T is an optimal
test suite. In particular, if T has exactly � (O; � ) = maxf

Q
I s 2 O � (I s); O 2 Og test cases,it

must be optimal.
In Section 2, we use a type of test suites called equitable test suite as building blocks.

We say that a test suite T for (I ; O; � ) is equitable if, for each I s 2 I , every value of I s

occurs at least bjT j=� (I s)c times, and for values0; 1; : : : ; z where z = (jT j � 1) mod � (I s),
exactly djT j=� (I s)e times. It is easy to increasethe size of T and still keep it equitable:
simply add the test case(t1; t2; : : : ; tn ) where ts = jT j mod � (I s) for s = 1; : : : n. We call
this operation ADD(T ). We will also needto decreasethe number of valuesof a particular
input parameter I s from ks to k0

s in T . Let T 0 denote the set of test casesin T whoseI s-
valuesare in [k0

s]. Let T 00= T � T 0. Initialize z to jT 0j. For each T 2 T 00, do the following:

3Throughout the paper, we will contin ually be interchanging our two views of T as a collection of test
casesand as an array.
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replace the I s-value of T with ts = z mod � (I s), add the modi�ed T to T 0, and increment
z by 1. (Note that z keepstrack of the sizeof T 0.) Call this operation MODIFY(I s; ks; k0

s).
When MODIFY changesthe I s-value of each T 2 T 00, it is choosinga value of I s which ADD
would have chosenif it were to add a new test suite to T 0. SinceADD ensuresequitabilit y,
then so doesMODIFY. In section3, we considerstrongly equitable test suites; a test suite is
strongly equitable if, for each Oj = f I s1 ; I s2 ; : : : ; I sr g 2 O, every combination of Oj occurs
betweenbjT j=

Q r
i =1 � (I si )c and djT j=

Q r
i =1 � (I si )e times.

2 Construction 1: a graph-theoretic approac h

In this section,we will �rst considersoftware systems(I ; O; � ) where(I ; O) is a graph; i.e.,
each O 2 O contains two parameters. We begin by describing ways in which we can derive
a test suite for (I ; O; � ) basedon test suites of several (I 0; O0; � jI 0) where each (I 0; O0) is a
smaller graph comparedto (I ; O).

Lemma 2.1. For (I ; O; � ), let G = (I ; O) be a connected graph. SupposeI is a cut vertex
of G and partitions the graph into r > 1 connected components. For i = 1; : : : ; r , let
Gi = (I i ; Oi ) denotethe graph induced by the vertices of the i th component together with I .
If Ti is an equitable test suite for (I i ; Oi ; � jI i ), i = 1; : : : ; r , then (I ; O; � ) has an equitable
test suite of size at most M = max(jT1j; : : : ; jTr j).

Proof: For each i , do the following: (i) if jTi j < M , increaseits size to M test casesby
applying ADD M � jTi j times; (ii) arrange the test casesas columns of an array so that
their I -values are sorted in increasing order. Once the r arrays have been constructed,
concatenatethem vertically. There will be r rows indexed by I all of which are identical
becauseeach Ti is equitable; keep only one of the rows. Call this test suite T . Clearly, T
hasonly M test casesand is equitable. Moreover, each Ti covers all the combinations of Oi

so T covers all the combinations of O becauseO = [ r
i =1 Oi .

Let G = (V; E) be a graph, V 0 � V and v 2 V 0. In the next lemma, we let N (v) denote
the neighbors of v in G. We will also contract V 0 to v (i.e., \shrink" V 0 to v) so that the
resulting graph has V � V 0[ f vg as its vertex set, and each edge(x; y) that has x 2 V 0 is
replacedby (v; y). Loops and multiple edgeswill be deleted.

Lemma 2.2. For (I ; O; � ), let I z be one of the parameters in I with the most number of
data values. SupposeN (I z) is an independent set and, amongall the parameters in N (I z),
I y has the most number of data values. Let (I 0; O0; � jI 0) be obtained by contracting N (I z)
to I y . If T 0 is an equitable test suite of (I 0; O0; � jI 0), then (I ; O; � ) has an equitable test
suite of size at most jT 0j.

Proof: Arrange the test casesof T 0 ascolumns of an array. Let us extend T 0 to a test suite
T for (I ; O; � ) as follows: for each I 2 N (I z) � f I yg, (i) append a row indexed by I that
is an exact copy of the row indexed by I y ; (ii) decreaseI 's number of valuesfrom � (I y) to
� (I ) using MODIFY.

The number of columns in the array was never increasedso jT j = jT 0j. By building T
from T 0, we guarantee that (i) T is equitable becauseT 0 is equitable and MODIFY preserves
equitabilit y, and (ii) if O 2 O \ O0 then T covers all combinations of O becauseT 0 does. If

5



O 2 O � O0 then O must consistof a pair (I ; I t ) where I 2 N (I z) � f I yg and I t 2 I � N (I z)
becauseN (I z) is an independent set. Thus, (I y ; I t ) 2 O0 and so T 0 covers all combinations
of (I y ; I t ). But I 's row in T is an exact copy of I y 's row except that the valuesof I y that do
not belong to [� (I )] are modi�ed. Hence,T covers all combinations of (I ; I t ) as well.

We are now ready for our �rst major result in this section.

Theorem 2.3. If (I ; O) is a bipartite graph, then (I ; O; � ) has an equitable optimal test
suite of size � (O; � ).

Proof: Assume for now that G = (I ; O) is connected. When jI j = 2, I = f I 1; I 2g and
O = f (I 1; I 2)g. A test suite consisting of all the ordered pairs of [� (I 1)] � [� (I 2)] is valid,
equitable, and optimal for (I ; O; � ). Assuming the theorem is true when jI j � r , let us now
show it is true when jI j = r + 1. Let I z be the parameter with the most number of values
in I . Consider all its neighbors.

Case1. I z has only one neighbor I y . In this case,I y is a cut vertex in G. Let G1 consist of
the singleedge(I z; I y), and let G2 = (I 2; O2) where I 2 = I � f I zg and O2 = O � f (I y ; I z)g.
We know that (G1; � j I z ;I y ) has an equitable test suite of size� (I z)� (I y). SinceG2 remains
a connectedbipartite graph and I 2 has r vertices, (I 2; O2; � jI 2 ) has an equitable test suite
of size � (O2; � jI 2 ) by the induction hypothesis. By Lemma 2.1, (I ; O; � ) has an equitable
test suite of sizeM = max(� (I z)� (I y ); � (O2; � jI 2 )), which is equal to � (O; � ) sincethe edges
of G are either in G1 or G2.

Case2: I z has more than one neighbor. SinceG is bipartite, N (I z) is an independent set.
Let I y be the parameter in N (I z) with the most number of values. Let G0 = (I 0; O0) be
derived from G by contracting N (I z) to I y . Since jN (I z)j > 1, jI 0j � r . Furthermore,
G0 remains a connectedbipartite graph so by the induction hypothesis(I 0; O0; � jI 0) has an
equitable test suite of size � (O0; � jI 0). By Lemma 2.2, (I ; O; � ) has an equitable test suite
of the samesize. Let us now verify that � (O0; � jI 0) is equal to � (O; � ).

Consider all the sets that belong to O but not to O0, and vice versa. Let N (N (I z))
consist of the neighbors of the neighbors of I z; i.e., N (N (I z)) = [ I t 2 N (I z )N (I t ) � f I zg.
The set O � O0 consists of sets of the form f I t ; I zg and f I t ; I vg, where I t 2 N (I z) and
I v 2 N (N (I z)) while O0 � O consists of sets of the form f I y ; I vg where I v 2 N (N (I z)).
But for such I t 's and I v 's, � (I y ) � � (I t ) and � (I z) � � (I v) by our choice of I y and I z.
Hence, � (I y)� (I z) � � (I t )� (I z) � � (I t )� (I v), and � (I y)� (I z) � � (I y)� (I v). It follows that
� (O � O0; � ) � � (I y)� (I z) and � (O0 � O; � jI 0) � � (I y )� (I z). And since f I y ; I zg 2 O \ O0,
it must be the casethat the sets with the largest number of combinations in O and in
O0 belong to O \ O0. Thus, � (O; � ) = � (O \ O0; � ) and � (O0; � jI 0) = � (O \ O0; � ) so
� (O0; � jI 0) = � (O; � ).

We have now shown by induction that if G = (I ; O) is a connectedbipartite graph then
(I ; O; � ) has an equitable test suite of size � (O; � ). It is straightforward to check that the
theorem remains true even if G is not connected.

In the appendix, we transform the proof above into a recursive algorithm that runs in
O(jI jjO j + jI j� (O; � )). Let us now work out an example on constructing test suites for
(I ; O; � ) when (I ; O) is a bipartite graph.

Let (I ; O; � ) be represented by graph G1 shown in Figure 1. The numbers next to each
node indicate that parameter's number of data values. For i = 2; : : : ; 5, G i is obtained from
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Figure 1: An exampleof how a bipartite graph is reducedto K 2.

Gi � 1 by removing I z when it has only one neighbor, and by contracting all of N (I z) into
I y otherwise. Thus, G2 was obtained from G1 by contracting N (I 1) to I 5, G3 from G2 by
removing I 1, etc. To generatea test suite for (I ; O; � ), we start with a test suite T5 for G5.

T5 =
�

I 2 0 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3
I 4 0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3

�

SinceN (I 2) was contracted to I 4, the row indexed by I 5 in T4 is a copy of I 4's where the
number 3 is replacedby other numbers in f 0; 1; 2g using MODIFY.

T4 =

2

4
I 2 0 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3
I 4 0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3
I 5 0 1 2 0 0 1 2 1 0 1 2 2 0 1 2 0

3

5

The parameter I 3 was deleted from G3 so the number of test casesin T4 is increased�rst
so that T3 would have enoughto cover the combinations of I 3 and I 5. Thesetest casesare
marked in bold casebelow. Then the test casesin T4 are sorted basedon their I 5-values
and the row for I 3 is appended. (Note that accordingto Lemma 2.1, we should append two
rows �rst { one for I 5 and one for I 3 { so that all the combinations of (I 5; I 3) are covered
and then remove the row for I 5. Clearly, this is equivalent to just appending the row of I 3.)

T3 =

2

6
6
4

I 2 0 0 1 2 3 3 0 1 1 2 3 0 0 1 2 2 3 1
I 4 0 3 0 0 0 3 1 1 3 1 1 0 2 2 2 3 2 1
I 5 0 0 0 0 0 0 1 1 1 1 1 1 2 2 2 2 2 2
I 3 0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

3

7
7
5

The parameter I 1 wasdeletedfrom G2 sothe test casesin T3 are increasedagain and sorted
basedon their I 5 values. The row for I 1 is appendedso that all combinations of (I 1; I 5) are
covered.

T2 =

2

6
6
6
6
4

I 2 0 0 1 2 3 3 2 0 1 1 2 3 0 3 0 1 2 2 3 1 0
I 4 0 3 0 0 0 3 2 1 1 3 1 1 0 3 2 2 2 3 2 1 0
I 5 0 0 0 0 0 0 0 1 1 1 1 1 1 1 2 2 2 2 2 2 2
I 3 0 1 2 3 4 5 0 0 1 2 3 4 5 1 0 1 2 3 4 5 2
I 1 0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

3

7
7
7
7
5
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Finally, N (I 1) was contracted into I 5 so the row indexed by I 6 in T1 is a copy of I 5's where
the number 2 is replacedby values in f 0; 1g using MODIFY.

T1 =

2

6
6
6
6
6
6
4

I 2 0 0 1 2 3 3 2 0 1 1 2 3 0 3 0 1 2 2 3 1 0
I 4 0 3 0 0 0 3 2 1 1 3 1 1 0 3 2 2 2 3 2 1 0
I 5 0 0 0 0 0 0 0 1 1 1 1 1 1 1 2 2 2 2 2 2 2
I 3 0 1 2 3 4 5 0 0 1 2 3 4 5 1 0 1 2 3 4 5 2
I 1 0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6
I 6 0 0 0 0 0 0 0 1 1 1 1 1 1 1 0 1 0 1 0 1 0

3

7
7
7
7
7
7
5

We also use the same approach in the proof of Theorem 2.3 to show that the next
theorem is true.

Theorem 2.4. If (I ; O) is a cycle, then (I ; O; � ) hasan equitableoptimal test suite of size
� (O; � ).

Proof: Sincean even cycle is bipartite, we only have to considerthe casewhen (I ; O) is an
odd cycle. Onceagain, we will prove the theorem by induction. When jI j = 3, it is easyto
construct an equitable optimal test suite of size� (O; � ) for (I ; O; � ). Assuming the theorem
holds when (I ; O) is an odd cycle with at most 2r � 1 nodes, let us now consider the case
when jI j = 2r + 1. Let I z the parameterwith the most number of valuesin I . Notice that I z

hastwo non-adjacent neighbors, say I y and I x ; let � (I y) � � (I x ). Contract N (I z) to I y . The
resulting graph G0 = (I 0; O0) consistsof a smaller odd cycle (I 00; O00) containing I y together
with the edge(I y ; I z) hanging o� of the cycle. By assumption, we know that (I 00; O00; � jI 00)
has an equitable optimal test suite of size � (O00; � jI 00). Combining this with the fact that
I y is a cut vertex in G0, Lemma 2.1 implies that (I 0; O0; � jI 0) has an equitable test suite
of sizeat most max(� (O00; � jI 00); � (I y )� (I z)) = � (O0; � jI 0). But � (O0; � jI 0) = � (O; � ) because
every edge(I s; I t ) in (I 0; O0) is also in (I ; O) or � (I s)� (I t ) � � (I y)� (I z). By induction, we
have now shown that the theorem is true.

We now useTheorem 2.3 to generatea test suite for software systemswhere (I ; O) is
an arbitrary graph.

Corollary 2.5. If (I ; O) is a q-colorable graph, q � 2, then (I ; O; � ) has a test suite of
size at most dlog2 qe � � (O; � ). Furthermore, provided a q-coloring of (I ; O) is given, the
test suite can be constructed in O(log q � (jI jjO j + jI j� (O; � ))) time.

Proof: Let us show that every q-colorable graph can be covered by dlog2 qe of its bipartite
subgraphs. First, let K q be the complete graph on V = f 0; 1; : : : ; q � 1g. Dumitrescu [7]
gave the following construction. For each j 2 V , let j i denote the i th digit in the binary
representation of j . For i = 1; : : : ; dlog2 qe, let H i be the subgraph of K q whoseedgeset
consistsof pairs (j; j 0) such that j i 6= j 0

i . H i is bipartite becauseV can be partitioned into
two sets: one contains all j such that j i = 0 and another contains all j such that j i = 1.
Sinceany two integers in V di�er in at least one digit in their binary representation, every
edgein K q is covered by at least one graph in f H 1; : : : ; Hdlog2 qeg.

Next, considera q-coloring of G = (I ; O) using the colors 0; 1; : : : ; q � 1. Let I j denote
the set of parameters in G assignedthe color j . For i = 0; 1; : : : ; dlog2 qe, let Gi be the
subgraphof G whoseedgeset consistsof edgesbetweenI j and I j 0 provided j i 6= j 0

i . By the
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sameargument as above, the graphs in f G1; : : : ; Gdlog2 qeg are bipartite and cover all the
edgesof G. It is easyto check that once the q-coloring of G is found, generating the G i 's
take O(jOj logq) time.

Let (I ; Oi ; � ) denote the software system that corresponds to Gi . From Theorem 2.3,
(I ; Oi ; � ) has an equitable test suite Ti with size� (Oi ; � ) � � (O; � ). By the construction of
the Gi 's, it follows that T =

S dlog2 qe
i=1 Ti covers all combinations of all the setsin O, and has

size
P dlog2 qe

i=1 � (Oi ; � ) � dlog2 qe � � (O; � ). Finally, becausewe have to construct dlog2 qe
di�eren t test suites, and we know that each test suite can be constructed in O(jI jjO j +
jI j� (O; � )) time, the runtime in the corollary follows.

Let n� be the number of nodes in the largest connected component of (I ; O). Since
an n� -coloring of (I ; O) can always be found quickly, the above result implies that we can
e�cien tly construct a test suite for (I ; O; � ) whosesizeis at most dlog2 n� e� � (O; � ). But
notice that jOj � n � � 1 soour bound is ascompetitiv e as the onefor the greedyalgorithm.
It is in fact better if (I ; O) is a densegraph, or q is smaller than n � and a q-coloring of
(I ; O) can be found quickly. In the next section, we shall show that our bound can be
further improved when the function � satis�es certain conditions.

Next, we extend our technique to hypertreesfor our secondmain result in this section.
Given a hypergraph H , a sequencev1e1v2e2 : : : vpepvp+1 is a path if the vi 's and ei 's are
distinct verticesand edgesin H , and vi ; vi +1 2 ei for i = 1; : : : p. If vp+1 = v1, the sequence
is a cycle. It is easyto verify that in a cycle-freehypergraph, any two edgeshave at most
one vertex in common. A hypergraph is connected if, for every pair of vertices v i and vj ,
there is a path from vi to vj . It is a hypertree if it is cycle-freeand connected.

Lemma 2.6. Let H be a hypertree and e be an edge in H . Deleting e from H creates jej
connected components each of which is also a hypertree.

Proof: Let H 0 denote the hypergraph obtained by deleting e from H . SinceH is acyclic,
every connectedcomponent of H 0 is acyclic as well (i.e., it is a hypertree). Furthermore,
every vi 2 e must belong to someconnectedcomponent of H 0 (even though the component
may have no edges). Sincevi cannot belong to two or more connectedcomponents of H 0,
H 0 hasat most jej connectedcomponents. Now, if two vertices in e, vi and vj , belongto the
sameconnectedcomponent of H 0, then the path from vi to vj in H 0 together with e forms
a cycle in H . This is a contradiction. Hence,H 0 hasexactly jej connectedcomponents.

Theorem 2.7. When (I ; O) is a hypertree, then (I ; O; � ) has an equitable test suite with
size � (O; � ).

Proof: If (I ; O) contains only one edgeO, the theorem is clearly true. Let us now assume
that the theorem holds true as well for all hypertreeswith at most r edges,and (I ; O) has
r + 1 edges.SupposeO1 has the most number of combinations amongall the setsin O. Let
O0 = O � f O1g. According to Lemma 2.6, (I ; O0) is still cycle-freeand has jO1j connected
components all of which have at most r edges.Let us denote the i th component of (I ; O0)
by H i = (I i ; Oi ; � ) where H i contains the i th input parameter I si of O1.

If H i hasno edges(i.e., I i is a singleton and Oi is an empty set), let Ti simply consistof
a single row where its j th entry equalsj mod � (I i ) for j = 0; : : : ; � (O; � ) � 1. If H i has at
least oneedge,by our assumption, it hasan equitable test suite Ti of size� (Oi ; � ). Increase

9



the sizeof Ti to � (O; � ) using ADD. Let us now assemble the test casesin
S jO1 j

i =1 Ti to form
a test suite T for (I ; O; � ). The rows in T will be indexed �rst by the parameters in H 1,
followed by the parameters in H 2, and so forth. For each combination (t s1 ; ts2 ; : : : ; tsj O 1 j )
of O1, do the following: (i) for i = 1 to jO1j, �nd an unused test caseTi 2 Ti whoseI si -
value equalstsi and mark Ti as used. SinceTi is equitable, jTi j = � (O; � ), and O1 has the
most number of combinations, we will always �nd such a Ti . (ii) Form the test caseT by
concatenating T1; T2; : : : TjO1 j into a single column, and add T to T .

Our assembly processensuresthat T covers each combination of O1. Furthermore,
becausethe Ti 's are equitable test suites that cover all the combinations of all the sets in
O0, T is valid and equitable for (I ; O; � ). And sincethere are exactly � (O; � ) combinations
of O1, jT j = � (O; � ). By induction, it follows that our theorem is true.

Like the test suite generation scheme in Theorem 2.3, the proof above can be trans-
formed into a recursive algorithm that runs in time polynomial in the size of (I ; O) and
� (O; � ). The following corollary is immediate.

Corollary 2.8. If the hypergraph (I ; O) can be covered by q of its partial hypergraphs
(I i ; Oi ), i = 1; : : : ; q, all of which are hypertrees, then (I ; O; � ) has a test suite of size
q � OPT, where OPT is the size of an optimal test suite of (I ; O; � ).

3 Construction 2: an OA and OOA-approac h

In this section, we make use of a well-studied family of combinatorial objects known as
orthogonal arrays(OA) and its generalizationordered orthogonal arrays(OOA) to construct
our test suites. Sincethe introduction of covering arrays, orthogonal arrays have beenused
to createtest suites. We are presenting Theorem3.1 and its corollariessothat we can frame
the results of orthogonal arrays in the context of our view that (I ; O) is a hypergraph, and
usetheir proofs as a gentle introduction to the rest of the results in this section.

An n � �k t array A with entries from a k-element set S is an orthogonal array with
k levels, strength t and index � , or OA � (n; k; t) for short, if every t � �k t subarray of A
contains each t-tuple of S exactly � times as a column. Of interest to us are orthogonal
arrays of index 1.

Recall that a hypergraph H = (V; E) is q-partite if V can be partitioned into q setsso
that for each e 2 E no two nodesin e belong to the samepartite set.

Theorem 3.1. Suppose (I ; O) is a q-partite hypergraph, � is a constant function where
� (I ) = k for each I 2 I , and � (O; � ) = k t for somet 2 Z+ , t � q. If an OA1(q; k; t) exists
then (I ; O; � ) has a strongly equitable optimal test suite of size � (O; � ).

Proof: Let I 1; I 2; : : : ; I q be the q partitions of I . Let A be a q � k t orthogonal array
OA1(q; k; t) whoseentries belong to the set [k]. We create a test suite T for (I ; O; � ) by
letting the row indexed by each I 2 I i be an exact copy of the i th row of A for i = 1; : : : ; q.
SinceA has kt columns, T has k t test cases.

Now, let O = f I s1 ; I s2 ; : : : ; I sr g 2 O. Clearly, r � t because� (O; � ) = k t . Furthermore,
no two parameters in O belong to the same partite set so these parameters' rows in T
correspond to di�eren t rows in A. If r = t, then the subarray of T formed by the rows
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of I s1 ; I s2 ; : : : ; I sr contains each tuple of [k]t as a column exactly once becauseA is an
orthogonal array. If r < t, there must be a set O0 such that O � O0 and no two parameters
in O0 belongto the samepartite set. Applying the previous argument, all the combinations
of O0must becoveredexactly onceby T . This meansthat all combinations of O arecovered
exactly jT j=kt � r = kr times. Hence,T is a strongly equitable test suite for (I ; O; � ).

Bush [1] proved that whenever k is a prime power, and 0 � t � k + 1, an OA 1(k + 1; k; t)
exists. Thus, we have the following corollary.

Corollary 3.2. Let k be a prime power, t be an integer such that 0 � t � k + 1. If (I ; O)
is a (k + 1)-partite hypergraph, � is a constant function with � (I ) = k for each I 2 I , and
� (O; � ) = kt , then (I ; O; k) has a strongly equitable optimal test suite of size � (O; � ).

The above result can now be applied to the special casewhen (I ; O) is a graph.

Corollary 3.3. Let k be a prime power. If (I ; O) is a q-colorable graph, q � 2, and
� (I ) = k for each I 2 I , then (I ; O; � ) has a test suite of size at most dlogk+1 qe� � (O; � ).

Proof: When (I ; O) is a q-partite graph, we employ the sametechnique in Corollary 2.5
(except that we use the (k + 1)-ary representation of an integer rather than its binary
representation) to createdlogk+1 qe (k + 1)-partite subgraphsof (I ; O) so that together the
subgraphs cover (I ; O). We then construct optimal test suites for the software systems
that correspond to the (k + 1)-partite subgraphsusing orthogonal array OA 1(k + 1; k; 2)
on the set [k], and combine them together to form a test suite for (I ; O; � ). Sincethere are
dlogk+1 qe such test suites all of sizek2, the theorem follows.

While the above corollary providesa better bound for the sizeof a test suite of (I ; O; � )
when � is a constant function than the one given in Corollary 2.5, it doesnot seemto be
particularly useful in other situations. When � is not a constant function, simply replacing
each � (I ) with the smallest prime power k such that k � f max � (I ) : I 2 I g is not a good
strategy becausethe sizeof the optimal test suite for the modi�ed software systemcan be
� (k) times that of the optimal test suite of (I ; O; � ) when (I ; O) is a graph. For example,
suppose(I ; O) is a 3-cycle where � (I 1) = p, a prime number, and � (I 2) = � (I 3) = 2. The
optimal test suite for (I ; O; � ) has size2p but rounding � (I 2) and � (I 3) to p will require a
test suite of sizep2. 4 To �x this situation, we introducebase-k functions, and modify Bush's
construction for orthogonal arrays so they becomesuitable for thesetypesof functions.

Let k be a positive integer. We say that a function � : I ! Z + is base-k if it mapseach
I 2 I to a power of k. It turns out that base-k functions approximate arbitrary � 's well in
the following sense.

Lemma 3.4. Let k be a positive integer and (I ; O) be a graph. For (I ; O; � ), let � 0(I ) =
kdlogk � (I )e. If (I ; O; � 0) has an optimal test suite of size � (O; � 0), then (I ; O; � ) has a test
suite of size at most k2 � � (O; � ).

Proof: Since � (I ) � � 0(I ) � k � � (I ) for each I 2 I , every test suite T 0 for (I ; O; � 0) can
be transformed into a test suite T for (I ; O; � ). Furthermore, becauseeach O 2 O contains
two parameters, if jT 0j = � (O; � 0) then jT j = � (O; � 0) � k2 � � (O; � ).

4 In this simple example, one might do some post-processingof the test suite to push the size from p2

down to 2p. In bigger examples, however, it is not obvious that such post-precessingwill eliminate many
test cases.
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A =

2

6
6
4

0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3
0 1 2 3 1 0 3 2 2 3 0 1 3 2 1 0
0 1 2 3 2 3 0 1 3 2 1 0 1 0 3 2
0 1 2 3 3 2 1 0 1 0 3 2 2 3 0 1

3

7
7
5

Figure 2: An orthogonal array OA1(4; 4; 2) that obeys the conditions of Lemma 3.5. The
elements of GF (4) are represented by their indices.

Next, we describe a very simple construction of OA 1(k; k; 2) due to Bush [1] that is
basedon the Galois Field GF (k) where k is a prime power. Let A be a k � k2 array. Index
its rows by the elements of GF (k): � 0; : : : ; � k� 1, and its columns by the k2 polynomials
of maximum degree1 over GF (k): � 0; : : : ; � k2 � 1. Set the value of A ij to � j (� i ) for each i
and j . Now considera 2 � k2 subarray of A. No two of its columns indexed by say, � j and
� j 0, are equal because� j � � j 0 is a polynomial of maximum degreeat most 1 and cannot
have more than one zero. Hence,all the pairwise combinations of the elements of GF (k)
occur exactly once in this 2 � k2 subarray of A. If the addition and multiplication tables
of GF (k) are known, constructing A takes O(k3) time. It turns out that the elements of
GF (k) can be chosenand the columnsof A rearrangedto obtain stronger properties about
A as stated in the next lemma. The proof can be found in the appendix.

Lemma 3.5. Let k = pz where p is a prime number and z is a positive integer. Let A
be an OA1(k; k; 2) orthogonal array obtained by Bush's construction. Let A[r ] denote the
array obtained by replacing each � i by � i mod r in the entries of A. The elementsof GF (k)
can be chosenand the columns of A can be arranged so that for each non-negative integer
z0 � z, every row of A[pz0

] is a concatenation of permutations of f � 0; � 1; : : : ; � pz 0� 1g.

Seean example of an orthogonal array that satis�es the conditions of Lemma 3.5 in
Figure 2. We are now ready for the �rst main result of this section.

Theorem 3.6. Let k be a prime power and z 2 Z + . If (I ; O) is a kz-partite graph, � is a
base-k function, and � (O; � ) = k2z or k2z+1 , then (I ; O; � ) has a strongly equitable optimal
test suite of size � (O; � ).

Proof: Let us �rst assumethat � (O; � ) = k2z. Let the kz partite setsof I be I 1; I 2; : : : ; I kz .
Let A be a kz � k2z orthogonal array OA1(kz; kz ; 2) obtained using Bush's construction and
an array that respects the properties in Lemma 3.5. Recall that A[r ] is the array obtained
by replacing each � i by � i mod r in the entries of A. Replaceeach � i in A[r ] by i so that
their entries belongto [r ] for r = 1; k; k2; : : : ; kz. We will construct a test suite for (I ; O; � )
in a manner very similar to the one we usedin Theorem 3.1 except that the rows of T will
be copied from A[kz]; A[kz� 1]; : : : ; A[k0] and not just A.

Since� is a base-k function and � (O; � ) = k2z, there are at most 2z + 1 distinct number
of data valuesamong the parametersin I : f k0; k1; k2; : : : ; k2zg. For each partite set I j , let
I j;l denote a parameter in I j with k l values.

� If l � z, let the row indexed by I j;l in T be an exact copy of the j th row in A[k l ].
� If l > z, let the row indexed by I j;l in T consist of k2z� l 0's, k2z� l 1's, : : : , k2z� l k l � 1's.
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Clearly, each row in T haslength k2z soT hask2z test cases.Let us now prove that it is
a strongly equitable test suite for (I ; O; � ). SupposeO = f I j 1 ;l1 ; I j 2 ;l2 g. Since� (O; � ) = k2z,
it follows that k l1 k l2 � k2z.

Case 1: l1 � z; l2 � z. When l1 = l2 = z, both the rows indexed by I j 1 ;l1 and I j 2 ;l2 in T
belong to array A and so must cover the kz � kz combinations of O exactly once. When
l1; l2 � z, then for i = 1; 2, the row indexed by I j i ;l i is almost an exact copy of the row
indexed by I j i ;z except that each value v is replacedby v mod k l i . We just showed that T
would have covered all combinations of (I j 1 ;z ; I j 2 ;z) so it must do likewisefor (I j 1 ;l1 ; I j 2 ;l2 ).
Furthermore, each combination of (I j 1 ;l1 ; I j 2 ;l2 ) appearskz� l1 � kz� l2 times becauseof the
way I j i ;l i is obtained from I j i ;z for i = 1; 2.

Case 2: l1 < z < l2 or l2 < z < l1. Without loss of generality, assumel1 < z < l2 so the
row indexed by I j 1 ;l1 is a row from A[k l1 ]. According to Lemma 3.5, and the fact that we
replacedeach � i by i , the row is a sequenceof k2z� l1 permutations of 0; 1; : : : ; k l1 � 1. On
the other hand, the row indexed by I j 2 ;l2 consistsof k2z� l2 0's, k2z� l2 1's and ending with
k2z� l2 k l2 � 1's. Sincek l1 divides k2z� l2 , it follows that every combination of O is covered
exactly k2z� (l1 + l2) times in T .

Since l1; l2 > z is an impossibility, we have now shown that for every O 2 O, every
combination in O is covered the samenumber of times in T . When � (O; � ) = k2z+1 , our
construction for T is similar with a few modi�cations:

� If l � z, let the row indexed by I j;l in T consist of k copies of the j th row in A[k l ]
concatenatedtogether.
� If l > z, let the row consist of k2z+1 � l 0's, k2z+1 � l 1's, : : : , k2z+1 � l k l � 1's.

The resulting test suite T is strongly equitable in this casefor the samereasonswhen
� (O; � ) = k2z.

In the above construction, creating the array A takes O(f (kz) + k3z) = O(f (kz) +
� (O; � )1:5) time, wheref (kz) is the time neededto construct the addition and multiplication
tables of GF (kz). Filling up the entries of T simply requires copying from the entries of
the A[r ]'s and so takesO(jI j� (O; � )) time. Thus, if the kz-coloring of (I ; O) is given, then
the test suite can be constructed in O(f (kz) + � (O; � )1:5 + jI j� (O; � )) time.

Considerthe software systemexamplein the previoussection,shown in Figure 1, except
that this time we replace each � (I ) with � 0(I ) = 2dlog � (I )e. Hence, � (O; � ) = 32 = 25.
According to the proof of Theorem 3.6, because32 = 22�2+1 and (I ; O) is bipartite, we can
construct the rows of I 2 and I 4; I 5; I 6 basedon the �rst two rows of the orthogonal array
OA1(4; 4; 2) in Figure 2 while I 1 and I 3's rows simply consist of 22 0's, 22 1's, and so forth
ending with 22 7's. The test suite is shown below.

2

6
6
6
6
6
6
4

I 1 0000 1111 2222 3333 4444 5555 6666 7777
I 2 0123 0123 0123 0123 0123 0123 0123 0123
I 3 0000 1111 2222 3333 4444 5555 6666 7777
I 4 0123 1032 2301 3210 0123 1032 2301 3210
I 5 0123 1032 2301 3210 0123 1032 2301 3210
I 6 0101 1010 0101 1010 0101 1010 0101 1010

3

7
7
7
7
7
7
5

Using the subgraph covering technique we used in Corollary 2.5, the next corollary is
immediate.
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Corollary 3.7. Let k be a prime power and z 2 Z + . If (I ; O) is a q-colorablegraph, q � 2,
� is a base-k function, and � (O; � ) = k2z or k2z+1 then (I ; O; � ) has a test suite of size at
most dlogkz qe� � (O; � ).

When � is not a base-k software system, we de�ne � 0(I ) = 2dlog2 � (I )e and generatean
optimal test suite for (I ; O; � 0). Applying Lemma 3.4, we have the following corollary.

Corollary 3.8. Suppose � is not a base-2 function in (I ; O; � ). Let � 0(I ) = 2dlog2 � (I )e,
and let z be the smallest integer so that � (O; � 0) � 22z or 22z+1 . If (I ; O) is a q-colorable
graph, then (I ; O; � ) has a test suite of size at most 4dlog2z qe � � (O; � ). Moreover, if the
q-coloring of (I ; O) is given, then the the test suite can be constructed in O(log q � (jOj +
f (2z)+ � (O; � )1:5 + jI j� (O; � ))) time where f (2z) is the time needed to construct the addition
and multiplication tablesof GF (2z).

Hence,when z >> 4 the above corollary producesa bound on the sizeof (I ; O; � )'s test
suite that is better than the one found in Corollary 2.5. Next, we attempt to extend the
result in Theorem 3.6 to the casewhen (I ; O) is a generalhypergraph for the secondmain
result of this section. To do so, we make useof a generalization of orthogonal arrays.

An nl � �k t array A with entries from a k-element set S is an ordered orthogonal array
OOA � (n; l ; k; t) if the rows can be partitioned into n groups of l rows each, denoted by
R1; R2; : : : ; Rn where Ri = f r ij : 1 � j � lg, so that the following condition is true:
whenever t =

P n
j =1 t i where each t i is a non-negative integer such that t i � l then the

t � �k t subarray of A formed by taking the �rst t i rows of Ri , i = 1; : : : ; s, contains each
t-tuple of S exactly � times as a column. Notice that when l = 1, then an OOA � (n; l ; k; t)
is an OA � (n; k; t). Below is an exampleof an OOA1(2; 2; 3; 2).

2

6
6
4

r11 0 0 0 1 1 1 2 2 2
r12 0 1 2 0 1 2 0 1 2
r21 0 1 2 1 2 0 2 0 1
r22 0 1 2 0 1 2 0 1 2

3

7
7
5

Theorem 3.9. Suppose (I ; O) is a q-partite hypergraph, � is a base-k function, and
� (O; � ) = kt for some t 2 Z+ . If an OOA1(q; t; k; t) exists then (I ; O; � ) has a strongly
equitable optimal test suite of size � (O; � ).

Proof: Let I 1; I 2; : : : ; I q be the q partite setsof I . While each I i can contain many param-
eters, these parameters can only have t + 1 types of number of data values: k0; k1; : : : ; kt

because� (O; � ) = k t . Denote by I ij 2 I i a parameter with � (I ij ) = k j . Let A be
an OOA1(q; t; k; t) whose elements are from the set [k]. We shall denote A's rows as
r11; : : : ; r 1t ; : : : ; r q1; : : : ; r qt as stated in the de�nition of OOA's. We create a test suite
T for (I ; O; � ) in the following manner. For each i ,

� when j = 0, let the row indexed by I ij simply consist of all 0's;
� when j > 0, let the row indexed by I ij be r i 1k0 + r i 2k1 + : : : + r ij k j � 1. That is, the hth

entry in the row indexed by I ij is r (h)
i 1 k0 + r (h)

i 2 k1 + : : : + r (h)
ij k j � 1 where r (h)

i � is the hth entry
in row r i � of array A.
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Let us now show that all the combinations of each O 2 O are covered the samenumber
of times. Sinceno two parameters in O belong to the samepartite set, we can write O as
f I q1s1 ; I q2s2 ; : : : ; I ql sl g.

Case1: Each si � 1 and s1 + s2 + : : : + sl = t.

In this case,O has ks1 � ks2 � : : : � ksl = kt combinations. Let (v1; v2; : : : ; vl ) be a par-
ticular combination of O. Each vi 2 [ksi ] sowe can write vi asxqi 1k0+ xqi 2k1 + : : : xqi si k

si � 1

where each xqi � 2 [k]. In particular, (xq11; : : : ; xq1s1 ; xq21; : : : ; xq2s2 ; : : : ; xql 1; : : : ; xql sl ) is a
tuple of [k]t . But notice that this combination appears exactly once as a column in the
subarray of A formed by the rows r q11; : : : ; r q1s1 ; rq21; : : : ; r q2s2 ; : : : ; r ql 1; : : : ; r ql sl becauseA
is an OOA1(q; t; k; t). Consequently, this meansthat (v1; v2; : : : ; vl ) appears exactly once
as a column in the subarray of T indexed by I q1s1 ; I q2s2 ; : : : ; I ql sl .

Case2: Each si � 1 but s1 + s2 + : : : + sl < t.

Chooses0
1 such that s0

1 + s2 + : : : + sl = t. By case1, all the combinations of O0 =
f I q1s0

1
; I q2s2 ; : : : ; I ql sl g are covered exactly once. By our construction of the rows of T , the

hth entry in the row indexed by I q1s1 is the hth entry in the row indexed by I q1s0
1

mod ks1 .
Thus, not only should every combination of O be covered by T ; each one is covered the
samenumber of times.

Case3: s1 + s2 + : : : + sl � t but somesi 's are equal to 0.

In this case,choose O0 � O such that all the parameters in O0 have at least k data
values. By cases1 and 2, the combinations of O0 are covered the samenumber of times.
All the parameters in O � O0 have their valuesset to 0. So all the combinations of O are
also covered the samenumber of times.

Schmid [18] and Lawrence [11] independently proved that OOA's are equivalent to
(t; m; s)-nets, which are collections of points in the s-dimensional cube that have desirable
uniformit y properties. Many constructions for (t; m; s)-nets are known; see[13, 17] for a
survey. One result due to Faure [8], which when translated in terms of OOA's, statesthat if
k; q; t 2 Z+ , where t � 2 and k is a prime number such that k � q, then an OOA 1(q; t; k; t)
exists. Thus, if we let q = k, we have the following corollary.

Corollary 3.10. Let k; t 2 Z+ , where t � 2 and k is a prime number. If (I ; O) is a
k-partite hypergraph, � is a base-k function, and � (O; � ) = k t , then (I ; O; � ) has a strongly
equitable optimal test suite of size � (O; � ).

Unlike Theorem 3.6, we have been unable to use this result to obtain test suites for
software systems(I ; O; � ) where (I ; O) is an arbitrary hypergraph.

4 Construction 3 and Conclusion

In Sections 2 and 3, we have presented families of software systems (I ; O; � ) for which
optimal test suites can be constructed e�cien tly. For the �rst set of families, the criteria
for optimalit y completely relied on the structure of (I ; O) (i.e., whether it is a bipartite
graph, a cycle,or a hypertree). For the secondset of families, the criteria wasa combination
of the structure of (I ; O) and the function � (i.e., whether it is a base-k function for some
prime number k). We present a third set of families which, in its simplest version, is able
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to produce an optimal test suite becauseof the function � only. The proof is remarkably
simple.

Theorem 4.1. If � (I s) and � (I t ) are relatively prime for every pair of parameters I s and
I t , then (I ; O; � ) has an equitable test suite with size � (O; � ) which can be constructed in
O(jI j� (O; � )) time.

Proof: Let T be an jI j � � (O; � ) array whoserows are indexed by the parametersin I . For
the row indexed by I 2 I , say row i , let Tij = j mod � (I ), j = 0; : : : ; � (O; � ) � 1. Thus, T
is clearly equitable and can be constructed in O(jI j� (O; � )) time. To prove that it is a valid
test suite for (I ; O; � ), consider an arbitrary O = f I s1 ; I s2 ; : : : ; I sr g 2 O. Its combination
(ts1 ; ts2 ; : : : ; tsr ) is covered by T if there exists a column j such that t sk = j mod � (I sk )
for k = 1; : : : ; r . According to the ChineseRemainder Theorem, such a j exists and lies in
the range 0 to (

Q r
k=1 � (I sk )) � 1 becausethe integers� (I s1 ); � (I s;2); : : : ; � (I sr ) are pairwise

relatively prime. SinceT has � (O; � ) columns and � (O; � ) � (
Q r

k=1 � (I sk )) , it follows that
T covers this combination of O.

Notice that the proof simply relied on the fact that every pair of parameters I s and I t

in each O 2 O have � (I s) and � (I t ) relatively prime. Thus, we can strengthen the theorem
as follows.

Corollary 4.2. If, for every pair of parameters I s and I t , � (I s) and � (I t ) are relatively
prime wheneverI s and I t belong to the same O 2 O, then (I ; O; � ) has an equitable test
suite with size � (O; � ) which can be constructed in O(jI j� (O; � )) time.

Aside from �nding new optimal instancesof TSG, we would also like to emphasizethe
techniques we used to arrive at the results. Our �rst construction is graph-theoretic in
nature { a departure from the common approaches used in creating orthogonal arrays or
covering arrays. Our secondconstruction shows that much stronger results can be obtained
by (a) examining the structure of Bush's technique for creating orthogonal arrays and (b)
using ordered orthogonal arrays instead of just orthogonal arrays to create test suites.
Finally, our third construction relieson the ChineseRemainder Theorem to createoptimal
test suites.

Additionally , we have also used our newly found optimal instances to generate test
suites for arbitrary software systems. In particular, we proved that when (I ; O) is a graph,
(I ; O; � ) for any � has a test suite whose size is at most dlog2 ne � OPT that can be
constructed in polynomial time. Our bound matches the one guaranteed by the greedy
algorithm, which is currently the best known for TSG. Several interesting questionsremain:
(i) Aside from bipartite graphs,cycles,and hypertrees,what other graph families can (I ; O)
belong to so that (I ; O; � ) has an optimal test suite for any � that can be constructed
e�cien tly? (ii) Similarly, aside from base-k functions, what other classesof functions can
� belong to so that for many hypergraphs (I ; O), optimal test suites for (I ; O; � ) can be
constructed optimally? (iii) Finally, can we extend our techniques for constructing test
suites of sizeO(log n) � OPT to (I ; O; � ) where (I ; O) is an arbitrary hypergraph?
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App endix

We transform the proof of Theorem 2.3 to algorithm GENERATE-TSG. In the algorithm,
(V1 [ V2; E ) is a connectedbipartite graph, and the test suite T is stored in an n � � (O; � )
array whoserows are indexed by I 1; I 2; : : : ; I n . Each time GENERATE is called, at least one
row in T is �lled.

GENERATE-TSG(V1; V2; E ; � )

Create T , an n � � (O; � ) array whoserows are indexed by the parameters in V1 [ V2.
Initialize all entries of T to 0.
T  GENERATE(V1; V2; E ; �; T )

GENERATE(V1; V2; E ; �; T )

I z  an input parameter in V1 [ V2 with largest number of data values
I y  an input parameter in N (I z) with largest number of data values
if jV1j = jV2j = 1

for v = 0 to � (I y) � 1
for j = v � � (I z) to v � � (I z) + � (I z) � 1

T [I y ][j ]  v
v  0
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for j = 0 to � (I y)� (I z) � 1
T [I z][j ]  v
v  (v + 1) mod � (I z)

else
if jN (I z)j = 1 /* I z has only one neighbor */

Delete I z from V1 [ V2 and (I y ; I z) from E
T  GENERATE(V1; V2; E ; �; T )
M  maxf � (E ; � ); � (I y ) � � (I z)g
if M > � (E ; � )

for i = 1 to M � � (E ; � )
Using ADD(T ), add a test casefor the system (V1 [ V2; E ; � ) to T at
column � (E ; � ) � 1 + i

Sort the numbers T [I y ][j ], j = 0; : : : ; M � 1 and store the column numbers of the
sorted numbers in array A so that T [I y ][A[j ]] � T [I y ][A[j + 1]] for j = 0; : : : ; M � 2
v  0
for j = 0 to M � 1

T [I z][A[j ]]  v
v  (v + 1) mod � (I z)

else /* I z has more than one neighbor */
X  N (I z) � f I yg
Contract N (I z) to I y and update (V1 [ V2; E ; � ) accordingly
T  GENERATE(V1; V2; E ; �; T )
for each I s 2 X

for j = 0 to � (E ; � ) � 1
T [I s][j ]  T [I y ][j ]

Apply MODIFY(I s; � (I y); � (I s)) to T but only up to column � (E ; � ) � 1.
return( T )

Theorem 4.3. Algorithm TSG-GENERATE createsan equitabletest suite T for the software
system(V1 [ V2; E ; � ) in O(nm + n� (O; � )) time where n = jV1 [ V2j and m = jE j.

Proof: The correctnessof TSG-GENERATE follows directly from Theorem 2.3. The two
modi�cations we made occur when I z has only one neighbor: (1) Instead of explicitly
sorting the columns T [� ][0]; T [� ][1]; : : : ; T [� ][M � 1] based on their I y-values, we simply
sort the numbers T [I y ][0]; T [I y ][1]; : : : ; T [I y ][M � 1] and store the column numbers of the
sorted numbers in array A so that the columns do not have to be moved. (2) Instead
of following the steps in Lemma 2.1 to create the row for I z, we add a row for I z so
that T [I z][A[0]]; T [I z][A[1]]; : : : ; T [I z][A[M � 1]] consist of sequencesof the permutation
0; 1; : : : ; � (I z) � 1. Sinceeach I y-value occurs at least � (I z) times becauseM � � (I y)� (I z),
every combination of (I z; I y) is covered by T .

Each time GENERATE is called, there are three types of work performed: (a) rows
and/or columnsof T are �lled, (b) I z and I y are found and the graph (V1 [ V2; E ) modi�ed
either by deleting vertices or contracting a set of vertices, and (c) pre-processingand/or
post-processingwork is done on T beforeor after the entries of T are �lled.

Let n = jV1 [ V2j and m = jE j. The total time spent on type (a) work is proportional to
the sizeof the array T , n� (O; � ). Finding I z and I y takesO(n) time; modifying (V1 [ V2; E )
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requiresO(n + m) time. The pre-processingwork of sorting the I y-valuesof the columnsof
T takesO(� (O; � )) time by using bucket sort. The post-processingwork of modifying I s's
value from � (I y) to � (I s) takes O(� (O; � )) time. Whenever GENERATE is called, at least
one parameter's row (e.g., I z if jN (I z)j = 1, every I s 2 X if jN (I z)j > 1) is �lled so there
are at most n calls to GENERATE. Hence, the total time spent on types (b) and (c) work
is O(n2 + nm + n� (O; � )) time. The theorem follows.

Next, we present the proof for Lemma 3.5.

Lemma 3.5. Let k = pz where p is a prime number and z is a positive integer. Let A
be an OA1(k; k; 2) orthogonal array obtained by Bush's construction. Let A[r ] denote the
array obtained by replacing each � i by � i mod r in the entries of A. The elementsof GF (k)
can be chosenand the columns of A can be arranged so that for each non-negative integer
z0 � z, every row of A[pz0

] is a concatenation of permutations of f � 0; � 1; : : : ; � pz 0� 1g.

Proof: Recall that every element of GF (k) can be written as a polynomial a0 + a1x +
a2x2 + : : : ; + az� 1xz� 1 where the coe�cien ts are elements of f 0; 1; : : : ; p � 1g. Denote such
an element by � i if i = a0 + a1p + a2p2 + : : : ; + az� 1pz� 1, and de�ne a total order on the
elements of GF (k) by letting � i < � i 0 whenever i < i 0. Hence, � 0 = 0, � 1 = 1, etc.
Next, arrange the columns of A so that its �rst k columns are indexed by the polynomials
� 0x + � 0; � 0x + � 1; : : : ; � 0x + � k� 1, the next k onesby � 1x + � 0; � 1x + � 1; : : : ; � 1x + � k� 1,
the next k onesby � 2x + � 0; � 2x + � 1; : : : ; � 2x + � k� 1, etc. That is, the vector of coe�cien ts
of the polynomials are lexicographically increasing.

If we partition A into subarrays of pz0
columns each, where z0 � z is an integer, it is

straightforward to verify that becausek = pz the columnswithin each subarray are indexed
by polynomials of the form � + � 0, � + � 1, : : :, � + � pz 0� 1 where � is somepolynomial over
GF (k). When thesepolynomials are evaluated at someelement of GF (k), the results form
a sequenceof the form � i + � 0, � i + � 1, : : :, � i + � pz 0� 1 for some� i 2 GF (k). Because
of the way we have denoted the elements of GF (k), this samesequencemust then be a
permutation of the elements in f � qpz 0; � qpz 0+1 ; : : : ; � qpz 0+ pz 0� 1g where q = bi=pz0

c. This

implies that every row of A[pz0
] is a concatenation of permutations of f � 0; � 1; : : : ; � pz 0� 1g.

Seean example in Figure 2.
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