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Abstract. Describing the static semantics of programming languages with attribute grammars is eased when the
formalism allows direct dependencies to be induced between rules for nodes arbitrarily far away in the tree. Such
direct non-localdependencies cannot be analyzed using classical methods, which enable efficient evaluation.

This article defines an attribute grammar extension (“remote attribute grammars”) to permit references to
objects with fields to be passed through the attribute system. Fields may be read and written through these
references. The extension has a declarative semantics in the spirit of classical attribute grammars. It is shown that
determining circularity of remote attribute grammars is undecidable.

The article then describes a family of conservative tests of noncircularity and shows how they can be used
to “schedule” a remote attribute grammar using standard techniques. The article discusses practical batch and
incremental evaluation of remote attribute grammars.

Categories and Subject Descriptors: D.3.3 [Programming Languages]: Language Constructs and Features

General Terms: Languages

Additional Key Words and Phrases: Language description, remote attribution, collection attributes

1. Introduction

Attribute grammars [Knuth 1968] were developed to specify the semantics of program-
ming languages as an alternative to writing a compiler in an imperative language. An
imperative program is not an ideal specification, because it expresseshowa computation
is to proceed, rather thanwhat the desired result is to be. A moredeclarativeapproach
is to specify what values need to be computed. Such a specification can be executed af-
ter first (automatically) determining an evaluation order that respects the dependencies in
the specification. An advantage of declarative specifications is that they can be incremen-
talized by simply reevaluating changed values. Incrementalizing an imperative program
is much more difficult; maintaining a copy of every version of the state is impractical.
Attribute grammars take the declarative approach; an attribute grammar specifies a set of
attribute equationsfor each production in a context-free grammar. In the definition of clas-
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sical attribute grammars, attribute values are specified as pure functions of attribute values
of neighboring nodes. A variety of implementation techniques have been developed [Al-
blas 1991] and several usable attribute grammar implementation tools exist [Farrow 1989;
Jourdan and Parigot 1991; Kastens 1991].

Attribute grammars have been used successfully in a few cases (for instance an Ada type
checker [Uhl et al. 1982] and a VHDL compiler [Farrow and Stanculescu 1989]), but many
people seem to have the impression that attribute grammars are clumsy—more complicated
than the equivalent imperative programs. In particular, classical attribute grammars require
dependencies between nodes that do not occur in the same production instance to be de-
scribed through a chain of dependencies between neighboring nodes. The LIGA attribute
grammar system [Kastens 1991] includes features that address this limitation, enabling, for
example, a rule for a node to refer directly to an ancestral node by type. However, even this
system does not schedule attribute grammars with dependencies between unrelated nodes
in the tree.

Starting with Johnson and Fischer’s proposal for “non-local” attribute grammars [John-
son 1983; Johnson and Fischer 1985], several researchers have investigated the possibility
of permitting direct non-local dependencies in attribute grammars. In Johnson’s work,
the non-local dependencies are established through opaque semantic rules. In some more
recent work, the dependencies are induced by passing objects with fields through the at-
tribute system. Elsewhere, the fields may be read, and (depending on the extension) other
fields may be written. Since the places in the tree where the fields are written may be
far removed from the places where they are read, these abilities are calledremote attri-
bution [Boyland 1996b]. Direct non-local dependencies increase the expressive power of
attribute grammars [Maddox 1997], reduce the number of “copy rules” and permit more
efficient incremental implementation [Hedin 1994; Boyland 2002].

A related technique is that of “higher-order attribution” in which attribute rules may
create trees that may be rooted at various points and attributed there. Section 7 compares
the closely related concepts of remote attribution and higher-order attribute grammars; the
most important distinction being that higher-order attribute grammars are purely functional
so that the generated trees do not have identity.

Remote(direct non-local) dependencies require extensions to the standard attribute gram-
mar analyses. If objects are added with only trivial extension to the analysis, then, de-
pending on how the extension is formulated, standard analysis may either report spurious
circularities, or (worse) fail to notice dependencies at all. In the latter case, we say that
the analysis isunsafe. For example, in Augusteijn’s Elegant system [Augusteijn 1990], a
field in an object can be designated “lazy,” thus permitting the object to be passed through
the attribute system before the field has been assigned. No analysis ensures that the field is
assigned before it is used. With LIGA [Kastens 1991], objects can be created in multiple
passes, but the description writer must direct the scheduling through the addition of depen-
dencies involving extracontrol attributes. The implementation tool is unable to determine
if the extra dependencies are sufficient. Hedin’s door attribute grammars [Hedin 1994]
leave responsibility for the scheduling of remote dependencies to hand-written code. Her
“reference attributed grammars” [Hedin 2000] use demand-driven evaluation to ensure a
safe schedule. Johnson gives an optimal incremental reevaluation algorithm for non-local
attribute grammars which satisfy a “node-wise non-circularity” property for which no al-
gorithm is given. The property states that no information read through a non-local de-
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pendency travels back to its source node through traditional local dependencies, and vice
versa. This restriction rules out some useful idioms such as marking which declarations
are used through a non-local dependency.

Static scheduling of remote attribute grammars has been described in earlier work [Boy-
land 1998]. “Control attributes” are generated that ensure that fields are defined before they
are used.Control attributescarry no value, have no run-time significance, and are used
merely to constrain the schedule. This article extends this earlier work with an improved
analysis, greater rigor, proofs of correctness and descriptions of additional experience.

The first section following this introduction gives a flavor of the expressive power pro-
vided by remote attribution. The next section describes our extended attribute grammars
precisely. Section 4 describes a reduction to (improper) classical attribute grammars that is
then used in Section 5 to build algorithms that enable static scheduling of remote attribute
grammars. Section 6 describes some practical experience with versions of the algorithms.
Section 7 reviews related extensions and analyses. The article concludes with some sug-
gestions for further research.

2. Remote Attribution

In a classical attribute grammar, any values that need to be transmitted between remote
nodes must be transmitted through the least common ancestor in the tree. Sometimes,
several values may be “ready” at the same time and may be packaged (in some sort of
record) and transmitted together, but other times, packaging would cause a circular depen-
dency, and thus the values must be transmitted independently. Independent transmission
increases the number of rules for an attribute grammar and, in the case of name resolution,
may require multiple lookups with the same key in isomorphic dictionaries. The decision
of whether two values can be packaged together (thus reducing complexity and increasing
efficiency) relies on global scheduling information, and thus should be left to an imple-
mentation tool, not the description writer.

In this section, we describe an extension in which objects with fields may be created.
References to these objects may be transmitted through the attribute system. When a refer-
ence to an object reaches any location in the tree, its fields may be read and written. Copy
rules may be necessary to transmit references, but no additional copy rules are necessary.
The fields of an object are scheduled automatically and safely, thus relieving the attribute
grammar writer of doing the scheduling by hand. In this way remote attribution improves
the ability of an attribute grammar to fulfill the task of declarative specification.

This section shows how a simple task may be accomplished in an attribute grammar,
first with restricted classical attribute rules and then with the features provided by remote
attribution. The task in question isstatic checking(name resolution and type-checking)
for a simple programming language.Name resolutionhere refers to determining which
declaration is being used for each identifier in an expression. The attribute grammars also
determine whether a declaration goes unused. In this example, the result of the attribution
is a set of error messages.

Both attribute grammars include the complete abstract context-free grammar (shown
in slanted font) for the programming language. Each program in the language consists
of a block; each block has a sequence of variable declarations, and then a sequence of
statements. Variables are either of type integer or of type string. Statements are either
nested blocks or assignment statements, where the expression being assigned must be of
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the same type as the expression being assigned to it. (Assume that the parser disallows
assignments such as1 = 2 .) Expressions are constants or identifier uses.

2.1. STATIC CHECKING WITH A CLASSICAL ATTRIBUTE GRAMMAR . Figure 1 gives
a classical attribute grammar for performing static checking from earlier work [Boyland
1998]. The first part of the attribute grammar defines the attributes for each nonterminal of
the language. Each attribute is declared eitherinherited(inh ) or synthesized(syn ). Intu-
itively, the former attributes are “top-down” and the latter “bottom-up.” A set of (oriented)
attribute equations is specified for each production. These equations define the synthe-
sized attributes of the result of the production and the inherited attributes of the children of
the production. Furthermore, for each production, an attribute grammar may definelocals
(also known as “local attributes”). A local is assigned in the same way as an attribute.

Much of the attribute grammar in Figure 1 concerns environments, sets of identifiers or
error messages. These rules make the attribute grammar more complex, although practical
attribute grammar systems such as LIGA [Kastens 1991] and FNC2 [Jourdan and Parigot
1991] have ways of expressing these rules more succinctly. More seriously, passing around
sets of used identifiers and looking up identifiers in them implies an inefficiency that would
not arise in an imperative description that passed around objects and set aused flag in the
object when it is used.

2.2. STATIC CHECKING USING REMOTE ATTRIBUTION. In Figure 1, the type (shape )
of a declaration (decl→ id ”:” type ”;” ) is only put into the environment so that the type
of a variable can be determined at a use site. The type of a variable does not influence the
way in which names are resolved. Conceptually, (a reference to) the object representing a
declaration itself is what should be found and then any information needed about the dec-
laration could be determined directly from the object rather than through the environment.

Figure 2 expresses this intuition. Each declaration inserts an object into the set of dec-
larations local to its block. This object has two fields:shape records the type of the
declaration, andused records whether the variable declared is used anywhere. At the use
site, the appropriate declaration is found in the declarations for the scope. The type of the
expression depends on a use of theshape attribute of an object created remotely.

So far, remote attribution may seem to be contributing little. Not only must the type
be fetched using indirection, but an extra rule is needed to create the object to be fetched.
However, the dependencies are different. The list of declarations no longer depends on each
declaration’sshape . A general incremental evaluation strategy that could track remote
dependencies would not have to look up every identifier again just because the type of one
declaration changed.

Having the object representing the declaration available at the use site makes it easier
to transmit further information. In this case, determining whether a declaration is used is
extremely easy to specify. The object created for each declaration has acollection field
namedused . A collection field has a starting value (herefalse ) and a combination
function (hereor ) used to form a final value from all the definitions. Since the definitions
are unordered, a combination function must be commutative and associative.

Collection fields are defined usingw to emphasize the fact that only a partial attribute
definition is being given:

expr → id
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program
syn msgs

block, stmts stmt
inh env
syn used, msgs

decls, decl
inh envin, uin
syn envout, uout, msgs

type
syn shape

expr
inh env
syn shape, used, msgs

program → block
block.env = empty_env()
program.msgs = block.msgs

block → "begin" decls stmts "end"
decls.envin = block.env
stmts.env = decls.envout
decls.uin = stmts.used
block.used = decls.uout
block.msgs =

decls.msgs ∪ stmts.msgs
decls →

decls.envout = decls.envin
decls.uout = decls.uin
decls.msgs = {}

decls → decls decl
decls 1.envin = decls 0.envin
decl.envin = decls 1.envout
decls 0.envout = decl.envout
decl.uin = decls 0.uin
decls 1.uin = decl.uout
decls 0.uout = decls 1.uout
decls 0.msgs =

decls 1.msgs ∪ decl.msgs

decl → id ":" type ";"
decl.envout =

add_env(<id,type.shape>,
decl.envin)

decl.uout = decl.uin \ id
decl.msgs =

(if id ∈ decl.uin then {}
else {"unused: " ++ id})

type → "integer"
type.shape = INTSHAPE

type → "string"
type.shape = STRSHAPE

stmts →
stmts.used = {}
stmts.msgs = {}

stmts → stmts stmt
stmts 1.env = stmts 0.env
stmt.env = stmts 0.env
stmts 0.used = stmts 1.used ∪

stmt.used
stmts 0.msgs = stmts 1.msgs ∪

stmt.msgs
stmt → block ";"

block.env = stmt.env
stmt.used = block.used
stmt.msgs = block.msgs

stmt → expr ":=" expr ";"
expr 1.env = stmt.env
expr 2.env = stmt.env
stmt.used = expr 1.used ∪ expr 2.used
stmt.msgs =

(if expr 1.shape /= expr 2.shape
then {"type mismatch"}
else {}) ∪ expr1.msgs ∪ expr2.msgs

expr → intconstant
expr.shape = INTSHAPE
expr.used = {}
expr.msgs = {}

expr → strconstant
expr.shape = STRSHAPE
expr.used = {}
expr.msgs = {}

expr → id
local shape
shape = lookup(id,expr.env)
expr.shape = shape
expr.used = {id}
expr.msgs =

if shape = NOT_FOUND then
{id ++ " not declared"}

else {}

FIG. 1. A classical attribute grammar for static checking
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global msgs w {} with ( ∪)

block, decls, decl, stmts, stmt
inh scope

type
syn shape

expr
inh scope
syn shape

program → block
block.scope = ROOT_SCOPE

block → "begin" decls stmts "end"
local contour =

{ ds w {} with ( ∪),
encl = block.scope }

decls.scope = contour
stmts.scope = contour

decls →

decls → decls decl
decls 1.scope = decls 0.scope
decl.scope = decls 0.scope

decl → id ":" type ";"
local d =

{ shape = type.shape,
used w false with (or)}

decl.scope.ds w {<id,d>}
if not d.used then

msgs w {id ++ " is unused"}
endif

type → "integer"
type.shape = INTSHAPE

type → "string"
type.shape = STRSHAPE

stmts →

stmts → stmts stmt
stmts 1.scope = stmts 0.scope
stmt.scope = stmts 0.scope

stmt → block ";"
block.scope = stmt.scope

stmt → expr ":=" expr ";"
expr 1.scope = stmt.scope
expr 2.scope = stmt.scope
if expr 1.shape /= expr 2.shape
then msgs w {"type mismatch"}
endif

expr → intconstant
expr.shape = INTSHAPE

expr → strconstant
expr.shape = STRSHAPE

expr → id
local d
d = lookup(id,expr.scope)
expr.shape = d.shape
if d = NOT_FOUND then

msgs w {id ++ " not declared"}
else

d.used w true
endif

function lookup(id,s)
if s = ROOT_SCOPE then

result = NOT_FOUND
else

local d = fetch(id,s.ds)
if d = NOT_FOUND then

result = lookup(id,s.encl)
else

result = d
endif

endif

FIG. 2. Static checking using remote attribution
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...
d.used w true

A collection attribute may be used as any other attribute. Here the declaration checks the
used attribute of the object and generates an error message if it is unused:

decl → id ":" type ";"
...
if not d.used then

msgs w {id ++ " is unused"}
endif

(This example uses conditional attribution [Boyland 1996a].) A use of a collection field
will not be scheduled until all the definitions have been combined into a final value. No
other part of the attribute grammar handles whether declarations are used! The situation in
the classical attribute grammar is far more complicated, involving many different attributes
passed around almost every node in the tree.

This simple remote attribute grammar also serves as an example of a “node-wise circu-
lar” attribute grammar that could not be handled by Johnson’s [Johnson 1983] non-local
attribute scheduler. The problem is that the existence of the declaration is known by the
scope coming down to the use from its parents, but then the fact that it is used is sent
through the remote reference. From the point of view of the declaration, a compound
dependency path travels through its own tree parent and returns through the remote depen-
dency. The effect of this path cannot be captured by either an OI summary dependency
graph for its parent or by an analogous summary through the remote object. This limita-
tion apparently did not cause problems because Johnson’s description of non-local attribute
grammars never mentions any equivalent of collection fields.

A remotely defined field must be a collection field because there can be no guarantee that
it will be defined precisely once. One could permit multiple definitions as long as they were
identical, and have a default for when there were no definitions, but such exceptions are
messy and are insufficient to handle similar cases. Suppose instead of knowingwhethera
declaration is used, one would like to knowhow many timesit is used lexically, for example
as an aid to register allocation. One could attempt to increment a count for each use:

expr → id
local d
d = lookup(id,expr.env)
d.use_count = d.use_count + 1 -- Error!

This intuitive definition would work in an imperative language, but as a specification, it is
ill-formed. The “equation” is actually an imperative modification of an field. Unfortu-
nately, the classical attribute grammar formulation of what is expressed here is yet more
complex than that for determining onlywhethera declaration is used. Using a collection
field, the specification is both clear and declarative:

d = { shape = type.shape,
use_count w 0 with (+) }

...
d.use_count w 1
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Theuse_count field has a starting value of0 and definitions are added to create the
final value.

In the classical attribute grammar, error messages are collected into sets passed to the
root. The collection process clutters the attribute grammar and affects productions even
when they do not generate any error messages of their own. Such tasks can be accom-
plished usingglobal collectionsthat are simply collection fields of a special global object
created in the rules for the root production. A “sugared” notation makes these collection
fields easier to use. Global collections generalize the error message feature of Olga [Jour-
dan et al. 1990].

Using remote attribution greatly reduces the amount of “busy-work” in attribute gram-
mars. Previous extensions for reducing copy rules (such as theINCLUDING keyword in
LIDO [Kastens 1991]) can further simplify both examples; for example, to directly copy
the environment/scope from a block node to identifier occurrences in expressions. But
by leaving the scheduling of object construction to the implementation tool, the attribute
grammar in Figure 2 accomplishes the same task as that in Figure 1 at a higher level, and
it does so without user-visible side-effects.

The examples in Figures 1 and 2 are not completely comparable. The first builds up an
environment as a (sequential) list, the second stores it as an unordered set with an explicit
“enclosing scope pointer.” Remote definition cannot be used to create a list because the
definitions are unordered. However, the relative position in some arbitrary linearization
of the tree such as the sequence of nodes visited in a preorder traversal may be used to
check whether a declaration is defined before it is used, or whether an identifier is multi-
ply declared. An advantage of the unordered nature of remote collections is that they are
more naturally incrementalized: a new element can be added, or an element can be re-
moved without disturbing what remains the same. This advantage is exploited in efficient
incremental evaluators for remote attribute grammars [Boyland 2002].

On the other hand, in languages with strict definition-before-use rules (such as Pascal),
using unordered collections may cause certain attribute rules (such as for the evaluation
of named constants) to become circular. In such cases, the attribute grammar writer us-
ing a formalism that permits remote references must decide between the convenience of
unordered collections and the need for non-circular evaluation.

2.3. CREATING AND TRAVERSING CYCLIC STRUCTURE. In remote attribution the
creationof objects is decoupled from the assigning of fields of the object. As a result,
it is straightforward to construct cyclic structures. For example, when performing static
checking of programs in an object-oriented language such as Java, an entry object is cre-
ated for each class declaration. This object will have a field indicating the superclass; it
will be a reference to the entry object for the superclass. Of course, in Java (as in most
object-oriented languages) a class cannot be its own superclass (even indirectly), but this
possibility may arise in erroneous but syntactically correct Java programs. Thus a cyclic
structure may be created.

Furthermore, a class may have fields that refer to instances of this class (a recursive
type). This situation may lead to more complex cyclic structures, depending on how one
wishes to represent classes and fields for static checking purposes. Remote Attribute Gram-
mars enables the creation of such cyclic structures, which makes the process of describing
the “static semantics” of an language more succinct and straightforward.

The (potentially) circular links may be traversed by object methods (as in Hedin’s Ref-
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S → A B
B.i = A.s
A.j = B.t
S.x = A.r

A → a
A.s = g()

A.r = h(A.j)

B → b
B.t = f1(B.i)

B → c
B.t = f2()

FIG. 3. A simple attribute grammar

erence Attribute Grammars [Hedin 2000] or Maddox’s Colander system [Maddox 1997])
or used directly in acircular remote attribute grammar [Boyland 1996b; Magnusson and
Hedin 2003].

2.4. SUMMARY . To use remote attribution, a reference to an object is transmitted
through the attribute system to another location within the tree. Fields may be read from,
and collection fields may be defined for the object through the reference. Remote attribu-
tion reduces the number of attribute rules needed and also allows more scheduling deci-
sions to be performed automatically. The following section formalizes these concepts.

3. DEFINITIONS

This section first reviews classical attribute grammars. It then defines remote attribute
grammars as an extension. This article uses similar classical definitions as in earlier
work [Boyland 1996a], the main difference being the addition of local attributes.

3.1. CLASSICAL ATTRIBUTE GRAMMARS. A context-free grammaris a tuple with
four finite sets(N,T,Z,P): N is the set ofnonterminals; T is the set ofterminals(N∩T =
/0); Z∈N is thestartsymbol; andP is the set ofproductions. DefineΣ≡N∪T as the set of
symbolsin the grammar. Each production namedp∈ P has the formXp

0 → Xp
1 Xp

2 . . . Xp
np,

whereXp
0 ∈N,Xp

i ∈ Σ,1≤ i ≤ np,np≥ 0. DefineXp≡{Xp
i | 0≤ i ≤ np}, the set ofsymbol

occurrencesfor productionp.
A classical attribute grammar with local attributes is a tuple(G,S, I ,L,R) whereG is a

reduced1 context-free grammar, and for eachX ∈ Σ, S(X) and I(X) are respectively the
sets ofsynthesized attributesandinherited attributesdefined for that symbol (withS(X)∩
I(X) = /0). Each terminal has no inherited attributes and a single synthesized attribute,
value , (for X ∈ T, I(X) = /0,S(X) = {value }). Similarly the start symbolZ has no
inherited attributes (I(Z) = /0 ). DefineA(X) ≡ S(X)∪ I(X) as the total set of attributes
for a symbolX. In a slight abuse of notation, we writeS(Xp

i ), I(Xp
i ), andA(Xp

i ) to refer to
the appropriate set of attributes for the nonterminal associated with the symbol occurrence
Xp

i .
The example in Figure 3 hasS(S) = {x},S(A) = {r,s},S(B) = {t}, I(S) = {}, I(A) =
{j}, I(B) = {i} and uses no local attributes. The example is an abstraction of name res-
olution, wherea represents a declaration andb represents a use, wherec represents the
absence of a use. The “use” (or lack of use) contributes information back to the declaration
site and this information is “returned” as the result of the computation (the synthesized

1A reducedCFG has no useless nonterminals, ones that do not occur in any derivation.
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attributex of the root).
For each productionp∈ P of the form

Xp
0 → Xp

1 Xp
2 . . . Xp

np

Lp is the set of local attributes. The set ofattribute occurrencesfor p is the local attributes
and the attributes of the nonterminal occurrences making up the production:

Op≡ Lp∪{Xp
i .a | a∈ A(Xp

i )}.

Rp is a set of attribution rules relating attribute occurrences. Each ruler has the form

v0 = g(v1, . . . ,vk)

wherek≥ 0, where for each 0≤ j ≤ k, v j ∈Op, and whereg is any (appropriately typed)
strict function. DefineDO(r)≡ {v0} as thedefined occurrenceof rule r (also known as the
output occurrence), andUO(r) ≡ {v j | 0 < j ≤ k} as theused occurrencesof rule r (also
known asinput occurrences).

In our example, many of the rules do not use explicit functions. Acopy rulesuch as
B.i = A.s includes the implicit application of the identity function.

The sets of attributesS(X), I(X) andLp must all be finite for the attribute grammar to
be proper. Otherwise the attribute grammar isimproper. This article occasionally uses
improper attribute grammars; results that are not true for improper attribute grammars will
be so indicated. In particular, there is no attempt to define algorithms on improper attribute
grammars.

The attribution rules must be well formed. The defined occurrence must be a local at-
tribute, a synthesized attribute of the left-hand side of a production or an inherited attribute
of the right-hand side:

DO(r)⊆ DOp

whereDOp is the set of all attribute occurrences for the productionp that may be defined:

DOp≡ Lp∪{Xp
0 .a | a∈ S(Xp

0 )}∪{Xp
i .a | a∈ I(Xp

i ),0 < i ≤ np}.

There must be precisely one definition for every defined occurrence:⋃
r∈Rp

DO(r) = DOp

DO(r)∩DO(r ′) = /0, r, r ′ ∈ Rp, r 6= r ′.

For simplicity, the attribute grammar must be in Bochmann [1976] normal form. Only
local attributes, the inherited attributes of the left-hand side and the synthesized attributes
of the right-hand side may be used to compute an attribute value:

UO(r)⊆ UOp

whereUOp is the set of all the attribute occurrences for a production that may be used:

UOp≡ Lp∪{Xp
0 .a | a∈ I(Xp

0 )}∪{Xp
i .a | a∈ S(Xp

i ),0 < i ≤ np}.

The example in Figure 3 has well-formed rules; indeed they are in Bochmann normal
form. For instance, the ruleB.t = f1(B.i) uses an inherited attribute of the left-hand-
side and defines a synthesized attribute of the left-hand-side. The ruleA.j = B.t shows
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the definition of an inherited attribute of a right-hand-side symbol using a synthesized
attributes of a different right-hand-side symbol.

An attribute grammar isinstantiatedfor a given parse treet describing the derivation
of a terminal string from the start symbol ofG. For the purposes of this article, all nodes
in the tree haveidentity, perhaps by naming each node by the path from root, using some
unspecified syntax for paths. For each non-terminal node using productionp in the tree, the
rulesRp are instantiated so that the equations are expressed in terms ofattribute instances:
attributes of the nodes of treet. The well-formedness rules given above ensure that in the
set of all attribute instance rules, every local attribute instance and every attribute instance
n.a for a noden of nonterminalX (wherea∈ A(X)) has exactly one definition. LetR(v)
be the attribute instance rule for attribute instancev.

The semantics of the attribute grammar for the treet is defined by solving the attribute
instance rules simultaneously. Cyclic dependencies can be solved using a least fixed-point
semantics [Farrow 1986; Rodeh and Sagiv 1999], but this article follows the classical defi-
nition of attribute grammars in requiring noncircularity. In some previous work, circularity
is defined indirectly in terms of the compound dependency graph (explained below), but
this article follows Knuth [1968] in defining circularity directly on the rules. This defini-
tion of circularity is also more easily translated to apply to remote attribute grammars, as
described in Section 3.2.

In order to evaluate an attribute grammar, the attribute instances must be related by some
strict total order< over the rule instances such that any attribute instance ruler that defines
v0 ({v0} = DO(r)) must follow all the rules for the used attribute instances in the total
order (v∈ UO(r)⇒ R(v) < R(v0)). Such a strict total order of the rule instances is called
a schedule. Determining a schedule for any instantiation of a proper attribute grammar is
straightforward if it exists. An attribute grammar isnoncircular if a schedule exists for any
tree; otherwise it iscircular.

A noncircular proper attribute grammar can beevaluatedfor any tree by computing
the attribute instances using the instantiated rules in the schedule. Much previous work
on attribute grammars has concerned discovering families of schedules statically and us-
ing them for efficient evaluation of (proper) attribute grammars. Static scheduling uses
an abstraction over the rules since the actual primitive functions used are irrelevant to
the dependencies. Accordingly, we now turn to defining dependency graphs for attribute
grammars.

A defined occurrencev∈DOp is said todependon a used occurrencev′ ∈UOp (denoted
v′→ v) if the ruler ∈Rp that definesv ({v}= DO(r)) usesv′ (v′ ∈UO(r)). Thedependency
graph of a production is denotedDp; the verticesVDp are the attribute occurrences; the
edgesEDp are dependencies between attribute occurrences:

Dp≡ (VDp,EDp)

VDp ≡Op

EDp ≡ {v′→ v | ∃r ∈ Rp,{v}= DO(r),v′ ∈ UO(r)}.

For any particular parse tree of the context-free grammarG, the dependency graphs for
each production can be pieced together to construct a compound dependency graph for the
whole tree. The close connection between the rules and the dependency graph is expressed
in the following theorem:
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S → A B
B.i = A.s
S.x = A.r

A → a
object o
A.s = o
A.r = o.f

B → b
object p
local l
l = B.i
l.f w p

B → c
(no rules)

FIG. 4. A simple remote attribute grammar

THEOREM 3.1. An attribute grammar is circular if and only if there exists a parse tree
of the context-free grammar whose compound dependency graph has a cycle.

PROOF. (Sketch)
The edges in the compound dependency graph represent precisely the constraints that

the schedule must preserve. A cycle exists if and only if no total order exists that satisfies
the constraints.

Jazayeri, Ogden, and Rounds established that determining whether a (proper) attribute
grammar is circular, is intrinsically exponential [Jazayeri et al. 1975].

3.2. REMOTE ATTRIBUTE GRAMMARS. A remote attribute grammaris a tuple
(G,S, I ,F,L,B,R) whereG, S, I , andL are as with (proper) classical attribute grammars.
The finite setF is a set offields that objects have, andB is a finite set of named objects
declared for each production. The attribute occurrences include the objects declared for a
production as well as the occurrences of a classical attribute grammar:

Op≡ Lp∪{Xi .a | a∈ A(Xi)}∪Bp.

The set of mandatory defined occurrences is the same as in a classical attribute grammar:

DOp≡ Lp∪{Xp
0 .a | a∈ S(Xp

0 )}∪{Xp
i .a | a∈ I(Xp

i ),0 < i ≤ np}.

The set of used occurrences includes the objects.

UOp≡ Lp∪{Xp
0 .a | a∈ I(Xp

0 )}∪{Xp
i .a | a∈ S(Xp

i ),0 < i ≤ np}∪Bp.

In a remote attribute grammar, there are two forms of rules in addition to the classical
form v0 = g( v1, . . ., vn) . A rule r ∈Rp may be of the formv = w. f (for f ∈ F), which
is called afield read, or it may be of the formw. f w v, apartial field write. In the former
case,v is defined andw is used:DO(r) ≡ {v},UO(r) ≡ {w}. In the latter case, the rule
uses bothv andw; it does not define anything local:DO(r)≡ {},UO(r)≡ {v,w}.

The equal sign (=) is not used in a partial field write because the rule does not define
equality, instead it contributes something to the value of the field. The final value of the
field is the combination of all the values that are written into it. This final value is used
whenever the field is used in some other rule. These definitions avoid typing issues by
assuming that all attributes and fields hold sets of objects. Thusw. f w v means that for
every object referenceo in w that is a reference to an instance of an object declaration in
the RAG, all the object references inv are added to fieldf of o. In a typed system, each
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field may be assigned a default value and a combination function. Such extensions are
discussed further in Section 3.4.

The primitive functions are permitted to pass through object instances and may also
return “constant” objects that are not from the tree, but they are not allowed to return
other object instances from the tree, which would make it impossible to track where the
references come from or go to.

Figure 4 shows a simple example of a remote attribute grammar. It is designed to have
a similar data-flow to the classical attribute grammar in Figure 3, although some of the
flows occur through remote references. As in the classical case, the nonterminalA has a
synthesized attributes , which is copied intoB’s inherited attributei . Here, however, this
value is an object created in the instance ofA. Then if theB is an instance of the ruleB→ b,
the field of this object has added to it the objectp. Instead of passing back a synthesized
attribute fromB into an inherited attribute ofA, the object (or lack of object) is read into the
resulting synthesized attributer of A and then passed to the root in synthesized attributex .
Thus information flows fromA to B through the tree and then, coming fromB to A, through
the remote reference. This flow would be seen as “node-wise circular” in Johnson’s non-
local attribute grammars and thus could not be correctly implemented [Johnson 1983]. As
mentioned previously, this example is an abstraction of the name resolution task in our first
examples (Figures 1 and 2), in which the declaration is told whether or not it is used.

A well-formed remote attribute grammar must obey the same restrictions as a classical
attribute grammar: no two rules may define the same attribute occurrence and the set of all
defined occurrences from all the rules must be equal toDOp. As with a classical attribute
grammar, a remote attribute grammar isinstantiatedfor a parse treet by instantiating the
rules for each node’s production. This process results in instances of the objects as well
as the rules (the set of object instances is writtenB(t)), and the rules define instances of
fields of objects as well as attribute instances. One difference is that each field may have
any number (zero or more) definitions. All definitions are combined to achieve the final
value; in this untyped formalism, the partial field writes are seen as set constraints, and
the smallest solution set is found for each field. As with classical attribute grammars, one
can give a semantics that permits circular dependencies [Boyland 1996b; Magnusson and
Hedin 2003; Sasaki and Sassa 2003], but this article restricts itself to noncircular remote
attribute grammars.

A schedule for evaluation for a tree is acceptable if it ensures that attributesand fields
are assigned before they are used. This restriction is complicated by the fact that the ob-
ject(s) whose field is written may be determined by an attribute value. The acceptability
of a schedule including such a rule may depend on which object(s) the attribute can have
a reference to. For this purpose, it is important to know which arguments of primitive
functions may transmit objects to the result. Some primitive functions transmit object ref-
erences, but others simply use the references without transmitting them. For a functiong
with arity n and 0< i ≤ n, the keyLgi ∈ {0,u} indicates the former and latter situations
respectively. The 0 annotation is intended to be reminiscent of “no operation” whereasu
stands for “uses” as opposed to “copies.” For example,Lif1 = u,Lif2 = Lif3 = 0, since a
reference to an object can be transmitted through the result of the “if,” but never through
the condition.2 One can always conservatively assumeLgi = 0; in other words, this ap-

2Since the untyped system does not have Booleans, the empty set is considered to be “false” and all other sets
“true.”



14 JOHN TANG BOYLAND

proximation may make the sets of reaching object references unnecessarily large, but it
will never omit a reference to actual object that an attribute instance would evaluate to.

The analysis defines the setsB(v) ⊆ B(t) for each attribute instancev of an instanti-
ated remote attribute grammar as sets of reaching object instance references. An object
instance’s reference is in the set if there is some path through the equations of the remote
attribute grammar that can take a reference to that object instance to that attribute instance.
Ignoring “constant” objects provided by primitive functions (which are not affected by re-
mote writes), this set can be seen as an upper bound on the contents of attribute instance
v.

The B(v) sets are defined as the least fixed-point solution of the following equations
generated by the rule instancesR(t):

(v0 = g( v1,..., vn) ) ∈ R(t).

B(v0)⊇ B(vi) whenLgi = 0

(v = w. f ),(w′. f w v′) ∈ R(t).

B(v)⊇ B(v′) whenB(w)∩B(w′) 6= /0

o∈ B(t) .

B(o) = {o}.

A schedule then for a remote attribute grammar is a strict total order< on the instantiated
rules such that two conditions are met:

(1) As with a classical schedule, every rule must be scheduled after any attribute it uses
(objects are assumed immediately available):v∈ UO(r)⇒ R(v) < r ∨v∈ B(t).

(2) Additionally, for two rulesr1 = (v = w. f ), r2 = (w′. f w v′) ∈ R(t) if these rules
may be referring to the same object (B(w)∩B(w′) 6= /0), then the partial field write
must precede the field read (r2 < r1).

And as in the classical case, if a schedule exists for every parse treet, then the remote
attribute grammar isnoncircular, otherwisecircular.

A straightforward algorithm for evaluation of a remote attribute grammar is to perform
this O(n3) analysis and then use a topological sort to find a schedule (if one exists). How-
ever, the cubic-time worst case need not always apply. For instance, one can perform a
coarser but faster analysis (such as requiring all writes of a fieldf for any object to oc-
cur before all reads of this field), or use a static scheduler (such as described later in this
article).

Unlike the classical case, even if no schedule can be found, the rule instances may
not actually involve a cyclic dependency: the setsB(v) approximate the actual objects
involved and thus may overconstrain the schedule. Nevertheless, testing circularity of
remote attribute grammars is undecidable. Circularity of remote attribute grammars is
similar to interprocedural static analysis of recursive data structures which Reps [2000]
showed undecidable. Undecidability is shown by a reduction from “Post’s Correspondence
Problem.” [Hopcroft and Ullman 1979]:

An instance ofPost’s Correspondence Problem(PCP) consists of two sequences of
strings of the same lengthX = (x1, . . . ,xn), Y = (y1, . . . ,yn) over some alphabetΣ. The
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problem asks whether there exists a finite nonempty sequence of integersi1, . . . , im ∈
{1, . . . ,n} such that

xi1 . . .xim = yi1 . . .yim

For example, the following PCP overΣ = {0,1} has solution 1,2,1:

x1 = 11 y1 = 1
x2 = 01 y2 = 1011

The solution is verified by testingx1x2x1 = 11 01 11= 1 1011 1= y1y2y1.

THEOREM 3.2 PCP [HOPCROFT ANDULLMAN 1979]. Post’s Correspondence Prob-
lem is undecidable.

THEOREM 3.3. Circularity of remote attribute grammars is undecidable.

PROOF. This result is shown by reduction from PCP. LetX,Y be a Post’s Correspon-
dence Problem overΣ = {0,1}. We construct a remote attribute grammar that is circular if
and only if the PCP has a solution.

The intuition behind the construction is that there is one nonterminal production for each
index in the PCP. The trees generated by the grammar are right-heavy with the sequence
of integers in a PCP solution appearing in a preorder traversal of the tree. Each of the
nonterminals representing(xi ,yi) has one thread of dependencies that constructs objects
nested according toxi while going down the tree, and fetches objects according toyi while
going up the tree. It nests the object in fieldf0 or f1 while going down the tree and fetches
through fieldf0 or f1 while going up the tree. With the addition of some glue productions,
the result is achieved, that the reference passed down the tree is exactly the same as the
reference that reappears on the way up if and only if the PCP sequence is indeed a solution.
The construction is similar in spirit to the one used by Reps [2000] where the parse tree
takes the place of the call tree for Reps, objects take the place of cons-cells,f0 takes the
place ofcar and f1 takes the place ofcdr.

The construction requires a set of three field{ f0, f1,g}, a set ofm local identifiers
{l1, . . . , lm} and a set ofm object identifiers{o = o1, . . . ,om} wherem is the maximum
length of any of the strings in the PCP. The object identifiers are reused in rules for differ-
ent productions. Two of the nonterminals each have two attributes{d,u}. The construction
usesd to refer to an inherited attribute carrying the reference to the object structure being
built (“down”) andu to refer to the synthesized attribute carrying the reference to the object
being uncovered (“up”).

Let G = (N,T,Z,P) be a context-free grammar where

N = {Z,V,W},
T = {T1, . . . ,Tn},
P = {V→ Ti W|1≤ i ≤ n}∪{Z→V,W→V,W→}.

The nonterminalV derives a non-empty string of tokens, whereasW is possibly empty.
Let A = (G,S, I ,F,L,B,R) be a remote attribute grammar where

S(V) = S(W) = {u},
I(V) = I(W) = {d},

F = { f0, f1,g},
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L(Z→V) = {l},
L(V→ Ti W) = {l j | 1≤ j ≤ |yi |},

L(W→V) = L(W→ ) = {},
B(Z→V) = {o},

B(V→ Ti W) = {o j | 1≤ j ≤ |xi |},
B(W→V) = B(W→ ) = {},

andR is defined as follows, where the rules for each production are given in turn with some
commentary to explain the construction:

Z→V
o. g w l
V. d = o
l = V. u. g

This production (which always occurs at the root) declares an object with a single fieldg
initialized to the value of the locall , which comes from performing a remote read on the
object referenced byV. u. If this object is the same aso, there is a cycle. Otherwise not.
The reason why a cycle is possible is that a reference too is sent down in theV.d attribute.

Each of theV→ TiW productions has the rules:

V→ Ti W
o1. fxi 1 w V. d
...
o j . fxi j w o j−1

...
W. d = o|xi |
l1 = W. u. fyR

i 1
...
l j = l j−1. fyR

i j

...
V. u = l|yR

i |

Herexi j is the j ’th bit of xi andyR
i j is the j ’th bit of the reverseof stringyi . These rules

perform the meat of the construction. HereW. d has a reference to an object where the
input object referenceV. d is buried using exactly the fields defined by the stringxi . Simi-
larly, the referenceV. u dereferences the input referenceW. u by thereverseof the string
of yi . The reversal is necessary since the rules apply in the opposite direction (up rather
than down, in rather than out). An important feature of the construction is that it does not
make use of remote field writes; all fields are assigned only in the production where the
object is declared. Indeed the only writes are of the formoi . f j w... , and thus this proof
shows that undecidability is due to the presence of remote reads alone.

TheW→V production is used when the construction continues (there are more tokens
to parse):
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Z→V
o. g w l
V. d = o
l = V. u. g

V→ T1W
o1. f1 w V. d
o2. f1 w o1

W. d = o2

l1 = W. u. f1
V. u = l1

V→ T2W
o1. f0 w V.i
o2. f1 w o1

W. d = o2

l1 = W. u. f1
l2 = l1. f1
l3 = l2. f0
l4 = l3. f1
V. u = l4

W→V
V.i = W.i
W.s = V.s

W→
W.s = W.i

WT1

�
�

�
�

V

WT2

�
�

�
�

V

WT1

�
�

�
�

V

Z

FIG. 5. RAG constructed for PCPX = (11,01),Y = (1,1011) and the cycle-demonstrating tree

W→V
V. d = W. d
W. u = V. u

The references are passed through unchanged.
At the bottom of the tree, there is an emptyW:

W→
W. s = W. i

The reference that comes down is passed back up. The reasonW andV are distinguished
(and thus have the extra glue productions) is without the distinction, one could form a tree
with just the top and bottom productions. Such a tree wouldalwaysexhibit a cycle and
thus would be useless. It corresponds to the empty sequence as a trivial “solution” to the
PCP.

Now we claim thatA is circular if and only if the PCP has a solution. Leti1, . . . , im ∈
{1..n} be a non-empty sequence of integers that may or may not be a solution to this PCP.
Let α = xi1 . . .xim,α ′ = yi1 . . .yim. This sequence is a solution if and only ifα = α ′.

Let t be the tree for the yieldTi1 . . .Tim. The grammar is right-linear and thus the tree is
linear. A sample tree may be seen on the right of Figure 5. In general a tree has the form:

Z → V → W → V → . . . → V → W
↘ ↘

Ti1 Tim

.

The instantiated rules take the following form (where the instances ofV andW are num-
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bered from the root in a superscript):

o. g w l
V1. d = o

l = V1. u. g

o1
1. fxi11 w V1. d,

. . . ,
o1

j . fxi1 j w o1
j−1,

. . . ,
W1. d = o1

|xi1 |
,

l1
1 = W1. u. fyR

i11
,

. . . ,
l1
j = l1

j−1. fyR
i1 j

,

. . . ,
V1. u = l1

|yR
i1
|

V2. d = W1. d
W1. u = V2. u

...

om
1 . fxim1 w Vm. d,

. . . ,
om

j . fxim j w om
j−1,

. . . ,
Wm. d = om

|xim|
,

lm
1 = Wm. u. fyR

im1
,

. . . ,
lm
j = lm

j−1. fyR
im j

,

. . . ,
Vm. u = lm

|yR
im
|

Wm. u = Wm. d

Many of these rules are copy rules, such as the following:

Wk. d = ok
|xik
|, Vk. u = lk

|yR
ik
|, Vk+1. d = Wk. d, Wk. u = Vk+1. u

The rules forB(v) (on page 14) are such that these copy rules can be ignored. If one factors
out all the copy rules and ignores where the various attribute instances came from, one has
a set of rules of following form:

o0. g w l0

l0 = l1. g

o1. fα1 w o0

o2. fα2 w o1

...
o|α|. fα|α| w o|α|−1

l1 = l2. fα ′1
l2 = l3. fα ′2

...
l |α
′| = o|α|. fα ′|α ′ |

Now if the sequence is a solution, thenα = α ′ and thus the rules forB can be used on the
equations starting with the bottom to achieveB(l |α|) = {o|α|−1}, . . .B(l1) = {o0}. Sup-
pose one were to try to make a schedule. In particular one would need to order the rules:
o0. g w l0 andl0 = l1. g. This order must meet both conditions:

(1) l0 = l1. g < o0. g w l0 because the left rule definesl0, which is used in the right
rule; and

(2) o0. g w l0 < l0 = l1. g because the left rule writes a field that the other may read,
sinceB(l1) = {o0}.

These conditions are contradictory. No schedule can be found and thus the constructed
RAG is circular.

Suppose on the other hand, there is no solution to the PCP. Then consider any tree
generated by the grammar. This tree must be of the form shown above. Leti1, . . . , im be
the sequence. Since the PCP has no solution,α 6= α ′. Next consider four cases:

—Supposeα andα ′ differ in their last bits:α|α| 6= α ′|α ′|. Then fα|α| 6= fα ′|α ′ |
, and since

there is no other partial field write for a field ofo|α|, the reaching object set forl |α
′| must
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be empty, and thus the reaching object sets for all previousl ’s must also be empty and
thusB(l1) is also empty.

—If α andα ′ are the same in their last bits but differ somewhere earlier, the same argument
applies starting from the point where they differ, and thusB(l1) = /0.

—If α is a suffix ofα ′ (βα = α ′, where|β | ≥ 1), thenB(l|β |+1) = {o0}. Now since there
is no f0 or f1 field assigned too0, thenB(l|β |) = /0, and no objects reach any previousl
either and thusB(l1) = /0.

—If, rather,α ′ is a suffix ofα (α = β ′α ′ where|β ′| ≥ 1), thenB(l1) = {o|β ′|}.

In all cases,o0 6∈ B(l0), thus the rules can be ordered as follows:

o1. fα1 w o0 < o2. fα2 w o1 < .. . < o|α|. fα|α| w o|α|−1 <

l |α
′| = o|α|. fα ′|α ′ |

< .. . < l2 = l3. fα ′2
< l1 = l2. fα ′1

< l0 = l1. g < o0. g = l0.

Of course, the actual rules must be scheduled, not a list with the copy rules removed. This
task is accomplished by putting the copy rules in the schedule just before the point where
they are used.

Since a schedule is thus always possible, the constructed RAG is noncircular. Therefore
the constructed RAG is circular if and only if the PCP has a solution, and thus circularity
of remote attribute grammars is undecidable.

In the construction used in the proof, all of the writes of fields were local to the point
where the objects were created. Thus the undecidability is due merely to the use of remote
reads, not due to remote writes. Farrow conjectured the undecidability of circularity of
remote attribute gramars without collection fields [Farrow 1990]; this article includes the
first proof of the fact.

A normal dependency graph between definitions and uses does not capture all the de-
pendencies in a remote attribute grammar; none of the dependencies induced through read
and writes of fields are represented. The following portion of the article defines a kind
of dependency graph with labeled edges thatdoescapture the dependencies, and it also
defines what it means for there to be a cyclic dependency. It shows that circularity of an
instance of an RAG is a “context-free reachability” problem [Reps 1998].

3.3. FIELD OPERATION DEPENDENCYGRAPH. The field operation dependency graph
is a dependency graph where edges have labels that, in essence, report what operation it
does to the object as it traverses the edge. To help introduce this construct slowly, first
assume that there are no remote writes (as in the construction used to prove undecidabil-
ity). For now, the construction uses unlabeled edges to refer to classical attribute grammar
dependencies, but two kinds of labeled edges are introduced:

v
f→ o. This edge means that thef field of objecto is defined to be the valuev. (This

edge is used only if there are not any collections.)

v
f
−1

→ w. This edge means thatw depends on the fieldf of any object references byv.

Figure 6 shows the field operation dependency graph for the example tree and RAG from
Figure 5. There is an obvious cycle, but is it one that renders the RAG unschedulable?
To determine whether it is what we call a “balanced” cycle, one sees whether thef and



20 JOHN TANG BOYLAND

Wil sl
6� �T1

�
�

�
�

�

Vil sl�
�- o2lo1l

@
@R

-f1
f1 @

@I

l1l�
f−1
1 �

�

Wil sl
6

?

T2

�
�

�
�

�

Vil sl�
�- o2lo1l

@
@R

-f1
f0

6

l4l�
f−1
1

l3l�
f−1
0

l2l�
f−1
1

l1l�
f−1
1 �

�

Wil sl
6

?

T1

�
�

�
�

�

Vil sl�
�- o2lo1l

@
@R

-f1
f1 @

@I

l1l�
f−1
1 �

�

Z

llol
6g−1

?

�
g

FIG. 6. Instance of the RAG in Figure 5 for PCP solution(1,2,1)

f
−1

edges “cancel” each other out. And indeed, careful examination of the tree shows

that they do. Thus at the bottom of the tree, we have the patho1
f1→ o2→ i → s

f
−1
1→ l1,

which means thatl13 depends on thef1 field of the object referenced bys, which iso2,
transmitted throughi. The f1 field of this object is a reference too1, and thusl1 depends
on o1 indirectly. This finding of paths with labels that match up, can be generalized as
“context-free graph reachability” in which the labels on the edges must concatenate to
form a string in a given CFG [Reps 1998]. The topic is explored further after this intuition
is expanded to handle remote writes.

The full field operation dependency graph makes use of the following edge labels:

v
0→ w. The meaning here is that the references that can appear inv can also appear in

3Or more precisely, the instance ofl1 in the lower instance of theV→ T1W production in the tree. Of course the
various circles labeledl1 in the figure are distinct.
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w. This kind of edge corresponds to what appears in a classical dependency graph. For
instance, the rulew = v induces an edge with this label.

v
u→ w. The dependency here is that the value ofv is usedto compute the value ofw but

no references fromv flow into w by this route. In some classical attribute grammars, there
is a concept of “control” dependencies. Control dependencies are seen as a kind of “use”
dependency. The rulew = if( v,...,...) induces an edge of this form.

v
f
−1

→ w. As explained above, this means thatw reads thef field on any object reference
in v. Such an edge comes from a rulew = v. f .

v
ḟ→ w. This edge handlespartial writes: the value ofv is used to partially specify the

field f of an object referenced byw. This edge comes from a rule of the formw. f w v.

w
uḟ→ w. In order to perform a partial writew. f w v, we need to have the references

themselves. In other words, one cannot schedule the partial write until after the attribute
that carries the references to the objects whose field is being written. Theu part of this
label indicates that the references inw are usedto perform the field write, but are not
(necessarily) transmitted.

Now these partial field values must travel back to the place where the object is declared
so that all the partial specifications can be collected in one place. The next kind of edge
does the processing:

o
ḟ
−1

f→ o. This edge label has conceptually two parts (although formally it is a single
token). The first part fetches all the partial writes for fieldf that were sent back to the
object and the second part uses the result to assign the full (final) value of thef field.

o
u f→ o. Along with the partial writes, implementation needs to use the object reference

itself as a key to collect the appropriate partial fields (the one for this object, not other
objects).

In order to get the partial writes back to the object, one traverses edges that are in the
opposite direction of the “normal” attribute flow. Thus there are edges such as the follow-
ing:

v
0̄→ w. This edge is induced whenever a reference may flow fromw to v; partial writes

flow from v to w. Whenever there is a rulev = g(..., w,...) (with w the ith ac-
tual parameter) andLgi = 0 (for example wheng is the identity function andi=1), the

construction not only adds the edgew
0→ v (as seen above) but alsov

0̄→ w.

v
ū→ w. For simplicity, the construction also defines edges labeled ¯u although no infor-

mation flows along them. This label does not occur in the CFG of “balanced strings” of
labels.

Now this “backward” flow of partial writes travels not only through copy rules, but also
through the fields of other objects:

v
f̄→ w. This edge transmits partial writes (of other fields) fromv back along the path

that defined the full definition of fieldf . It is induced by a rule of the formv = w. f .

o
f̄
−1 ˙̄f→ o. When such values reach back to the object, they are collected and then broad-

cast out to all the partial writes, following the normal attribute flow direction.
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v
˙̄f
−1

→ w. When these partial writes ofotherfields reach back to a partial write off , they
are removed, and sent in backward flow back throughw. This edge is generated from a
rulev. f w w.

The field operation dependency graph can now be defined.
The field operation dependency graph(Dp

F ) for a productionp in a remote attribute
grammar has the following form:

Dp
F ≡ (VDp

F
,EDp

F
)

VDp
F
≡Op

EDp
F
≡

{vi
Lgi→ v0,v0

L̄gi→ vi | (v0 = g( v1,..., vn) ) ∈ Rp}∪

{v ḟ→ w,w
uḟ→ w,w

˙̄f
−1

→ v | (w. f w v) ∈ Rp}∪

{w f
−1

→ v,w
u→ v,v

f̄→ w | (v = w. f ) ∈ Rp}∪

{o ḟ
−1

f→ o,o
u f→ o,o

f̄
−1 ˙̄f→ o | f ∈ F,o∈ Bp}

.

As usual, acompound field operation dependency graphfor a parse tree is formed by
piecing together a field operation dependency graph for each production that occurs in the
tree.

Figure 7 gives an example field operation dependency graph using rules from a single
production. A path froma to b is outlined in the figure. A path in a (compound) field
operation dependency graph isbalancedif the strings formed by concatenating the edge
labels can be derived fromS in the following context-free grammarGL (λ refers to the
empty string):

S ::= SS| P | u | uḟ1 P̄ ḟ1
−1

f1P f
−1

1 | . . . | uḟn P̄ ḟn
−1

fnP f
−1

n | u f1P f
−1

1 | . . . | u fnP f
−1

n

P ::= PP | λ | 0 | ḟ1 P̄ ḟ1
−1

f1P f
−1

1 | . . . | ḟn P̄ ḟn
−1

fnP f
−1

n

P̄ ::= P̄P̄ | λ | 0̄ | f̄1 P̄ f̄1
−1 ˙̄f1P ˙̄f1

−1

| . . . | f̄n P̄ f̄n
−1 ˙̄fnP ˙̄fn

−1

.

(This grammar is structured on complete edge labels: the single edge labeluḟ is to be
distinguished from the sequenceu ḟ . This distinction makes no difference in the generated
strings, but it permits us to use induction over derivations.) This grammar only allows
u, u f and uḟ edges to be traversed between balanced segments; in other words, these
dependencies are only valid between actual attribute occurrences/instances, not the fields
of the objects carried by them. The edge label ¯u cannot be used anywhere. Figure 7
includes a simple proof that the outlined path froma to b is a balanced path.

A balanced cycleis a non-empty balanced path that starts and ends at the same node.
Determining whether a balanced cycle exists is thus a “context-free reachability” problem
for which Reps [1998] has given aO(n3) algorithm. In the material that follows, the

notation “v
γ→ w” means that a path exists fromv to w such that the labels along the edge

are within the yield of the string of grammar symbolsγ. For examplev
S→ w means that a

balanced path exists fromv to w.
As with classical attribute grammars, the field operation dependency graph fully charac-

terizes circularity. The proof of this result uses two technical lemmas:
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−1
g[0]P̄ g

−1
]P f

−1
]P]S

FIG. 7. Example field operation dependency graph with outlined path froma to b

LEMMA 3.4. Given the instantiation of a remote attribute grammar A for a tree t and
given its compound field operation dependency graph, then for every attribute instance v
and every object instance o, the following statements are equivalent:

(1) o∈ B(v)

(2) o
P→ v

(3) v
P̄→ o

PROOF. The result is proved in two parts:

(1)⇒(2) and (1)⇒(3). We prove the result by induction over the derivation ofo∈ B(v).

If v= o, then we are done sinceo
λ→ o and thuso

P→ o ando
P̄→ o. If instead the result came

from the rulev=g(..., vi ,...) , thenLgi = 0 must hold, and also by inductiono
P→ vi

andvi
P̄→ o. From this, it is easily seen thato

P0→ v andv
0̄P̄→ o from which the result follows

usingP⇒ PP⇒ P0 andP̄⇒ P̄P̄⇒ 0̄P̄. The last case to consider is the case with a field
write and read:v = w. f , w′. f w v′ whereB(w)∩B(w′) 6= /0. Leto′ be some object in

this non-empty intersection. By induction, theno′
P→ w,o′

P→ w′,w
P̄→ o,w′

P̄→ o.

(2)⇒(1) and (3)⇒(1). We prove this by proving something stronger: thatv′
P→ v or

v
P̄→ v′ impliesB(v) ⊇ B(v′). The result follows by settingv′ = o sinceB(o) = {o}. The
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stronger result is proved by induction over the grammar derivation of the paths betweenv′

andv. Thus we assume that the result holds for all shorter derivations ofP or P̄. Consider
first the case wherev′

P→ v. Looking at the derivation ofP:

P⇒ PP. There must be aw such thatv′
P→ w

P→ v. Then by inductionB(v) ⊇ B(w) ⊇
B(v′) and we are done.

P⇒ λ . In this casev = v′ and the result is immediate.
P⇒ 0. This edge must come from a rule instancev=g(..., vi ,...) wherev′ = vi

andLgi = 0. This lets us immediately determineB(v)⊇ B(v′).
P⇒ ḟ P̄ ḟ

−1
f P f

−1
. This string is possible only when there exist rule instancesw. f w

v′ andv=w′. f and an object instanceo′ wherev′
ḟ→ w

P̄→ o′
ḟ
−1

f→ o′
P→ w′

f
−1

→ v. Then by
inductiono′ ∈ B(w) ando′ ∈ B(w′) and thusB(w)∩B(w′) 6= /0 and thereforeB(v)⊇ B(v′).

The case forv
P̄→ v′ is completely analogous.

LEMMA 3.5. Given the instantiation of a remote attribute grammar A for a tree t and
two attribute instances v and v′, then a constraint on their defining rules R(v) < R(v′) is

induced if and only if a non-empty path exists v
S→ v′.

PROOF. ⇒. If the constraint on rulesR(v) < R(v′) is induced, it must either be the
result of transitivity, the rule that every variable’s defining rule must come before any of
its using rules, or the rule that writes of fields must come before the reads. The last case,
however, does not apply in this situation because the write of a field is not the defining rule
for any attribute and thus cannot beR(v) for anyv. In the “middle” casev∈UO(r ′) where
r ′ = R(v′). There are two possibilities forr ′:

v′=v. f . In this case,v
u→ v′ and thusv

S→ v′ and we are done.
v′=g(..., vi = v,...) . In this case,v

u→ v′ (in which case we are done as in the

previous case) orv
0→ v′, in which casev

P→ v′ and thusv
S→ v′.

Thus the only remaining case is transitivity:R(v) < r < R(v′). Without loss of generality,
let r < R(v′) be a base (non-transitive) case. Ifr ′ = R(w) for somew, then by induction

v
S→ w

S→ v′ and thusv
SS→ v′ and we are done (sinceS⇒ SS). Otherwise,r must be a

field write w. f w v′′ and r ′ = R(v′) must be a field read of the same fieldv′ = w′. f
whereB(w)∩B(w′) 6= /0. Leto be some object in this non-empty intersection. Then from

the definition of the field operation dependency graph we achievev′′
ḟ→ w, w

uḟ→ w and

w′
f
−1

→ v′. Using Lemma 3.4, one can determinew
P̄→ o ando

P→ w′ and from the facto is

an object, we geto
ḟ
−1

f→ o. Putting all these parts together, we achieve the two paths:

v′′
ḟ→ w

P̄→ o
ḟ
−1

f→ o
P→ w′

f
−1

→ v′

w
uḟ→ w

P̄→ o
ḟ
−1

f→ o
P→ w′

f
−1

→ v′

and thusv′′
S→ v′ andw

S→ v′.
Now the constraintR(v) < r must come from somewhere and must come either through

R(v)≤ R(w) or R(v)≤ R(v′′). In the first case, eitherv = w and thus we are done, or else
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v
S→ w by induction and thusv

SS→ v′ and thusv
S→ v′. The second case similarly yields

v = v′′ or v
S→ v′′

S→ v′ and we are done.

⇐. We prove the stronger result that the result holds for a path labelled with a non-
empty yield ofS or Pand prove the result by induction over the derivation:

S⇒ SS.Without loss of generality, neither partShas an empty yield. Then the result
holds by induction and transitivity.

S⇒ P. The result holds by induction.
S⇒ u. A single edgeu occurs only forR(v′) = r ′ = v′=g(..., vi = v,...) where

Lgi = u in which casev∈ UO(r ′) and thusR(v) < r ′ = R(v′) and we are done.

S⇒ uḟ P̄ ḟ
−1

f P f
−1

. In this case, there must be an objecto and a rule instancer =

v. f w v′′ wherev
P̄→ o

P→w′ and a second rule instancer ′ = v′ = w′. f . By Lemma 3.4,
o ∈ B(v)∩B(w′) and thusr < r ′ = R(v′). But sincev ∈ UO(r) it must be the case that
R(v) < r and thus we have our result by transitivity.

P⇒ PP. The result holds by induction and transitivity. (Again, the empty yield case
can be excluded.)

P⇒ λ . This case cannot occur.
P⇒ 0. This case is a minor variation on the case forS⇒ u.
P⇒ ḟ P̄ ḟ

−1
f P f

−1
. In this case, there must be a an objecto and a rule instancer =

w. f w v wherew
P̄→ o

P→w′ and a second rule instancer ′ = v′ = w′. f . By Lemma 3.4,
o∈ B(w)∩B(w′) and thusr < r ′ = R(v′). But sincev∈ UO(r) thenR(v) < r and thus we
have our result by transitivity.

Now follows a version of the circularity theorem for field operation dependency graphs:

THEOREM 3.6. A remote attribute grammar is circular if and only if there exists a
parse tree t for which the compound field operation dependency graph has a balanced
cycle.

PROOF. Suppose that such a balanced cycle exists:v
S→ v. If v were an object in-

stance, the last edgew
l→ v has an object as a sink. Since objects are used (but never

defined), inspection of the generated edges shows that the label must come from the set

{0̄, ū, ḟ ,uḟ , ˙̄f
−1

, f̄ , ḟ
−1

f ,u f, f̄
−1 ˙̄f | f ∈ F}. The label must also be a possible “ending”

for S, and thus (by inspection of the grammar) must come from the set{0,u, f
−1

,}. No la-
bel satisfies both requirements, and thusv mustnot be an object instance, and must rather
be an attribute instance. Lemma 3.5 then tells us that the constraint on the rule definingv
has the form:R(v) < R(v) which is unsatisfiable by any schedule.

On the other hand, if the remote attribute grammar is circular, there must be a (perhaps

transitive) constraintR(v) < R(v), which by Lemma 3.5 tells us thatv
S→ v which is a

balanced cycle.

In classical attribute grammars, the concept of dependency graphs is useful for defining
“evaluation classes” which statically approximate the shape of the compound dependency
graph. The field operation dependency graph does not lend itself to the same set of approx-
imations because of the difficulty of providing labels on summary dependency edges. One
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way forward would be to approximate the labels on the summary edges with regular ex-
pressions. However, this article takes a different tack. Section 4 describes a construction in
which the dependencies of a remote attribute grammar are expressed in an improper clas-
sical attribute grammar. This construction together with projection operations that approx-
imate the improper attribute grammars in proper form enables practical implementation.
First, however, there follows a discussion of practical remote attribute grammars.

3.4. EXTENSIONS. The remote attribute grammars described in this section lack some
of the convenient features used in the example. Now we describe how some simple exten-
sions can be encoded in remote attribute grammars. The remainder of this article, however,
will operate with the basic unextended remote attribute grammars.

The form of rules in the definition is very restrictive. In a practical system, one permits
“expressions” wherever an attribute is used, so that for instancew. f w v is extended
to e1. f w e2. An expression can be an attribute occurrencev, a primitive function call
g( e1,..., en) or a field reade. f . This extension can be easily accomplished by gener-
ating new local attributes.

The example remote attribute grammar in Figure 2 uses “global collections.” A global
collection may be seen as a field of a special object created at the root and then passed
down to every node of the tree through a new inherited attribute for every nonterminal.
Any node may therefore add something to the global collection or request its final value.
Global collections are a convenient place to place error messages and information about
the global scope (if the attribute grammar is checking static semantics).

Not all fields need to be remotely written. An attribute grammar writer may indicate that
some field may only be written using the object directly. If this distinction is made, the
remaining fields, which may be remotely written, are calledcollection fields.

As mentioned previously, the formal system assumes that the value of each field or
attribute is always a bag of objects, possibly empty. A practical system has types that are
used to type fields, attributes and even objects. A straight-forward type-checker ensures
that types are used properly. Collection fields must either be given types which have an
appropriately defined collection operations, or else give the initial value and combination
function. If the collection field has typeS and the remote writes each add values of type
T, then the initial value has typeS and the combination function has typeS×T → S. A
combination functionf must satisfy the property thatf ( f (v,x),y) = f ( f (v,y),x) so that
the order that values are added to the collection does not affect the outcome. IfS= T,
it is sufficient that f be commutative and associative. Section 6 discusses combination
functions in the context of practical implementation.

Unlike our earlier work [Boyland 1996b], the source tree nodes cannot be passed through
the attribute system, only newly created objects. The ability, however, can be easily simu-
lated by having the system automatically create objects that mirror each tree node and store
the node’s attributes as fields. If the ability to traverse the tree structure is also desired, this
can be provided through additional fields. Furthermore, “collection attributes” on nodes
can be simulated by writing the value of the attribute from a (collection) field on the mirror
object. Thus all these extensions can be expressed in the base semantics before analysis.
At implementation time, the mirror objects can be ignored and all work done on the actual
tree nodes.

The example in Figure 2 uses conditional attribute grammars [Boyland 1996a]. Condi-
tional attribute grammars complicate scheduling but orthogonally to the issues raised by
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remote attribute grammars. Our implementation handles conditional attribute grammars,
but given the separability of the issues, this article will not discuss it further.

The example also uses a semantic function that accesses fields of objects. Thus the
function has additional dependencies that cannot be determined simply by examining the
actual parameters. In fact the definition of circularity of remote attribute grammars is
incorrect if a semantic function can access fields—not only does it end up with possibly
incompleteB sets, but a field read in the function body may not correctly reflect all writes
to that field. Thus, the function body must be treated as a set of (conditional) rules for the
unique production of a new nonterminal. Then the function call is treated as a child of the
production (or function!) whose rules include it. This technique (which handles recursion
in functions in the same manner as recursion in grammars) was proposed by Parigot et
al. [1996] in their “dynamic attribute grammars.” When the function is implemented, as it
happens, all the real work happens in the first “visit” and thus it can be converted back into
a normal function.

If one uses the “dynamic attribute grammar” technique to achieve functions, one can
extend the formalism further to permit “procedures” that may write fields as well as read
fields. First proposed in our earlier work [Boyland 1996b], procedures allow one to abstract
over attribute rules and not just over functional computation. This work used dynamic
scheduling. Unlike functions however, a procedure may require several “visits” and thus
the prototype implementation described in Section 6 that uses static scheduling does not
permit procedures. Parigot et al. describe an implementation technique for implementing
multiple visit functions that could be used here.

4. Infinite Fiber Construction

This section describes a construction that expresses the semantics of remote attribute gram-
mars in classical terms. It is called a “fiber construction” because each object which im-
plicitly carries a numbers of separate values (for the fields) is seen as a “rope,” which
can be separated into the individualfibers.4 The construction yields an improper attribute
grammar with an infinite number of attributes, but nevertheless not only sheds light on the
semantics of remote attribute grammars, but also leads to scheduling algorithms based on
“fiber approximation.” Since this construction is so central to this article, we now devote
several pages to an informal motivation before coming to the precise definition.

A field can be (partially) defined at multiple points, but whenever the field is read, only
the final, collected, result is produced. Thus, we need some point at which all the partial
definitions of a field are collected together; the obvious and elegant solution is to use the
point of the object definition: the rules for the production, which declares the object. Thus
as already demonstrated with the field operation dependency graph, all partial definitions
are sent back to the point where the object is declared where they are collected and then
sent to wherever the object is used so they can be available.

In a classical attribute grammar, all value transmission must be done through attribute
rules. Thus to simulate remote attribution in a classical attribute grammar, the field values
are transmitted through special attributes that parallel the attributes carrying the object. For
example, supposea is an attribute that transmits an object, then for every fieldf , we add
an attribute nameda$ ḟ to transmit partial definitions off fields back to the object and add
an attribute nameda$ f to transmit the final value of the fieldf to wherever the field is

4This intuition originates with Rodney Farrow [Farrow 1990].
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FIG. 8. Simple example of fibering

used. The first new attributea$ ḟ transmits values in the opposite direction toa (if a is
synthesized, thena$ ḟ is inherited and vice versa) because the partial definitions flow from
the uses of the object back to the definition, whereas the attributea$ f transmits values in
the same direction asa. Thus if we haven fields, then every attributea is accompanied by
n attributes going in the opposite direction andn going in the same direction; these 2n new
attributes are calledfibers. Similarly every local attributel induces 2n local attribute fibers.

Let us consider an illustrative example using local attributes for simplicity. Figure 8
gives a graphical view of this same example.

x.f w u
x = o

y = o

v = y.f

x$ ḟ = u
x = o
o$ḟ = x$ ḟ

o$f = o$ ḟ

y = o
y$f = o$f
v = y$f

On the left, we have some remote attribute grammar rules; on the right, we have the fiber
reduction of these rules. This example is simplified in several ways (in particular, we
should have definitions ofx$f andy$ ḟ as well to reflect Fig. 8), but shows that thatḟ
fibers are assigned in the opposite way as their base attribute, whereas thef fibers are
assigned in the same way. We call the former fibersreverse fibersand the latter fibers
normal fibers.

The example also shows how we add a rule to defineo$f in terms ofo$ḟ ; this is the

collection point, and corresponds to the edgeo
ḟ
−1

f→ o in the field operation dependency
graph. Finally it shows howv is made to depend (indirectly, of course) onu.

This basic picture is complicated by several additional aspects:

(1) If an attribute occurrence is used in two places, we end up with multiple definitions of
the reverse fibers.

(2) A single attribute may carry more than one object, perhaps through the use of a prim-
itive conditional or primitive collection (such as a bag).

(3) An object reference may be stored in a field. Thus we need fibers for the fibers.

These complications require us to define the construction more carefully. The intuition
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behind the full construction is described for each case in the following pages.
Item 1 points out that the example should have included the following rule as well:

o$ḟ = y$ ḟ

since there might be a partial definition of thef field through the reference iny as well as
through the one inx . Unfortunately this means there are multiple definitions of the fiber
o$ḟ , and no definition ofy$ ḟ . In general, a reverse fiber may be defined any number
of times, depending on how many times the base attribute is used. (Normal fibers do not
have this problem, since they will be defined exactly as many times as the base attribute is
defined, that is, exactly once.) The solution is to form a single definition from the collection
of all the various generated fiber definitions. In essence, we use collection assignment.
Using collection assignment does not mean remote attribute grammars are defined in terms
of themselves, because here the collection assignments are on attributes, not fields, and can
always be combined locally. It is a simple matter to locate all the definitions and put them
together. Indeed, the main purpose for the fiber constructed attribute grammar is to create
dependency graphs, in which case collection assignments form dependencies in the same
manner as regular assignments.

Item 2 indicates some of the complications that primitive functions can cause. For ex-
ample, if we use a primitive conditional such asif as follows:

x = if(b,o,p)
x.f w u
v = x.g ,

then what definition should we use forx$g or o$ḟ ? It might seem one would wish to
generate something such as:

x$g = if(b,o$g,p$g)
o$ḟ w if(b,x$ ḟ,empty())

(whereempty() creates an empty set of definitions). Such a construction, however,
would need to know the exact semantics of all primitive operations that can transmit ob-
jects. Instead, we define a construction that needs only know which arguments to the
primitive functions can transmit objects. In the case ofif , only the second and third ar-
guments can transmit objects. A fiber then must be able to handle fields of all the different
objects that may be transmitted by the base attribute (which may be, for instance, a primi-
tive collection). Thus a fiber will be seen as carrying sets of pairs: the first element of each
pair being the object reference to which the field belongs, and the second element being
the value or partial value of the field. Thus we generate

x$g = fjoin(o$g,p$g)
o$ḟ w x$ ḟ
p$ḟ w x$ ḟ

wherefjoin combines values of fiber attributes. (This can be seen as “union.”)
Similarly the generated rules for creating the definition ofo$f will include the follow-

ing:

o$f = collect[f](o,o$ ḟ)
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Thecollect function (which is annotated with the actual field being collected) gives the
object reference to use as a key and the fiber, which includes the pairs. (The annotation is
not needed for creating the dependency graph, but gives information that would be needed
to implement the function if we have different initial values and combination functions for
different fields.) Only the pairs relevant to the given object are collected. The result is used
to create a singleton set with a pair giving the final value of the fieldf :

collect[ f ] (o, l) = {〈o,
⋃
{p | 〈o, p〉 ∈ l}〉}.

Similarly, when we select a field such as inv = x.g , we replace this line with the
following:

v = select[g](x,x$g)

We need to use the value of the object reference (herex ) as a key to index into the set of
pairs (which represent the field selection function) to get the correct value:

select[ f ] (x, l) =
⋃
{v | 〈o,v〉 ∈ l ,o∈ x}.

Unlike our less sophisticated construction above, in this casev depends directly onx
and not justx$g . This additional dependency occurs asx

u→ v in the field operation

dependency graph, along withx
g
−1

→ v .
A partial field assignment is the converse. A rule such asx.f w u is converted into

the following:

x$ ḟ w write[f](x,u)

The rule creates the partial definition fiber keyed by the objectx :

write[ f ] (x,v) = {〈o,v〉 | o∈ x}.

We need to usew in the generated rule because there may be multiple partial definitions
of x.f in the local rule set, but again this is merely a local collection. As before, the fiber
depends on the actual object reference, with the corresponding edges in the field operation

dependency graph beingx
uḟ→ x ,u

ḟ→ x .
Item 3 has a profound effect: fields can themselves carry objects. Suppose we start with

rules such as the following:

q = x.g
b = q.f

We fetch an object from theg field of x and then fetch thef field from it. We generate the
following fiber rules:

q = select[g](x,x$g)
b = select[f](q,q$f)

but the definition forq$f has a new form:

q$f = x$gf

In other words, the (possible) value for thef field of q is carried by the attributex$gf .
There is no need to use aselect function, and it would not be possible in any case since
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x$g is not an object reference. A deep (and non-obvious) connection to the field operation
dependency graph is that the labelu can only be part ofS, not ofP.

The infinitude of the construction is now apparent, since the object inx.g has all fields,
not justf , and so we need to add

q$g = x$gg

and then the objects in these fields have fields themselves, and thus we need to add rules
such as

q$ff = x$gff
q$fg = x$gfg
...

ad infinitum. This result holds even in the absence of remote field writes. That is, even if
we require all fields to be defined local to the object definition, we still need an infinity of
fibers to model the dependencies. But despite the fact that the construction is infinite, it
still is useful, so let not the reader be dismayed.

These fibers of fibers also must be transmitted through the base object. Thus, supposeo
is an object declared in the production andf andg are fields. We not only add the rules:

o$f = collect[f](o,o$ ḟ)
o$g = collect[g](o,o$ ġ)

but also the following rules:

o$ff = o$ ḟf
o$fg = o$ ḟg
o$gf = o$ ġf
...

It is not necessary to collect the values, since the fibers such aso$ḟg hold thefinal g
values of objects being collected into thef field. It is possible for a single object to be
placed in the collection forf more than once, but an object’sg field has the same value at
all places.

Fibers such aso$ḟf flow in the reverse direction and originate at partial field definitions.
For example the ruleu.g w p generates not onlyu$ġ w write[g](u,p) but also
additional rules to handle the fields of (object(s) referenced by)p. Somewhere, someone
may read theg field of the objects referenced byu. Then there may be uses of fieldf , and
thus the final value of thef field must be copied back to where the objects inu are defined.
Furthermore, remote field writes may be carried out; the information in those writes comes
back here (in parallel withu) and is handed off top. Thus, the fiber construction generates
the following rules for every fieldf :

u$ġf w p$f
p$ḟ w u$ġḟ

The first rule indicates that the final value ofp’s f field is transported back to whereu gets
its objects. The second rule shows that partial definitions ofp’s f field come back from
the point where the objectsp were sent and are added to the partial definitions recorded for
p. These rules demonstrate that ˙gḟ is a fiber that travels in thesamedirection as the base
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ġ f -

-

�

� f

o

ḟ
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ḟ

-

-

�

��
A
A
A
AU

� y

ḟ
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FIG. 9. Fibers for example from Fig. 7 with path froma to b shown.

fiber (a reverse fiber on a reverse fiber is a normal fiber). In the set of rules declaring the
object, we thus need to add rules such as the following:

o$ġḟ = o$g ḟ

These rules take the partial definitions of thef field of objects fetched from the final value
of theg field and send them off to the points whereg was (partially) defined so that they
can be delivered to the object that needs them. No collection is necessary here since the
partial definitions of thef field will be collected at the point where that object is declared.

Hereo$g ḟ is a reverse fiber carrying partial definitions off fields of objects fetched
from theg field of the object. Thus whenever we have the rule such asq = x.g , we need
to add the definition of this reverse fiber forq:

x$g ḟ w q$ḟ

In other words, the partial definitions of thef field of the object or objects carried in
q are passed back to the object whoseg field was used to defineq. Then they will be
transmitted back to the places where theg field was defined. The objects that are put in this
field are then informed of these partial definitions off fields. Figure 9 replays an earlier
example (see Fig. 7) to show how it is expressed with fibers. (Only the “relevant” fibers are
shown: the ones that actually induce dependencies between the original attributes.) If one
compares the two figures, one can see the strong connection between the field operation
dependency graph and the dependency graph for the fiber construction. Starting from the
base attributea, we apply the field operation on each edge to the front of the fiber to get
the fiber to be used on the next attribute. Thus (in the outlined path froma to b), we go
from a (with an empty fiber) toq$ḟ , and then tox$g ḟ (the over-bar is ignored), and then
to o$g ḟ , and so on.

The reasoning for the generation of nested fibers can be continued to give meaning to
such fibers asx$ ḟg ḣ, which is a normal direction fiber carrying partial definitions ofh
fields of objects read fromg fields of objects in partial definitions off fields. These fibers
are used at partial definitions off fields, for examplex.f w u induces the extra rule:

u$g ḣ = x$ ḟg ḣ

The fibers follow along in parallel as the object is transmitted from its definition to this
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point. Back at an object definition for an objecto, we add the following rule defining the
fiber:

o$ḟg ḣ = o$fg ḣ

The reverse fibero$fg ḣ carries partial definitions ofh fields of objects read from the
g fields of objects read from thef fields. When we find a rulew = x.f , we add the
following fiber rule:

x$fg ḣ w w$gḣ

In this way longer fibers are related to shorter fibers.
The precise definition of the infinite fiber construction requires a proper definition of

fibers. For a given set of fieldsF , the set offibers(denotedΦ) is the set of zero or longer
strings of fields and dotted fields:

Φ = { f , ḟ | f ∈ F}∗

the sets ofnormal fibers(denotedΦ→) andreverse fibers(denotedΦ←) are defined as the
smallest subsets ofΦ satisfying the following equalities:

Φ→ = { f φ | φ ∈Φ→}∪{ ḟ φ | φ ∈Φ←}∪{ε}
Φ← = { f φ | φ ∈Φ←}∪{ ḟ φ | φ ∈Φ→}.

It follows directly from these definitions that the normal and reverse sets partition the set
of fibers: Φ→ ∪Φ← = Φ, Φ→ ∩Φ← = /0. The empty fiberε is used to represent the base
attribute, that is,x$ε means the same asx.

Now follows the precise definition of the infinite fiber construction. The definition of
rules makes use of an intermediate form with collections. Theinfinite fiber construction
for a remote attribute grammarA = (G,S, I ,L,B,F,R) is an improper classical attribute
grammarA′ = (G,S×Φ→∪ I×Φ←, I×Φ→∪S×Φ←,(L∪B)×Φ,R′) whereR′ is defined
below. The resulting attribute grammar is improper in that the sets of attributes are all
infinite assumingF 6= /0. The attribute names are pairs; the syntactic sugar $ operation is
used to form pairs as follows:

l$φ = (l ,φ)
o$φ = (o,φ)

(X.a)$φ = X.(a,φ).
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First an intermediate form of the constructed rules is defined:

Rwp =



(o,ε) = object() o∈ Bp

(o, f ) = collect[ f ]( (o,ε), (o, ḟ )) f ∈ F,o∈ Bp

(o, f φ) = (o, ḟ φ) ε 6= φ ∈Φ→, f ∈ F,o∈ Bp

(o, ḟ φ) = (o, f φ) φ ∈Φ←, f ∈ F,o∈ Bp

v0$ε = g( v1$ε,..., vk$ε) (v0 = g( v1, . . ., vk) ) ∈ Rp

v0$φ = fjoin( vi$φ | Lgi = 0) ε 6= φ ∈Φ→,(v0 = g( v1, . . ., vk) ) ∈ Rp

vi$φ w v0$φ Lgi = 0,φ ∈Φ←,(v0 = g( v1, . . ., vk) ) ∈ Rp

v$ε = select[ f ]( w$ε, w$ f ) (v = w. f ) ∈ Rp

v$φ = w$ f φ ε 6= φ ∈Φ→,(v = w. f ) ∈ Rp

w$ f φ w v$φ φ ∈Φ←,(v = w. f ) ∈ Rp

w$ ḟ w write[ f ]( w$ε, v$ε) (w. f w v) ∈ Rp

w$ ḟ φ w v$φ ε 6= φ ∈Φ→,(w. f w v) ∈ Rp

v$φ w w$ ḟ φ φ ∈Φ←,(w. f w v) ∈ Rp



.

ThenR′ is defined for each production from the intermediate form by collecting together
multiple definitions as follows

R′p =
{

v′ = e (v′ = e) ∈ Rwp

v$φ = fjoin( e | (v$φ w e) ∈ Rwp) v∈ UOp,φ ∈Φ←

}
.

This set of rules will be well-defined and well-formed as long as the base remote attribute
grammar is well-formed. The constructed attribute grammar may be improper (infinite),
but we can still form (infinite) dependency graphs and compound dependency graphs.

There is a close connection between the dependency graphs formed from the infinite
fiber construction and the field operation dependency graph formed using the original re-
mote attribute grammar. First, formalizing the intuition described earlier, the “field opera-
tions” that label the field operation dependency graph can be defined as (partial) functions
over fibers:

∀ φ ∈Φ→ φ̄ ∈Φ← f ∈ F
0(φ) = φ 0̄(φ̄) = φ̄

u(ε) = ε

u f(ε) = f u ḟ (ε) = ḟ
ḟ (φ) = ḟ φ f̄ (φ̄) = f φ̄

f
−1

( f φ) = φ
˙̄f
−1

( ḟ φ̄) = φ̄

ḟ
−1

f ( ḟ φ) = f φ f̄
−1 ˙̄f ( f φ̄) = ḟ φ̄ .

The u label can only be applied to the base fiber, and ¯u is undefined for all fibers. A
string of labelsγ can be applied to a fiber through function composition: for allφ ∈ Φ,
(γ1γ2)(φ) = γ2(γ1(φ)), λ (φ) = φ .

Next, it is shown that paths in the compound field operation dependency graph are
closely related to paths in the compound dependency graph of the infinite fiber construc-
tion:

LEMMA 4.1. Given a remote attribute grammar A and its infinite fiber construction
A′, and given any t, form the compound field operation dependency graph DF(t), and the
compound dependency graph D′(t). Then
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(1) For every path v$φ
∗→ v′$φ ′ ∈ D′(t), there exists a path v

γ→ v′ ∈ DF(t) such that
φ ′ = γ(φ).

(2) Conversely, for every path v
γ→ v′ ∈ DF(t) with φ ′ = γ(φ), then there exists a path

v$φ
∗→ v′$φ ′ ∈ D′(t).

(Here v may refer either to an attribute instance or to an object instance.)

PROOF. Stronger results are proved: that the paths are the same length. Because of the
definition of composition(γ1γ2)(φ) = γ2(γ1(φ)), and because the null path corresponds
exactly to the null string, we need only prove the result for paths of length one.

(1) Given v$φ → v′$φ ′ ∈ D′(t), this edge must come from oneD′p for somep. Each
induced dependency edge from the constructed rulesRwp is examined in turn, and a

labeled edgev
γ→ v′ ∈ Dp

F (see page 22) is found, whereγ is a single label.
o$ε → o$ f . o∈ Bp, γ = u f

o$ ḟ → o$ f . o∈ Bp, γ = ḟ
−1

f

o$ ḟ φ → o$ f φ . o∈ Bp, ε 6= φ ∈Φ→, γ = ḟ
−1

f

o$ f φ → o$ ḟ φ . o∈ Bp, φ ∈Φ←, γ = f̄
−1 ˙̄f

vi$ε → v0$ε. v0=g(..., vi ,...) ∈ Rp, γ = Lgi

vi$φ → v0$φ . ε 6= φ ∈Φ→, v0=g(..., vi ,...) ∈ Rp, Lgi = 0, γ = 0
v0$φ → vi$φ . φ ∈Φ←, v0=g(..., vi ,...) ∈ Rp, Lgi = 0, γ = 0̄
w$ε → v$ε. v=w. f ∈ Rp, γ = u

w$ f → v$ε. v=w. f ∈ Rp, γ = f
−1

w$ f φ → v$φ . ε 6= φ ∈Φ→, v=w. f ∈ Rp, γ = f
−1

v$φ → w$ f φ . φ ∈Φ←, v=w. f ∈ Rp, γ = f̄
w$ε → w$ ḟ . (w. f w v) ∈ Rp, γ = uḟ
v$ε → w$ ḟ . (w. f w v) ∈ Rp, γ = ḟ
v$φ → w$ ḟ φ . (w. f w v) ∈ Rp, φ ∈Φ→, γ = ḟ

w$ ḟ φ → v$φ . (w. f w v) ∈ Rp, φ ∈Φ←, γ = ˙̄f
−1

.

(2) The proof of the second part requires simply that we do the same case analysis in
reverse, distinguishingε from other normal fibers to determine which generated rule
the dependency comes from.

The fiber construction is very regular, even the extra cases forε generate dependen-
cies thatinclude the dependencies for other normal fibers. More generally, we have the
following rule:

LEMMA 4.2. Given a remote attribute grammar A= (G,S, I ,F,L,B,R), let A′ be its
infinite fiber construction. If a (compound) dependency graph of A′ has an edge v$φ f →
v′$φ ′ f , then it also has the edge v$φ → v′$φ ′. If it has an edge v′$φ ′ ḟ → v$φ ḟ , then it
also has the edge v$φ → v′$φ ′.

Conversely, if it has the edge v$φ → v′$φ ′ whereφ ,φ ′ ∈Φ\ε, then it also has the edges
v$φ f → v′$φ ′ f and v′$φ ′ ḟ → v$φ ḟ .

PROOF. Suppose we have the edgev$φ f → v′$φ ′ f . This edge must come from one of
the rules in a particular production. Since removingf from the fiber doesn’t change its



36 JOHN TANG BOYLAND

direction, the same rule should generate rules with the edgev$φ → v′$φ ′. The only tricky
case is if one or the other ofφ or φ ′ is ε. Theε cases, as can be seen by looking at the
definition include all the dependencies of the non-ε cases (as well as others).

Suppose now that we have the edgev$φ ḟ → v′$φ ′ ḟ . From the definition of direction,
it is clearly seen thatφ has the opposite direction fromφ ḟ for anyφ , includingφ ′. From
the construction we see that the direction ofφ determines the direction of the edges in the
dependency graph, the same nodes are involved in any case. So removing aḟ from both
fibers means that we will have a generated edge in the reverse direction, hencev′$φ ′→ v$φ .

The converse part follows directly from the infinite fiber construction and the definition
of Φ→ andΦ←, because of the omission ofε.

The finiteness of cycles allows us to prove the following lemma that states that we can
always assume that a cycle includes anε fiber:

LEMMA 4.3. Suppose we have a circular remote attribute grammar A. Let A′ be its
infinite fiber construction, and t be the tree that induces the compound dependency graph
D′ of A′ with a cycle v0$φ0→ v1$φ1→ . . .→ vn$φn = v0$φ0, then there exists a cycle in
D′ including a node v$ε.

PROOF. AssumeD′ has a cycle. Without loss of generality, we assume we have chosen
the cycle such thatφ0 be a shortest string that occurs in any cycle inD′. If φ0 = ε, we are
done. Otherwise, we will determine a contradiction. Supposeφ0 = f φ ∗ or ḟ φ ∗; let φ ′0 be
this single element,f or ḟ . Then since the dependencies connecting fibers only involve
adding or removing a field or dotted field from the front, or replacing a field with its dotted
counterpoint, or vice versa, and sinceφ0 is a shortest string in the cycle, all stringsφi will
be in the formφ ′i φ ∗. Now if φ ∗ 6= ε, we can apply Lemma 4.2 to get a cycle with a shorter
fiber, which contradicts our assumption. Furthermore, if all the shortest fibers have the
same form, then we can still apply the Lemma and find a cycle startingv0$ε → . . ..

Otherwise we may assume that we have a cycle that includes both nodes of the formv$ f
and of the formv$ ḟ and no node of the formv$ε. We now prove that this assumption leads
to a contradiction. Without loss of generality, letφ0 = f andφ j = ḟ , and for every 0< i < j
we must have|φi | ≥ 2. Now for any suchi, since no rule can change the “dotted-ness” of
a field in a fiber unless it is at the top, and then it stays the same length, we must have that
φi = φ f for someφ . But then it is impossible to see howφi = φ j−1 can be connected to
φ j . Thus no suchi can exist;j must be 1. But again there is a problem, because there is no
way a fiber ḟ can depend directly on a fiberf , as can be seen by the rules for creating the
infinite fiber construction. Thus we have a contradiction, and thus there must exist a cycle
with anε fiber.

In order to connect the existence of balanced cycles in the compound field operation
dependency graph with cycles in the compound dependency graph of the infinite fiber
construction, the following lemma about strings of labels is proved:

LEMMA 4.4. A label stringγ maps the empty fiber to itself (γ(ε) = ε) if and only if it
can be derived from S (S

∗⇒ γ).

PROOF. A stronger result is proved:

(1) γ(ε) = ε iff S
∗⇒ γ;

(2) ∀φ∈Φ→ γ(φ) = φ iff P
∗⇒ γ;
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(3) ∀φ∈Φ← γ(φ) = φ iff P̄
∗⇒ γ.

⇒1,2,3. We prove by induction over the length ofγ. If γ is empty (γ = λ ), the results
are true, sinceS⇒ P⇒ λ , P̄⇒ λ . Next assumeγ is one element long.
(1) If γ(ε) = ε, thenγ ∈ {0,u} which proves our result sinceS⇒ P⇒ 0,S⇒ u.
(2) If γ(φ) = φ for every normal fiber (φ ∈ Φ→), then the only possibility isγ = 0, for

which we haveP⇒ 0.
(3) If γ(φ) = φ for every reverse fiber (φ ∈ Φ←), then the only possibility isγ = 0̄, for

which we haveP̄⇒ 0̄.
Now supposeγ is composed of two non-empty parts that have the antecedent behavior:
γ = γ1γ2 with (case 1)γ1(ε) = γ2(ε) = ε or (cases 2 and 3)γ1(φ) = γ2(φ) = φ . Then the
result follows by induction sinceS⇒ SS,P⇒ PP, P̄⇒ P̄P̄.

Next suppose thatγ has no occurrence of au, u f , or uḟ label in it. We consider the
cases:
(1) Because there are no labels that haveu in their name, the functions all apply to an

infinite number of fibers in a parallel way, and thusγ(ε) = ε implies γ(φ) = φ for
all normal fibersφ . This antecedent implies the antecedent for case 2, and thus using
S⇒ P, we are done, once the next case is proved.

(2) Consider what the first label ofγ is. It must apply to all normal fibers (φ ∈ Φ→).
The possibility of 0 would mean thatγ is composed of two with the same property
which has already been handled. The only remaining possibility isḟ for somef ∈ F .
Consider the various fibers resulting from applying the first label ofγ to ε, the first
two labels, the first three labels, and so on until we reachγ itself. None of the results
(save the last) can beε, since otherwise the string would be composed. Furthermore,
the only way theḟ can be removed is either to have an edge labeledḟ

−1
f in the middle

or ˙̄f
−1

at the end. The latter case is incompatible withφ ∈ Φ→, and so the middle
case must exist. In order for it to apply, the result just before must be the fiberḟ and
the fiber just afterf . A similar argument shows that the only way to remove thef is
to end with f

−1
. Thusγ is has the following shapeγ = ḟ α ḟ

−1
f β f

−1
. By induction,

we achieveP̄
∗⇒ α,P

∗⇒ β , and thusP
∗⇒ γ.

(3) An analogous argument shows thatγ = f̄ α f̄
−1 ˙̄f β

˙̄f
−1

with induction to prove the
result.

Next suppose thatγ has au, u f , or uḟ label within it. In that case, the antecedents to
cases 2 or 3 cannot be satisfied because the composition would not be able to return an
infinite range. Andu is not possible in any case, because it would mean we would be able
to decomposeγ into two parts.

If γ starts withu f , then thatf can only be removed by a labelf
−1

at the end (not earlier,
or else there would be composition possibility), and thusγ has the formγ = u f α f

−1
. Since

γ is not composed of two, there can be noε in the partial results (applying the firstn labels
to ε), and thus we haveα( f φ) = f φ for all φ ∈ Φ→ and furthermoreα(ε) = ε, which
allows us to use induction to achieveP

∗⇒ α and thusS
∗⇒ γ.

The case forγ starting withuḟ is similar to the case forP.

⇐1,2,3. As before, we prove by induction onγ, this time over the derivation ofγ. If γ

is empty, then the desired results follow immediately sinceλ (φ) = φ for all fibersφ ∈Φ.
Otherwise, if it consists of a single label, we have the following cases:
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S⇒ P⇒ 0. The result is immediate since 0(φ) = φ for all normal fibersφ ∈ Φ→ in-
cludingφ = ε.

S⇒ u. The result is immediate:u(ε) = ε.
P̄⇒ 0̄. The result is immediate sincē0(φ) = φ for all reverse fibersφ ∈Φ←.

If γ is derived by a composition,S⇒ SS
∗⇒ γ, P⇒ PP

∗⇒ γ or γ ⇒ P̄P̄
∗⇒ γ., then we can

divide γ up into two pieces and use induction to reach the desired result.
Otherwise, we consider the remaining cases:

S⇒ P
∗⇒ γ. By induction we get result 2, which implies what we need.

S⇒ u f P f
−1 ∗⇒ γ. Thus γ must have the formu f α f

−1
, with P

∗⇒ α. By induction
∀φ∈Φ→α(φ) = φ and in particularα( f ) = f and thusγ(ε) = f

−1
(α((u f)(ε))) = ε.

S⇒ uḟ P̄ ḟ
−1

f P f
−1 ∗⇒ γ. Here, γ must have the formuḟ α ḟ

−1
f β f

−1
, with P̄

∗⇒ α

and P
∗⇒ β . By induction we getα( ḟ ) = ḟ and β ( f ) = f and thus we getγ(ε) =

f
−1

(β (( ḟ
−1

f )(α((uḟ )(ε))))) = ε.

P⇒ ḟ P̄ ḟ
−1

f P f
−1 ∗⇒ γ. Here γ must have the formḟ α ḟ

−1
f β f

−1
, with P̄

∗⇒ α and
P
∗⇒ β . By induction we getα( ḟ φ) = ḟ φ for all normal fibers (φ ∈Φ→) andβ ( f φ) = f φ

and thus we getγ(φ) = f
−1

(β (( ḟ
−1

f )(α( ḟ (φ))))) = φ .

P̄⇒ f̄ P̄ f̄
−1 ˙̄f P ˙̄f

−1 ∗⇒ γ. Completely analogous to the previous case.

The previous results demonstrate that the infinite fiber construction captures the schedul-
ing constraints of the remote attribute grammar:

THEOREM 4.5. A remote attribute grammar A= (G,S, I ,L,B,F,R) is circular if and
only if its infinite fiber construction A′ = (G,S′, I ′,L′,R′) is circular, that is if for some tree
t generated by the grammar G, the compound dependency graph of A′ for that tree has a
(finite) cycle.

PROOF. If A is circular, then by Theorem 3.6, there must be a cyclev
S→ v in the com-

pound field operation dependency graph. By Lemma 4.4, the sequence of labels in this
pathγ must map the base fiber to itself (γ(ε) = ε. Then by Lemma 4.1, there must exist a
(finite) cycle inD′ (v$ε

∗→ v$ε).
On the other hand, if we have a cycle inD′, then by Lemma 4.3, we may assume it

involves an empty fiberv$ε
∗→ v$ε, and thus we can apply Lemma 4.1 to get a cyclev

γ→ v
in DF whereγ(ε) = ε. Now by Lemma 4.4, we haveS

∗⇒ γ, and thus it is abalancedcycle
and thus by Theorem 3.6,A is circular.

The infinite fiber construction, while infinite, is nonetheless indirectly useful algorithmi-
cally because it can be projected onto a finite partition of the fibers. The resulting (proper)
classical attribute grammar can be analyzed using standard classical attribute grammar
schedulers. This idea for a finite partition is called “fiber approximation” [Farrow 1990]
and is formalized in the following definition:

Given a remote attribute grammarA = (G,S, I ,L,B,F,R) and its infinite fiber construc-
tion A′ = (G,S×Φ→ ∪ I ×Φ←, I ×Φ→ ∪S×Φ←,(L∪B)×Φ,R′), and a finite partition
Φ̄ = {Φ1, . . . ,Φn} of the set of fibersΦ, thefiber approximation of A for̄Φ (written A/Φ̄)
is the (proper) classical attribute grammarA′′ = A/Φ̄ = (G,S×Φ̄→∪ I×Φ̄←, I×Φ̄→∪S×
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Φ̄←,(L∪B)×Φ̄,R′′) whereΦ̄→= {Φi ∈ Φ̄ |Φi ∩Φ→ 6= /0} andΦ̄←= {Φi ∈ Φ̄ |Φi ∩Φ← 6= /0}.
For everyv$Φi ∈ DOp(A′′) we have the following rule inRp′′:

v$Φi = use( v′$Φ j | v$φ = g(... v′$φ ′ ...) ∈ R′,φ ∈Φi ,φ
′ ∈Φ j )

The fiber approximation is only used to create dependency graphs and thus uses an unin-
teresting primitive operationuse . In other words, any dependencyv$φ ← v′$φ ′ is mapped
into a dependency between each side’s approximation.

The definition is only well-formed if̄Φ→∩ Φ̄← = /0, because otherwise an attribute may
identified as both synthesized and inherited. This article only uses partitions that obey this
restriction; in fact, they will be “clean for fibering” as described presently.

THEOREM 4.6. Let A= (G,S, I ,L,B,F,R) be a remote attribute grammar and A′ its
infinite fiber construction. Let̄Φ = {Φ1, . . . ,Φn} be a partition ofΦ for whichΦ̄→∩Φ̄← =
/0. Without loss of generality, we assumeε ∈ Φ1(x). Let A/Φ̄ be the fiber approximation
of the infinite fiber construction A′ of A for this partition. Then if A/Φ̄ is not circular,
then neither is A. Furthermore, if no cycles in dependency graphs compounded from A/Φ̄
involve nodes with fibers fromΦ1, then A is not circular.

PROOF. The first part is clear since a cycle in a graph always shows up as a cycle in the
quotient graph. The fact that we can ignore cycles that do not includeε fibers is a direct
result of Lemma 4.3.

Of course, in a realistic system, one does not first construct an infinite attribute grammar
and then compute a finite quotient, instead one creates the quotient directly. As it happens,
under certain conditions of the partition, one can create an approximation that has the same
semantics as well as conservatively approximating the dependencies.

We say that a partition̄Φ is clean for fiberingif it satisfies the following three conditions
for Φi ∈ Φ̄,x∈ { f , ḟ | f ∈ F}:

Φ1 = {ε}

Φi ⊆Φ→∨Φi ⊆Φ←

{xφ | φ ∈Φi} ⊆Φ j ∈ Φ̄.

The first condition ensures that we don’t mix up the “real” attribute values with the fiber
attributes. The second condition states that every partition consists either of all normal, or
all reverse fibers. The last condition ensures that “lengthening” all the fibers in a partition
gives us a set that can still be represented by a single element of the partition. When the
last condition is satisfied, we writex ·Φi to mean thisΦ j .

If the partition is clean for fibering, we define theclean fiber approximationthat avoids
the uses of the infinite construction as an intermediate form. The construction is similar
to the infinite fiber construction. The main difference is that we ensure that all attributes
defining non-base-fiber attributes are defined using primitivefjoin . First we form the
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rules:

Rwp =



(o,Φ1) = object() o∈ Bp

(o, f ·Φ1) = fjoin(collect[ f ]( (o,Φ1), (o, ḟ ·Φ1))) f ∈ F,o∈ Bp

(o, f ·Φ) = fjoin( (o, ḟ ·Φ)) Φ ∈ Φ̄→− , f ∈ F,o∈ Bp

(o, ḟ ·Φ) = fjoin( (o, f ·Φ)) Φ ∈ Φ̄←, f ∈ F,o∈ Bp

v0$Φ1 = g( v1$Φ1,..., vk$Φ1) (v0 = g( v1, . . ., vk) ) ∈ Rp

v0$Φ = fjoin( vi$Φ | Lgi = 0) Φ ∈ Φ̄→− ,(v0 = g( v1, . . ., vk) ) ∈ Rp

vi$Φ w fjoin( v0$Φ) Lgi = 0,Φ ∈ Φ̄←,(v0 = g( v1, . . ., vk) ) ∈ Rp

v$Φ1 = select[ f ]( w$Φ1, w$ f ·Φ1) (v = w. f ) ∈ Rp

v$Φ = fjoin( w$ f ·Φ) Φ ∈ Φ̄→− ,(v = w. f ) ∈ Rp

w$ f ·Φ w fjoin( v$Φ) Φ ∈ Φ̄←,(v = w. f ) ∈ Rp

w$ ḟ ·Φ1 w fjoin(write[ f ]( w$Φ1, v$Φ1)) (w. f w v) ∈ Rp

w$ ḟ ·Φ w fjoin( v$Φ) Φ ∈ Φ̄→− ,(w. f w v) ∈ Rp

v$Φ w fjoin( w$ ḟ ·Φ) Φ ∈ Φ̄←,(w. f w v) ∈ Rp


where

Φ̄→− = {Φ ∈ Φ̄ |Φ∩Φ→ 6= /0,Φ 6= Φ1}
Φ̄← = {Φ ∈ Φ̄ |Φ∩Φ← 6= /0}.

Then, as with the finite fiber construction, we collect together multiple definitions of re-
verse fibers:

R′p =
{

v′ = e (v′ = e) ∈ Rwp

v$Φ=fjoin( e | (v$Φ w fjoin( . . ., e, . . .) ) ∈ Rwp) v∈ UOp,Φ ∈ Φ̄←

}
.

This set of rules will be well-defined and well-formed5 as long as the base remote attribute
grammar is well-formed and the partition is clean for fibering. The first condition ensures
that the base fiber can be used to carry the actual value of an attribute. The second condi-
tion ensures that we can determine whetherX.a$Φi is inherited or synthesized. The third
condition makes the use of the “·” operator possible in the construction.

LEMMA 4.7. If the partition is clean for fibering, the clean fiber approximation gener-
ates the same dependency graphs as the fiber approximation.

PROOF. Immediate by comparison of the two constructions.

This result together with the result about scheduling makes implementation possible
once we have a partition. In our earlier work [Boyland 1998], we assume the partition
is specified by the programmer in terms of annotations. Even a partition is not enough
for practical implementation because the approximation constructions add new attributes
even when the fibers make no sense: one cannot fetch a field from an integer, for instance.
These extra dependencies, when obscured by approximation, not only lead to a slower
analysis (more attributes) but also to more frequent finding of cycles. Thus we want a way
to determine and remove the “irrelevant fibers” that can never produce useful information.
The following section thus develops a “relevant fiber” analysis, which helpfully produces
a partition as well.

5The astute reader will notice that this construction generates some rules of the nonstandard form, e.g.,
v0=g( . . ., g′( vi , vi+1), . . .) whereg = fjoin andg′ = write[ f ] , but these can easily be interpreted as uses
of new primitive functionsg′′ with the nesting flattened out.
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5. Analysis

Given that detecting circularity for remote attribute grammars is undecidable, this section
examines techniques for approximation. First it is shown that many fibers are notrelevant
to the final schedule. Then a constraint system for computing (a superset of) the relevant
fibers is described. This system is then converted into a practical “two stage” form, in
which the second stage can be expressed as a finite-state automaton recognizing relevant
fibers. Finally this automaton is used to generate partitions that are clean for fibering.

5.1. RELEVANT FIBERS. The approximation theorem requires one to partition the
whole set of fibers including those which may never be involved in dependencies between
base fibers. Only the latter fibers are relevant to circularity. The approximation, however,
may be forced to combine irrelevant fibers in ways that obscure the fact they are never
involved in such dependencies. Thus before one forms an approximation, it makes sense
to pare down the set of fibers to those that may occur in a cycle involving a base fiber.
This will not solve the undecidability problem of the previous section; it only prevents our
approximation from being needlessly imprecise.

Let A = (G,S, I ,L,B,F,R) be a remote attribute grammar andA′ its infinite fiber con-
struction. Letv∈ Op be an attribute occurrence of a productionp in G, thenΦP(v) (the
provided fibers of v) is the set of all fibersφ ∈ Φ such that there exists a treet over G
including an instance ofp and the compound dependency graphD′ of A′ for this treet
includes a path for somew

w$ε → . . .→ v$φ

where in a slight abuse of notation,v is also used to refer to any instance ofv in D′.
Similarly therequired fibers of v, ΦR(v) is the set of all fibersφ ∈Φ such that there exists
t and aw such thatD′ includes a path

v$φ → . . .→ w$ε.

Third, therelevant fibers for v, Φ(v), are the set of all fibersφ ∈Φ such that there exists a
treet overG and two instancesw andw′ and the compound dependency graphD′ of A′ for
this treet includes a path

w$ε → . . .→ v$φ → . . .→ w′$ε.

Finally, these sets are extended to apply to attributes as well as attribute occurrences:

ΦP(a) =
⋃

X.a∈Op,p∈P

ΦP(X.a)

ΦR(a) =
⋃

X.a∈Op,p∈P

ΦR(X.a)

Φ(a) =
⋃

X.a∈Op,p∈P

Φ(X.a)

This lemma immediately follows from these definitions:

LEMMA 5.1. Given A= (G,S, I ,L,B,F,R) a remote attribute grammar and v∈Op be
an attribute occurrence of a production p in G, then the set of relevant fibers is never more
than the intersection of the provided and required fibers:

Φ(v) ⊆ ΦP(v)∩ΦR(v)
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The same relation holds for attributes as well.

There is not always equality because a fiber is only relevant if it is provided and required
for thesametreet and same instance ofv.

The relevant fiber set can be used to generate a “smaller” (but potentially still infinite)
fiber construction:

Given a remote attribute grammarA = (G,S, I ,F,L,B,R) and a setΦ](x) for every at-
tribute occurrence or attributex, the relevant fiber constructionof A is a potentially im-
proper classical attribute grammarA′′ = AΦ]

= (G,S′, I ′,L′,R′′) where

S′(X) = {(a,φ) | a∈ S(X),φ ∈Φ](a)∩Φ→}∪{(a,φ) | a∈ I(X),φ ∈Φ](a)∩Φ←} ,

I ′(X) = {(a,φ) | a∈ I(X),φ ∈Φ](a)∩Φ→}∪{(a,φ) | a∈ S(X),φ ∈Φ](a)∩Φ←} ,

L′ = {(l ,φ) | l ∈ L∪B,φ ∈Φ](l)} ,

andR′′ is constructed fromR′ in the infinite fiber construction by only including rules for
the defined occurrences in the new attribute grammar and only including uses of the used
occurrences in the new attribute grammar. (Other rules and uses are removed.)

The relevant fiber construction captures the important dependency paths in the remote
attribute grammar, as expressed in the following lemma:

LEMMA 5.2. Let A be a remote attribute grammar and A′ and A′′ = AΦ]
be its infinite

fiber construction and the relevant fiber construction usingΦ](x)⊇Φ(x) respectively. Let
t be some tree described by the grammar and D′ and D′′ be the compound dependency
graphs in A′ and A′′ respectively. Finally let v0$φ0→ . . .vn$φn be some non-trivial path
(n > 0) whereφ0 = φn = ε. This path appears in D′ if and only if it appears in D′′.

PROOF. Suppose there is a non-trivial pathv0$φ0→ . . .vn$φn in D′ whereφ0 = φn = ε.
By definition of Φ(x), the relevant fibers ofx, we knowφi ∈ Φ(vi) for all i (0≤ i ≤ n).
Furthermore, for anyvi of the formX.a, we knowφi ∈ Φ(a). For every edgevi$φi →
vi+1$φi+1 in D′, this edge must have come from a rule inA′ as defined in the infinite
fiber construction. The relevant fiber construction preserves dependencies between relevant
attribute occurrences, and thus this edge will also appear inD′′. Conversely, we only
remove dependencies when constructingA′′, and thus every edge inD′′ is also inD′.

From this lemma follows immediately the following lemma, which states that the rele-
vant fiber construction captures circularity.

LEMMA 5.3. Given a remote attribute grammar A and a setΦ](x) for every attribute

and attribute occurrence x, which includes all relevant fibers (Φ](x)⊇ Φ(x) ). Let AΦ]
be

the relevant fiber construction of A. Then A is circular if and only if there exists a tree t
for which the compound dependency graph D′ formed using AΦ

]
has a cycle including an

attribute base fiber instance v$ε.

PROOF. First we handle the direction (⇐). If there is such a cycle inD′, then by
Lemma 5.2 it also occurs in the infinite fiber construction, and thusA is circular by defini-
tion.

Suppose now thatA is circular. Then by Lemma 4.3, there must exist a treet for which
the infinite fiber construction ofA induces a compound dependency graph with a cycle
v0$φ0→ v1$φ1→ . . .→ vn$φn = v0$φ0 including a nodev$ε. Without loss of generality,
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φ0 = φn = ε. Then applying Lemma 5.2 determines that this cycle must also be in the
relevant fiber construction.

We combine this result with fiber approximation by first defining the combined con-
struction and then proving that it safely approximates true circularity.

Given a remote attribute grammarA=(G,S, I ,F,L,B,R), finite partitionΦ̄ = {Φ1, . . . ,Φn}
(whereε ∈ Φ1) and a setΦ](x) for every attribute occurrence or attributex, the rele-
vant fiber approximationof A using Φ] and Φ̄ is a (proper) classical attribute grammar
AΦ]

/Φ̄ = (G,S′, I ′,L′,R′′) where

S′(X) = {(a,Φ) | a∈ S(X),Φ∩Φ](a)∩Φ→ 6= /0}∪{(a,Φ) | a∈ I(X),Φ∩Φ](a)∩Φ← 6= /0} ,

I ′(X) = {(a,Φ) | a∈ I(X),Φ∩Φ](a)∩Φ→ 6= /0}∪{(a,Φ) | a∈ S(X),Φ∩Φ](a)∩Φ← 6= /0} ,

L′ = {(l ,Φ) | l ∈ L∪B,Φ∩Φ](l) 6= /0} ,

andR′′ is constructed fromR′ in the infinite fiber construction by constructing the following
rule for eachv$Φ ∈ DOp(A′′):

v$Φ = use( v′$Φ′ ∈ UOp(A′′) | v$φ = g(... v′$φ ′ ...) ∈ R′,
φ ∈Φ∩Φ](v),φ ′ ∈Φ′∩Φ](v′)).

THEOREM 5.4. Let A= (G,S, I ,L,B,F,R) be a remote attribute grammar, and̄Φ =
{Φ1, . . . ,Φn} be a finite partition of the set of fibersΦ whereε ∈ Φ1. For any attribute,
local attribute or object x, let the setΦ](x) include the relevant fibers of x:Φ](x)⊇Φ(x).
Let A′′ = AΦ]

/Φ̄ be the relevant fiber approximation of A usingΦ]. Then if A′′ is not
circular, then neither is A. Furthermore, if no cycles in dependency graphs compounded
from A′′ involve nodes with fibers fromΦ1, then A is not circular.

PROOF. SupposeA′′ is not circular. Then the relevant fiber constructionAΦ]
is not circu-

lar because dependency graphs inA′′ are quotient graphs ofAΦ]
. Therefore, by Lemma 5.3,

A is not circular either. The second part also follows from Lemma 5.3.

This theorem is used in the following conservative algorithm for determining noncircu-
larity of a remote attribute grammar:

(1) Find an approximationΦ](x) of the relevant set of fibers for every attribute, local
attribute or objectx.

(2) Find a finite partitionΦ̄ of the fibers.

(3) ConstructAΦ]
/Φ̄, the relevant fiber approximation.

(4) Perform a standard evaluation-class test (such as SNC [Courcelle and Franchi-Zannettacci
1982] or OAG [Kastens 1980]), except that we keep an additional bit for each sum-
mary edge—whether that summary edge may include a “base fiber” attribute.

(5) Report a cycle only if a circularity is found that may include a base fiber attribute.
(Section 6 describes how cycles involving only non-base fibers can be cut.)

5.2. FIBER ANALYSIS. The rest of this section describes static analysis methods for
computing safe approximations to the relevant sets and determining a partition. The rele-
vant fibers are computed by first computing an (over-approximation) to the provided and
required fibers and then intersecting the sets. One may see the provided fibers as “flow-
ing” from an occurrence of an epsilon fiber and the required fibers as “flowing” to such an
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a∈ A(X),X ∈ N.

F(a) ⊇ {ε}
F̄(a) ⊇ {ε}

v∈Op.

F(v) ⊇ {ε}
F̄(v) ⊇ {ε}

o∈ Bp.

F(o) ⊇ { f | f ∈ F}
F(o) ⊇ { f φ | ḟ φ ∈ F̄(o)}
F(o) ⊇ { ḟ φ | f φ ∈ F̄(o)}

w. f w v.

F̄(w) ⊇ { ḟ φ | φ ∈ F(v)}
F̄(v) ⊇ {φ | ḟ φ ∈ F(w)}

X.a∈ UOp.

F(X.a) ⊇ F(a)

F̄(a) ⊇ F̄(X.a)

X.a∈ DOp.

F(a) ⊇ F(X.a)

F̄(X.a) ⊇ F̄(a)

v0 = g(... vi ...) where Lgi = 0.

F(v0) ⊇ F(vi)

F̄(vi) ⊇ F̄(v0)

v = w. f .

F(v) ⊇ {φ | f φ ∈ F(w)}
F̄(w) ⊇ { f φ | φ ∈ F̄(v)}

FIG. 10. Fiber analysis

occurrence. In other words, the provided fibers follow the data-flow through the attribute
grammar, whereas required fibers follow it in the reverse direction. This situation is com-
plicated by the fact that reverse fibers (those inΦ←) have the opposite data-flow direction
as the normal fibers (those inΦ→) which parallel the base attribute. As a result, the anal-
ysis computes sets of “provided normal” fibers at the same time as the “required reverse”
fibers.

For instance, if there is the equationv = w, then if w has a provided fiberφ and if
φ ∈ Φ→ is a normal fiber, then that means there is some path starting with an epsilon
fibered attribute occurrence that ends withw$φ . But since the infinite fiber construction
includes the rulev$φ = w$φ , we can extend the path by one step and discover thatφ will
be a provided fiber ofv. Conversely, supposēφ ∈Φ← is a required reverse fiber ofw, that
is there is some path starting atw$φ̄ that ends in an epsilon fibered attribute occurrence.
Then sincew$φ̄ is defined partly in terms ofv$φ̄ , the latter attribute occurrence could also
start a path towards an epsilon fibered attribute occurrence. Thusφ̄ is seen to be a required
fiber ofv.

Our analysis therefore computes the set of provided normal fibers of each attribute oc-
currence together with the set of required reverse fibers (the combined set is calledF(v)),
and similarly the set of provided reverse fibers with the set of required normal fibers (F̄(v)).

Figure 10 specifies constraints induced by a remote attribute grammar. Any solution to
these constraints (in particular, the least solution) is a conservative approximation to the
relevant sets; some irrelevant fibers may be included, but no relevant fibers are omitted, as
stated in the following lemma:

LEMMA 5.5. Given A, a remote attribute grammar, and sets F(v) andF̄(v) for every
attribute occurrence v that satisfy the constraints in Figure 10, then

Φ(v)⊆ F(v)∩ F̄(v).
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PROOF. By Lemma 5.1, it suffices to show

ΦP(v) ⊆ (F(v)∩Φ→)∪ (F̄(v)∩Φ←)
ΦR(v) ⊆ (F(v)∩Φ←)∪ (F̄(v)∩Φ→) .

Given a fiberφ ∈ΦP(v), we show by induction on the length of the pathw$ε→ . . .→ v$φ

thatφ is in the set(F(v)∩Φ→)∪ (F̄(v)∩Φ←).
If the length of the path is zero, that is,v = w, φ = ε, then the result follows at once

since Figure 10 includes the constraintF(v)⊇ {ε}.
If the length of the path is greater than zero, there is a path of the formw$ε → . . .→

w′$φ ′→ v$φ . If φ = ε, we are done immediately for the same reason as for the base case.
Otherwise, by induction, the following must be true:

φ
′ ∈

(
F(w′)∩Φ→

)
∪

(
F̄(w′)∩Φ←

)
.

Now because attributes of a node are identified even as the node plays different roles in
its own and its parent production, a single attribute instance may instantiate two attribute
occurrences (potentially of different productions). Letw′1,w

′
2 be the two attribute occur-

rences that are instantiated inw′, wherew′1$φ ′ is a defined occurrence ofA′, the infinite
fiber construction ofA, andw′2$φ ′ is a used occurrence. Ifw′1 6= w′2, then it must be the
case thatw′1 = X1.a, w′2 = X2.a for someX1,X2 anda. Now, by induction, the lemma must
be true for eitherw′1 or w′2. If it is true for w′2, we can continue. If it is true forw′1, then by
the rules of Figure 10, eitherF(w′2)⊇ F(a)⊇ F(w′1) if φ ∈Φ→, or F̄(w′2)⊇ F(a)⊇ F̄(w′1)
if φ ∈Φ←, and thus the result is true forw′2 as well.

Now consider the edgew′$φ ′ → v$φ . This must be the edge from some instantiation
of a rule r ∈ Rwp (see page 33) for somep ∈ P. The left-hand side ofr is v$φ and the
right-hand side contains a use ofw′$φ . We now look at each case forr whereφ 6= ε:

(o, f ) = collect[ f ]( (o$ε), (o, ḟ )) In this casev = w = o, φ = f , andφ ′ = ḟ or
φ ′ = ε. In any case we are done because of the ruleF(o)⊇ { f | f ∈ F}.

(o, f φ ′′) = (o, ḟ φ ′′), φ ′′ ∈Φ→ Thusv= w= o, φ = f φ ′′, andφ ′= ḟ φ ′′. Sinceφ ′′ ∈Φ→,
thenφ ′ ∈Φ← and thus by inductionφ ′= ḟ φ ′′ ∈ F̄(o). Then by Figure 10,F(o)⊇{ f φ ′′}
and we are done.

(o, ḟ φ ′′) = (o, f φ ′′), φ ′′ ∈Φ← Herev = w = o, φ = ḟ φ ′′ ∈ Φ→, φ ′ = f φ ′′ ∈ Φ←. By
induction,φ ′ = f φ ′′ ∈ F̄(o), and then by Figure 10,φ = ḟ φ ′′ ∈ F(o) and we are done.

v$φ = fjoin(... w$φ ...) , φ ∈Φ→ In this case,v0 = v = g(... vi = w′ ...)
in A whereLgi = 0. By induction,φ ∈ F(w′) and so by Figure 10,φ ∈ F(v) and we are
done.

v$φ w w′$φ , φ ∈Φ← In this casev0 = w′ = g(... vi = v ...) in A whereLgi = 0.
By induction,φ ∈ F̄(w′) (sinceφ is a reverse fiber) and thus by Figure 10,φ ∈ F̄(v) and
we are done.

v$φ = w′$ f φ , φ ∈Φ→ The rule is the result of a rulev = w. f in A. Hereφ ′ = f φ ∈
Φ→ and thus by inductionφ ′ ∈ F(w′). Then by Figure 10,φ ∈ F(v) and we are done.

v$φ = v$ f φ ′ w w′$φ ′, φ ′ ∈Φ← This is the result of a rulew′ = v. f in A. Thus by
induction,φ ′ ∈ F̄(w′). Then by Figure 10,φ ∈ F̄(v) and we are done.

v$φ = v$ ḟ φ ′ w w′$φ ′, φ ′ ∈Φ→ This rule comes from a rulev. f w w′ in A. By induc-
tion, φ ′ ∈ F(w′), and thus by Figure 10,φ = ḟ φ ′ ∈ F̄(v) and we are done.
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Stage 1:
o∈ Bp, p∈ P.

B](o)⊆ {o}

X.a∈ UOp.

B](X.a) ⊇ B](a)

B̄](a) ⊇ B̄](X.a)

X.a∈ DOp.

B](a) ⊇ B](X.a)

B̄](X.a) ⊇ B̄](a)

v0 = g( v1,..., vn) , Lgi = 0.

B](v0) ⊇ B](vi)

B̄](vi) ⊇ B̄](v0)

v = w. f .

B](v) ⊇ B](v′) | ( ḟ ,v′) ∈ B̄](o),o∈ B](w)

B̄](w) ⊇ {( f ,v)}

w. f w v.

B̄](w) ⊇ {( ḟ ,v)}
B̄](v) ⊇ B̄](v′) | ( f ,v′) ∈ B̄](o),o∈ B](w)

Stage 2:

o∈ {Bp | p∈ P} .

F(o) = {ε}∪{ f | f ∈ F}∪
⋃

u∈B̄](o)

F(u)

where

F(( ḟ ,v)) = { f φ | φ ∈ F(v)}
F(( f ,v)) = { ḟ φ̄ | φ̄ ∈ F̄(v)}

x∈ {Op−Bp | p∈ P}∪{a∈ A(X) | X ∈ N}.

F(x) = {ε}∪
⋃

o∈B](x)

F(o)

x∈ {Op | p∈ P}∪{a∈ A(X) | X ∈ N} .

F̄(x) = {ε}∪
⋃

u∈B̄](x)

F̄(u)

where

F̄(( f ,v)) = { f φ̄ | φ̄ ∈ F̄(v)}
F̄(( ḟ ,v)) = { ḟ φ | φ ∈ F(v)}

FIG. 11. Two-stage fiber analysis

v$φ w w′$ ḟ φ , φ ∈Φ← In this case,w′. f w v in A, and thus sinceφ ′ = ḟ φ ∈Φ→, then
by inductionφ ′ ∈ F(w′). Then by Figure 10,φ ∈ F̄(v) and we are done.

The proof forΦR(v) is analogous.
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5.3. TWO-STAGE FIBER ANALYSIS. The constraints in Figure 10 are not easily solv-
able in finite time. The setsF(v) and F̄(v) can both be infinite, containing fibers of un-
bounded length. It is possible to represent these sets finitely, since (as shown later), they are
regular (that is, is equal to the yield of a finite state automaton). However, the way in which
the constraints are expressed (where fibers get longer or shorter) do not immediately allow
a regular representation. Thus a “two-stage” analysis is introduced for computing relevant
fibers, as seen in Figure 11. The first stage computes sets of object declarationsB](x) for
each attribute and attribute occurrencex. This is the set of objects the instances of which
are carried by instances ofx, the objects that could appear in the instances’ values. All
instances created from the same object declaration are collapsed into one. The second set
B̄](x) computes the sets of rules that either read or write fields from objects carried byx.
Since there are a finite set of object declarations, and a finite set of rules for the remote
attribute grammar, this analysis can be computed in finite time, in fact in timeO(n3) where
n is the size of the remote attribute grammar. The least solution to the equations is used.

The second stage uses the first stage to avoid the need to consider fibers getting shorter.
TheB](x) sets have essentially short-circuited the process. TheF(v) andF̄(v) sets can be
computed using only copy rules and lengthening. The second stage rules can be expressed
as a finite state automaton with states for each object declaration and each rule that reads
or writes a field. The fact that the two stage analysis has the same least solution as the
original set of constraints in Figure 10 is proved in Lemma 5.7. Then Theorem 5.8 proves
the regularity result.

The proof uses an “instrumented” version of Figure 10’s analysis that computes sets of
instrumented fibersin which objects and local attributes surround the fields:

Φ→I = {o f φI | φI ∈Φ→I }∪{o ḟ φI | φI ∈Φ←I }∪{λ}
Φ←I = {v f φI | φI ∈Φ←I }∪{v ḟ φI | φI ∈Φ→I }.

Hereo andv refer to any object or local attribute in the attribute grammar. LetφI |Φ be the
uninstrumented fiber corresponding toφI , that is, with the objects and locals removed. Let
λ be an object that does not appear in the attribute grammar. Figure 12 gives the constraints
for the instrumented analysis. The least solution to these constraints is used.

The instrumented analysis carries within it the solution to theB̄] and B] analysis of
Figure 11 as shown by the following lemma:

LEMMA 5.6. As long as F6= /0, the solutions to the first stage of Figure 11 are given
by the following equations:

B](x) = B]
I (x) = {o | o f φI ∈ FI (x)}

B̄](x) = B̄]
I (x) = {( ḟ ,v) | v ḟ φI ∈ F̄I (x)}∪{( f ,v) | v f φI ∈ F̄I (x)}.

PROOF. We prove this result by showing that the constraints are isomorphic for each
syntactic entity. We prove by induction on the uses ofB̄] andB] in creating constraints.

First, we can (at this point) ignore the initialization that placesλ in everyFI andF̄I set
since this entry has no direct effect on the equations to be proved. In what follows, we use
the property that everyFI andF̄I set is non-empty.

Next, note that the equation forB]
I above depends onFI monotonically and on nothing

else. Similarly, that for̄B]
I depends on̄FI monotonically and on nothing else. Therefore the

constraints forX.a∈ UOp, X.a∈ DOp, andv0 = g(... vi ...) are isomorphic.
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a∈ A(X),X ∈ N.

FI (a) ⊇ {λ }
F̄I (a) ⊇ {λ }

v∈Op.

FI (v) ⊇ {λ }
F̄I (v) ⊇ {λ }

o∈ Bp.

FI (o) ⊇ {o f λ | f ∈ F}
FI (o) ⊇ {o f φI | v ḟ φI ∈ F̄I (o)}
FI (o) ⊇ {o ḟ φI | v f φI ∈ F̄I (o)}

w. f w v.

F̄I (w) ⊇ {v ḟ φI | φI ∈ FI (v)}
F̄I (v) ⊇ {φI | o ḟ φI ∈ FI (w)}

X.a∈ UOp.

FI (X.a) ⊇ FI (a)

F̄I (a) ⊇ F̄I (X.a)

X.a∈ DOp.

FI (a) ⊇ FI (X.a)

F̄I (X.a) ⊇ F̄I (a)

v0 = g(... vi ...) where Lgi = 0.

FI (v0) ⊇ FI (vi)

F̄I (vi) ⊇ F̄I (v0)

v = w. f .

FI (v) ⊇ {φI | o f φI ∈ FI (w)}
F̄I (w) ⊇ {v f φI | φI ∈ F̄I (v)}

FIG. 12. Instrumented fiber analysis

We need thus only look at the “interesting” cases: objects, field writes and field reads:

o∈ Bp. Figure 11 saysB](o) ⊇ {o}, which is exactly the effect of the constraints in
Figure 12: the first line adds at least one (sinceF 6= /0) instrumented fiber of the formo f λ ,
which ensures{o 6= λ | o f φI ∈ FI (o)} ⊇ {o}. The other two constraints add instrumented
fibers of a form not used in the equations for this Lemma. Thus they have exactly the same
effect (in constraininḡB] andB] sets).

w. f w v. The constraint from Figure 12:̄FI (w)⊇ {v ḟ φI | φI ∈ FI (v)} has exactly the
same constraint on̄B]

I (w) asB̄](w)⊇ {( ḟ ,v)} from Figure 11 sinceFI (v) is never empty.
We can rewrite the next constraint using the instrumentation since each instrumented

fiber can only be created in a single place:

F̄I (v) ⊇ {φI | o ḟ φI ∈ FI (w)}
F̄I (v) ⊇ {φI | o ḟ φI ∈ FI (w),v′ f φI ∈ F̄I (o)}
F̄I (v) ⊇ {φI | o ḟ φI ∈ FI (w),v′ f φI ∈ F̄I (o),φI ∈ F̄I (v′)}

F̄I (v) ⊇ {φI |
(

o∈ B](w)∧ ( f ,v′) ∈ B̄](o)
)

,( f ,v′) ∈ B̄](o),φI ∈ FI (v′)}.

The logical “and” (written∧) in the last rewrite of the constraint is used because the con-
strainto∈ B](w) is too weak by itself to be equivalent too ḟ φI ∈ FI (w), but as one can see,
the strengthening is redundant. The final form, when used to computeB̄]

I (v) is equivalent
to the constraint for̄B](v) from Figure 11.

v = w. f . As with the previous case, we choose the simpler constraint first:F̄I (w) ⊇
{v f φI | φI ∈ F̄I (v)} is equivalent (for the purposes of computinḡB]

I (w)) to the constraint
B̄](w)⊇ {( f ,v)} sinceF̄(v) is never empty.

The other constraint can (as before) be rewritten:

FI (v) ⊇ {φI | o f φI ∈ FI (w)}
FI (v) ⊇ {φI | o f φI ∈ FI (w),v′ ḟ ∈ F̄I (o)}
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FI (v) ⊇ {φI | o f φI ∈ FI (w),v′ ḟ ∈ F̄I (o),φI ∈ FI (v)}

FI (v) ⊇ {φI |
(

o∈ B]
I (w)∧ ( ḟ ,v′) ∈ B̄](o)

)
,( ḟ ,v′) ∈ B̄]

I (o),φI ∈ FI (v)}

This final rewrite of the constraint is equivalent to the one forB](v) from Figure 11.

Since the constraints are equivalent,B](x) = B]
I (x) and B̄](x) = B̄]

I (x), which was to be
proved.

Now we are ready to prove the equivalence of the two analyses:

LEMMA 5.7. Given a remote attribute grammar A, the two stage constraints in Fig-
ure 11 have the same least solution for F(x) andF̄(x) as the constraints in Figure 10.

PROOF. First, since the constraints of Figure 12 are completely isomorphic to the con-
straints of Figure 10, it only remains to show the equivalence of the sets in Figure 11 with
the uninstrumented results of the analysis of Figure 12. ThusF(x) andF̄(x) in this proof
are defined by their definitions from Figure 11.

We prove the equivalence by induction over the constraints, showing that the constraints
are equivalent in each place, assuming that they are equivalent elsewhere.

First we show how the constraints concerningF(a) and F̄(a) are equivalent to those
concerningFI (a) and F̄I (a) (modulo instrumentation). Suppose we have performed the
two stage analysis, then forX.a∈ DOp

F(a) = {ε}∪
⋃

o∈B](a)

F(o)⊇ {ε}∪
⋃

o∈B](X.a)

F(o) = F(X.a)

(where the middle inequality comes from the first stage) and thus the results of the two-
stage fiber analysis satisfy the constraints of the single-stage analysis. Analogously for
X.a∈ UOp,

F(a) = {ε}∪
⋃

o∈B](a)

F(o)⊆ {ε}∪
⋃

o∈B](X.a)

F(o) = F(X.a).

The cases for̄F(a) are analogous. Conversely, supposeX.a∈ DOp. Then considering the
constraintFI (a)⊇ FI (X.a), assume the equivalence holds forFI (X.a), that it is equivalent
to {ε}∪

⋃
o∈B](X.a) F(o). These are the only constraints onFI (a) and thus in a (minimal)

solution:

FI (a)|Φ =
⋃

o∈B](X.a),X.a∈DOp

F(o) X.a∈ DOp.

But B](a) =
⋃

X.a∈DOp B](X.a) and thus we get the required equivalence. The cases for
other uses ofF(a) andF̄(a) are analogous.

The monotonic constraints forB] andB̄] for v0 = g( v1,..., vn) , Lgi = 0 can simi-
larly be seen as isomorphic to the constraints forFi andF̄I for the purposes of computing
F andF̄ .

The case for objectso ∈ Bp is more interesting. We computeF(o) as the union of
four sets (if we distinguish the union of theF(( ḟ ,v)) from the union of theF(( f ,v)).
Correspondingly, we have four constraints forFI (o). The first two constraints (FI (o)⊇{λ}
and FI (o) ⊇ {o f λ | f ∈ F} ) are obvious analogues of the first two sets making up the
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union. The third constraint is transformed into the third set in the union as follows:

FI (o) ⊇ {o f φI | v ḟ φI ∈ F̄I (o)}
= {o f φI | v ḟ φ

′
I ∈ F̄I (o),v ḟ φI exists,v ḟ φI ∈ F̄I (o)}

= {o f φI | ( ḟ ,v) ∈ B̄](o),φI ∈ FI (v),v ḟ φI ∈ F̄I (o)}
= {o f φI | ( ḟ ,v) ∈ B̄](o),φI ∈ FI (v)}.

The final equality requires some explanation:⊆ is obvious, and⊇ follows because the
constraint( ḟ ,v) ∈ B̄](o) implies that there exists at leastone instrumented fiber of the
form v ḟ φ ′I in F̄I (o) and the constraints for the instrumented analysis transmit all fibers of
this form together, and thus in particularv ḟ φI ∈ F̄I (o). The fourth constraint is similarly
analogous to the fourth set in the union.

There remains one more case forFI (v), the case wherev = w. f . For this case we have
two constraints that we put together into an equality:

FI (v) = {ε}∪{φI | o f φI ∈ FI (w)}
= {ε}∪{φI | o f φ

′
I ∈ FI (w),o f φI ∈ FI (o)}

= {ε}∪{φI | o∈ B](w),v′ ḟ φI ∈ F̄I (o)}
= {ε}∪{φI | o∈ B](w),( ḟ ,v′) ∈ B̄](o),v′ ḟ φI exists}
= {ε}∪{φI | o∈ B](w),( ḟ ,v′) ∈ B̄](o),φI ∈ FI (v′)}
= {ε}∪{φI | o∈ B](w),( ḟ ,v′) ∈ B̄](o),o′ ∈ B](v′),φI ∈ FI (o′)}
= {ε}∪{φI | o′ ∈ B](v),φI ∈ FI (o′)}
= {ε}∪

⋃
o′∈B](v)

FI (o′).

In the sixth equality, we use the inductive hypothesis onFI (v′). The seventh equality uses
the constraint forB](v) (which is effectively an equality constraint since each variable may
be defined just once).

If we look atF̄(w) for this rule, we see that the constraintB̄](w)⊇{( f ,v)} along with the
definition ofF̄(( f ,v)) used to formF̄(w) leads to the inequalitȳF(w)⊇ { f φ | φ ∈ F̄(v)},
which is completely analogous to the constraint forFI (w) from the instrumented analysis.

The constraints for̄FI (w) and F̄I (v) for the casew. f w v are similarly analogous to
the realization of the computations of̄F(w) andF̄(v). Thus we omit these cases.

The two-stage analysis may look more complex than the original fiber analysis, but it
is much easier to implement. As previously noted, theB] andB̄] sets can be computed in
cubic times. Furthermore, one can construct a finite state automaton that recognizes theF
andF̄ sets as seen in Figure 13.

THEOREM 5.8. The sets F(x) and F̄(x) (and their intersection) are regular sets over
the alphabet of fields and dotted fieldsΣ = { f , ḟ | f ∈ F}.

PROOF. We construct a finite state automaton (Figure 13) with two statesqx and q̄x

(representingF(x) and F̄(x) respectively) for everyx ∈ O+ whereO+ is the set of all
attribute occurrences and attributes (O+ = {Op | p∈ P}∪{a∈ A(X) | X ∈ N}) and states
qu andq̄u (representingF(u) andF̄(u)) for everyu∈U , whereU is the set of all things
that occur inB̄](x) for somex (U = {u∈ B̄](x) | x∈O+}).
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M = (Q,Σ,δ ,q0,Ω)

Q = {qu, q̄u | u∈ B̄](x),x∈O+}∪Ω
Ω = {qx, q̄x | x∈O+}∪{qf | f ∈ F}
Σ = { f , ḟ | f ∈ F}

δ =

{qx
ε→ qo | x∈O+,o∈ B](x)} ∪ {q̄x

ε→ q̄u | x∈O+,u∈ B̄](x)} ∪
{qo

f→ qf | o∈ Bp, p∈ P, f ∈ F} ∪ {qo
ε→ qu | o∈ Bp, p∈ P,u∈ B̄](o)} ∪

{q̄( f ,v)
f→ q̄v | v=w. f ∈ Rp} ∪ {q̄( ḟ ,v)

ḟ→ qv | w. fwv∈ Rp} ∪

{q( f ,v)
ḟ→ q̄v | v=w. f ∈ Rp} ∪ {q( ḟ ,v)

f→ qv | w. fwv∈ Rp}

q0 =
{

qx We wish to computeF(x)
q̄x We wish to computēF(x)

FIG. 13. Finite-State Automaton to matchF andF̄ sets.

The automaton is constructed such that with one exceptionq
ε→ q′ if and only if S⊇ S′

is a constraint in the second stage of the fiber analysis whereq is the state corresponding
to Sandq′ is the state corresponding toS′. The exception is that the automaton includes
cycles of the formqo

ε→ qo for each object (sinceo∈B](o)), but these cycles have no effect

on the strings accepted. Similarlyq
y→ q′ if and only if S⊇ {yφ | φ ∈ S′} is a constraint.

Furthermoreq is final (q ∈ Ω) if and only if its corresponding setS has the constraint
S⊇ {ε}.

Thus if one starts from any stateq and continues through the automaton stopping at
a final state, one will generate a fiber in the corresponding setS. The converse is also
true: any fiberφ ∈ S leads to a final state (possibly afterε-moves) if one starts at the
corresponding stateq.

Since (nondeterministic) finite-state automata accept only regular languages, it follows
thatF(x) andF̄(x) and their intersection are all regular sets.

5.4. USING THE FIBER AUTOMATON. One can use a set-of-subsets construction fol-
lowed by an automaton intersection algorithm to create an FSA for an approximationΦ](x)
for each attribute or occurrencex. But then that still leaves the creation of the partition that
should be clean for fibering.

Thus instead, we form the deterministicreverseautomaton for matching fibers. The
states of this reverse automaton are sets of states of the original automaton. The “first” state
(state 0 in Figure 14, page 52) will be the set of all final states in the original automaton,
and will be the one matching the base fiber. Since there are no edges out of eachqf , the
“first” state is the only one which will include them, this state will never be entered again
on a reverse matching. Thus if we see the automaton as partitioning the fibers, the first
setΦ1 will include only {ε}. Then, we work “backwards” from each deterministic state,
finding all states that could reach it by traversing a particular field (or dotted field). New
states are added, and we continue the process. The result is similar to that of the standard
set-of-subsets construction except that we ensure that each deterministic state matches only
normal or only reverse fibers. Furthermore, we avoid reuse of deterministic states (even
when the sets of original automaton states are the same) except when a set of states is
reachable from itself. The resulting deterministic automaton is far from optimally small,
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FIG. 14. Reverse FSA for the clean fiber partition.

but finer distinctions avoid spurious circularities in the fibered attribute grammars. In any
case, the new automaton is deterministicin reverseand thus extending a fiber at the front
is guaranteed to go to only one other state, satisfying the third condition for “clean for
fibering.”

Now a fiber is inΦ](x) if and only if both qx and q̄x are in the state reached when
executing the reverse of the fiber in the reverse automaton. Thus the relevant fibers for
x will be defined by a subset of the partition. This permits relevancy and the partition
to be represented compactly. For example, Figure 14 gives the reverse automaton for the
example in Figure 2. In the fiber approximation, each attribute can have theoretically up
to 25 fibers (including the base fiber). However, most have far fewer: for example, the
scope attribute ofdecl anddecls hasΦ] = {0,6,9,12} and thescope attribute of
stmt andstmts hasΦ] = {0,5,7,10,11,14,15,22,23}. Only the localcontour has
more:Φ] = {0,5–24}.

One might notice that there are no fibers for the global collectionmsgs, which as ex-
plained earlier, is implemented as a (collection) field on a special object passed down from
the root. Since there are no uses of this collection, the collection assignments can be
assigned as late as the scheduler desires, and thus there is no need to add a scheduling
constraint.6

Because we avoid sharing in the generation of the deterministic automaton, its shape
depends very little on the actual way analysis is performed. The only major contribution
is determining when a cycle must be introduced. We experimented with other techniques
to produce a smaller deterministic automaton. Folding together two sets of the same states
worked fine with the simple example here, but in our larger example (see Section 6.3) it led
to spurious circularity. Any attempt to minimize the deterministic automaton must address
the fact that it may cause such a problem, which may be difficult for an attribute gram-
mar writer to comprehend, let alone fix. At best, one can provide a way for the writer to
“crank up” the size of the automaton subject to practical constraints, such as virtual mem-

6In our tool, however, we force the fibers to appear through the introduction of a “fake” use. This permits the
scheduler to assume the existence of the fiber when scheduling collection writes.
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ory needed to perform the analysis of the fiber approximation attribute grammar. Avoiding
this dilemma entirely is impossible given the undecidability of circularity of remote at-
tribute grammars.

In any case, in our limited experience (described in the following section), we have found
the large deterministic automata practical. More experience is needed to see if additional
heuristics are needed and how they can be communicated to the analysis.

6. Implementation and Experiences

It is beyond the scope of this article to describe the implementation in great detail. The
reader is referred to an earlier paper [Boyland 2002], which describes in detail how remote
attribute grammars are implemented, both for batch and incremental evaluation. Rather,
this section will broadly sketch how implementation is carried out; in particular how the
theory and analysis of the preceding sections are realized, starting with scheduling and
then moving to code generation. It also describes some experiences defining and using the
implementation.

6.1. SCHEDULING. The scheduling of a remote attribute grammar is the realization
of the analysis described in the previous sections. As such, most of the details have al-
ready been explored. Here we merely give a broad-brush description of the scheduling as
implemented in our prototype tool.

The attribute grammar is represented in APS, a polymorphically-typed side-effect-free
language with built-in support for tree nodes, matching and attributes [Boyland 1996b].
Before schedulingper setakes place, the attribute grammar undergoes binding and type
inference, and is rejected if type or binding errors are found. The tool determines the
attributes for each nonterminal (“phylum” in APS terminology, borrowing from earlier
work [Borras et al. 1988; Reps and Teitelbaum 1989; Maddox 1997]) and rules for each
production (“constructor”). It also determines the set of fields. Since the tool implements
conditional attribute grammars [Boyland 1996a] as well, the tool also determines the num-
ber of conditionals (bothif andcase statements generate conditionals) to be used to
mark dependency edges.

We next apply the first stage of the fiber analysis using a routine that does least fixed-
point analysis ofB] and B̄] sets stored on the “fibered declarations” (attributes, locals,
objects, formal parameters and return values). Every expression is analyzed by “passing”
it a B̄] set, which “produces” anB] set. We connect the rules for field reads and writes so
that we do not need to storēB] sets on field reads:

v = w. f .

B](v)⊇ B](v′)
B̄](v′)⊇ B̄](v)

( ḟ ,v′) ∈ B̄](o),o∈ B](w)

B̄](w) ⊇ {( f ,v)}

w. f w v.

B̄](w) ⊇ {( ḟ ,v)}.

In our implementation, thēB] sets are sets of field read expression nodes and field write
rule nodes.
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Next we form the automata as described in Figure 13 and construct the deterministic
backwards finite-state automaton to achieve a partition of all the fibers. We also record
which fibers (or rather fiber partitions) are relevant for which attributes. We then form
the (classical) dependency graph for the relevant fiber approximation with additional edge
markings: all dependencies are marked with their conditionality (under what combination
of condition values the dependency exists) and whether the edge is solely between nonbase
fibers. We then perform a DNC closure test while preserving the edge markings on indirect
dependencies. Conditionality is removed when an edge is copied into the summary graph
for a nonterminal. If any cycles are determined that are not solely among nonbase fiber
attributes, the remote attribute grammar is rejected.

If cycles remain, we use union-find to find all strongly-connected regions of fibered
attributes. For every nonterminal whose fibered attributes take part in the cycle, we cre-
ate two new attributes, an “up” attribute and a “down” attribute. These attributes (and
two new locals at the “top” of the cycle) are used to break the cycle: all elements of the
strongly-connected region are removed; all dependencies into the strongly-connected re-
gion are moved to the “up” attribute of the left-hand-side nonterminal (or local); and all
dependencies out of the strongly-connected region are moved to come from the “down”
attribute of the left-hand-side nonterminal (or local).7 The resulting dependency graphs
are resubmitted to the DNC test, which should now complete successfully.

Next, the dependency graphs are submitted to the OAG test to find a schedule ordering.
If none is found, the remote attribute grammar is rejected. Such a “type-3 circularity” can
be difficult for the user to know what to do with. In our experience, they occur when our
tool is presented with an incomplete remote attribute grammar. (It may also be appropriate
to perform the full NP-complete search for an order, although this is made less practical
because of the large number of attributes after fibering.) Once the order is found, a condi-
tional total order of the attribute instances in each production is found and this is used as
the basis of code generation.

The first stage of the fiber analysis is a minor variant on “dynamic transitive closure” and
thus can be solved in cubic time. The (reverse) deterministic FSA is however exponential
in the worst-case. Thus the number of attributes scheduled by the classical scheduler can
be exponential in the number of fields.

6.2. CODE GENERATION. One advantage of a static schedule is that evaluation takes
place in linear time. Since the scheduler has assured that the rules will be executed in a
legal order, it is not necessary to test this property at run-time (a worst-time cubic analysis).

Our prototype tool uses a simple visit-sequence evaluation with attributes stored on
nodes. The total conditional order is implemented in a number of “visits” for each pro-
duction. The incremental model used is a fairly standard multiple-edit-site model, which
marks the spine from every change site to the root to enable relatively cheap coordination.

The definition of circularity for a remote attribute grammar only concerns the relative
ordering of the original rules. The rules generated by the fibers are irrelevant. Thus the
fiber attributes become merely “control attributes,” which carry no value and only constrain
the scheduling. Once scheduling is done, they can be ignored. Thus at this point, we need
only be concerned with implementing the original rules.

The normal attribution rules show up in the relevant fiber approximation dependency

7This idea comes from Maddox [1997].
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graph at the point where the left-hand-side is scheduled. The same is true for a field read.
Field writes, however, do not define any regular attribute, only a field. Thus in the schedule,
a field writew. f w v is located at the point in the conditional total order where the fibered
attributew$Φ (whereΦ 3 ḟ ) is scheduled.8

Objects are treated as special local attributes initialized at their schedule point to a newly
allocated object. In our prototype, objects are indeed locals initialized to the results of a
constructor call. Objects are treated the same way as tree nodes: their fields are imple-
mented as attributes (and indeed in our prototype, as declared as APS attributes).

In APS, a field may only be written remotely if it is declared as a “collection” and
provides the combination function. The other fields may only be assigned at the place
where the object is created. Thus when we come up to the point in a schedule where we
need to schedule thėf fiber for a fibered declaration, we find all writes in the current rule
that contribute to this fiber, and generate code for them at this point. A noncollection field
will have at most one write, and thus a write can be implemented as simply storing the
value of the field. A partial write is implemented in the batch system by simply updating
the field. In the incremental system, a partial write adds itself to a balanced tree of partial
writes for the field of that object. A field read is implemented by simply reading the value
of the field. In the incremental system, the read is recorded by including its production
instance in a list of “users.”

In the incremental system, writes must be retractable. A noncollection write is retracted
by reverting to the default value. A collection write is retracted by removing it from the
balanced tree of writes. When a write is added or retracted, the object’s production is
marked as an edit site forcing incremental evaluation to visit this production. Upon the
visit, if the field has changed value, all the users’ nodes are marked as edit sites, so they
can be visited as well. The details are described in an earlier paper [Boyland 2002].

6.3. EXPERIENCES. Our limited experience includes working with the example in
Fig. 2 (and variants) and also a larger example: a static semantics for a simple object-
oriented language “Cool” (a dialect of Aiken’s Cool [Aiken 1996]) with classes, fields,
methods, overriding, local variables, and a few simple expressions. As Java, Cool does
not require definition before use, and thus particular care must be used to detect cyclic
inheritance so that the type-checker does not get into an infinite loop.

The abstract CFG has thirty productions plus five list nonterminals (each with three
productions) for a total of forty-five productions. The remote attribute grammar has sixteen
attributes, twelve fields, and two global collections (the class table, and the error messages).
The remote attribute grammar is roughly seven times bigger overall than the one in Fig. 2.

When the Cool remote attribute grammar is analyzed, we end up with a partition of 144
fibers, of which no attribute has more than 65 fibers. Two of the production dependency
graphs (the ones for class and method declarations) end up with more than 350 nodes. Eight
strongly-connected cycles of fiber attributes are found and cut. The resulting schedule
generates six visits for the top node of the program:

(1) Each class is added to the class table.

(2) Each class gets the parent class field set.

8This technique requires, of course, that the fibered attribute exist, thus demonstrating the reason why our analysis
implementation generates “fake” uses for each field.
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(3) An artificial pass that ensures that one can follow the parent class field arbitrarily many
times.

(4) Each class has a field set determining whether it is involved with cyclic inheritance.
Also the list of “attributes” (fields) of the class is determined.

(5) An artificial pass ensuring that cyclic inheritance check is done for all classes.
(6) All the errors are generated.

Two of the passes are artificial and are caused only by the way we break cycles between
fibers. To avoid the inefficiency, one could either remove them in a post-pass or investigate
how to cut cycles without forcing a pass. Most nonterminals have far fewer visits: The
“features” of the class are traversed only twice, and the bodies of methods visited only
once. The resulting generated Java batch implementation consists of about 12,000 “words”
in about 2500 lines of code, compared to the handwritten C++ semantic analyzer which is
also approximately 2500 lines long (albeit including comments).

In summary, most of the implementation details are outside of the scope of this article,
but a broad overview gives one a sense of the practicality of the theory described here.
In particular we have shown that these techniques can be used to analyze a medium-size
“semantic analyzer” for a small, but nontoy language. Indirectly, this also shows some
practical implementation results for conditional attribute grammars. We find that while
greatly increasing the number of attributes, “fibers” still permit realistic scheduling with
the great benefit that the attribute grammar writer can work at a higher level.

7. Related Work

LIGA [Kastens 1991], part of the Eli compiler construction system [Gray et al. 1992], has
a notation that can reduce the number of copy rules. TheINCLUDING construct allows a
rule to refer to the closest ancestor node that has a certain attribute defined; the correspond-
ing CONSTITUENTSconstruct allows a rule to refer to attributes of descendants. These
features are somewhat orthogonal to remote attribution because they avoid copy rules be-
tween statically determined nodes, whereas remote attribution allows direct dependencies
between nodes found during attribution.

LIGA also supports control attributes allowing an attribute grammar to make use of, say,
an imperative interface to a symbol table. Control attributes represent preconditions and
postconditions for scheduling imperative actions, such as inserting an element in a symbol
table [Kastens and Waite 1994]. However, these control attributes must be written into the
attribute grammar by the compiler writer, and omitting a control attributemay lead to an
incorrect schedule. For example, an identifier may be looked up in a symbol table before
all the declarations have been inserted. Using control attributes to schedule imperative
actions only defines a safe evaluation order, it does not define when a value (such as a
symbol table) is “complete.” This property makes such an attribute grammar difficult to
incrementalize.

The Ag attribute grammar implementation tool in the Cocktail toolkit permits remote
access to attributes (remote reads) [Grosch 1990]. If static scheduling is used, the at-
tribute grammar writer must ensure (using artificial dependencies, if necessary) that such
attributes are evaluated before they are used. In other words, remote access is not statically
scheduled.

Johnson [Johnson 1983; Johnson and Fischer 1985] defines “nonlocal attribute gram-
mars” with similar features to remote attribute grammars. Johnson also describes an algo-
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rithm for producing a classical (local) attribute grammar from a nonlocal one with user-
written annotations. The algorithm includes the same intuition as “fibering,” the introduc-
tion of attributes that flow along the tree path between remotely connected nodes. Since
the nonlocal dependencies are established inside opaque semantic functions, the construc-
tion requires the annotation of attributes that carry the information. The example nonlocal
attribute grammar for both the dissertation and the later POPL paper establishes a one-to-
one connection between declarations and uses, in effect requiring every variable of a block
to be mentioned exactly once in the body of the block. This property permits the theory
to be symmetric with respect to the definition and the use, but in realistic programming
languages, definitions are associated with zero or more uses. The dissertation mentions
this possibility, but does not specify how the theory should handle this case. In particular,
the problem of multiple nonlocal definitions of an attribute is never addressed, although it
appears that some form of a “collection” concept would suffice. Any nontrivial use of col-
lections would, however, immediately run into the problem of “node-wise circularity” and
then Johnson and Fischer’s optimal scheduling algorithms would no longer be applicable.

Composable attribute grammars [Farrow et al. 1992] and their extension, composable
tree attributions [Boyland and Graham 1994] have a feature roughly equivalent to remote
attribute use. In these systems it is possible to construct new nodes and pass them through
the attribute system, possibly fetching attribute values. If this feature is used to do more
than simply package attribute values, however, the attribute grammar, in the terminology
of composable attribute grammars, is “nonseparable.” The published references of these
two systems require descriptional composition for implementation. The idea of fiber ap-
proximation of this article was based on an incompletely described analysis by Farrow for
handling these situations [Farrow 1990].

Vorthmann [1990] uses dynamic scheduling for all attributes in a tree with pre-existing
Declaration-Reference (DR) threads, which permit attributes to flow from the declaration
to the reference. There is no equivalent to remote field writes. Poetzsch-Heffter [1997] de-
scribes the MAX prototyping system based on evolving algebras, with affinities to attribute
grammars. Attributes are simply functions and can have syntax-tree nodes as their values;
thus one may ask for the attribute of a node computed using another attribute (equivalent to
remote attribute reads). The paper does not attempt to check circularity of a specification
statically in cases where it uses features beyond classical attribute grammars.

Higher-order attribute grammars [Vogt et al. 1989; Swierstra and Vogt 1991; Saraiva
1999] provide power incomparable with remote attribute grammars: rules may build struc-
tured data, but the resulting structure depends on every part of that structure. The struc-
tures do not have identity and thus remote attribution is impossible. On the other hand, a
computed tree may be rooted in an existing tree and inherited attributes may be provided.
Higher-order attribution is particularly useful when modeling translation.

Colander 2 [Maddox 1997] provides the ability to create objects in an attribute grammar-
like formalism. An object reference depends on the values of all its fields but cyclic de-
pendencies that arise from the creation of cyclic structure are removed in the same way
that cyclic dependencies between fiber approximations are removed, by forcing the evalu-
ation to take two passes. In fact the cycle breaking described in this article was borrowed
from Maddox. Automatic cycle breaking avoids the need for loopholes such as in the
Elegant system [Augusteijn 1990]. Unlike higher-order attribute grammars, objects may
not be rooted and attributed in the tree, but a similar effect is available through the use of
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function-valued fields or “methods.” This extension would be attractive for remote attribute
grammars as well.

Hedin [1994] defines an extension called door attribute grammars. Like Johnson and
Fischer, she is interested in making incremental re-evaluation of attribute grammars more
efficient. In the extension, remote attribute use is restricted to special tree annotations
called “door objects.” There is no automatic analysis of remote dependencies, rather “visit
procedures” for door objects must be written by hand. In door attribute grammars, a col-
lection may be transmitted to multiple locations in the tree where objects may be inserted
into it. This feature comes close to remote field writes in power. Again, manual decisions
are needed to ensure correct implementation.

Hedin’s later work in “reference attributed grammars” [Hedin 2000] are like our remote
attribute grammars, except for collections (remote writes). Reference attributed grammars
are implemented automatically, using demand scheduling. Currently there is no incremen-
tal evaluation.

Recently, two groups (Magnusson and Hedin [2003] as well as Sasaki and
Sassa [2003]) have independently published techniques for evaluating “circular remote/reference
attribute grammars” (CRAGs). In both cases, circular dependencies are resolved by re-
peated evaluation to a least fixed-point. In earlier work [Boyland 1996b] we briefly de-
scribed a working implementation of CRAGs using demand-driven evaluation and caching
of completely evaluated attributes. Magnusson and Hedin use a similar technique and de-
scribe how iteration can be avoided when a potential cycle does not occur. Sasaki and
Sassa use mostly static scheduling and assume the remote links are in place before evalu-
ation starts, like Vorthmann but unlike our work and that of Magnusson and Hedin. None
of these proposals handle circular remote collection attributes. Such attributes were imple-
mented in our earlier work but required trusted annotations to be practical.

8. Conclusion

This article presents a formal definition of “remote attribute grammars,” in which depen-
dencies between far-flung portions of a tree may be meditated through fields of objects
rather than through the least common ancestor node. If objects may be read from other
objects, we find that statically determining circularity is undecidable. However, a family
of classes of definitely noncircular remote attribute grammars is defined using approxima-
tions of the dependencies. These techniques may be used to schedule practical examples.
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K IRCHGÄSSNER, W. 1982.An Attribute Grammar for the Semantic Analysis of Ada. Lecture Notes in Com-
puter Science, vol. 139. Springer-Verlag, Berlin.

VOGT, H. H., SWIERSTRA, S. D.,AND KUIPER, M. F. 1989. Higher order attribute grammars. In Proceedings
of the ACM SIGPLAN ’89 Conference on Programming Language Design and Implementation (Portland,
Oregon, USA).ACM SIGPLAN Notices 24,7 (July), 131–145.



Remote Attribute Grammars 61

VORTHMANN, S. A. 1990. Coordinated incremental attribute evaluation on a DR-threaded tree. InAttribute
Grammars and their Applications. International Conference WAGA Proceedings(Paris, France, Sept. 19–21),
P. Deransart and M. Jourdan, Eds. Lecture Notes in Computer Science, vol. 461. Springer-Verlag, Berlin,
207–221.

RECEIVED NOVEMBER 2003; REVISED NOVEMBER 2004; ACCEPTED DECEMBER 2004.


