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Abstract

According to a classical result of Grinbaum, the transensmberr(F) of any family F of
pairwise-intersecting translates or homothets of a comaky C' in R? is bounded by a function of
d. Denote bya(C) (resp.3(C)) the supremum of the ratio of the transversal numit§ér) to the pack-
ing numberv(F) over all familiesF of translates (resp. homothets) of a convex batin RY. Kim
et al. recently showed that(C) is bounded by a function af for any convex body” in R?, and gave
the first bounds on(C') for convex bodie€” in R? and on3(C) for convex bodie€ in the plane.

Here we show that(C') is also bounded by a function dffor any convex body” in R?, and present
new or improved bounds on botf{C) and3(C) for various convex bodie§' in R? for all dimensions
d. Our techniques explore interesting inequalities linkimg covering and packing densities of a convex
body. Our methods for obtaining upper bounds are consteietind lead to efficient constant-factor
approximation algorithms for finding a minimum-cardinafitoint set that pierces a set of translates or
homothets of a convex body.

Keywords: Geometric transversals, Gallai-type problems, packimj@vering, approximation algorithms.

1 Introduction

A convex bodys a compact convex set IR? with nonempty interior. LetF be a family of convex bodies.
Thepacking number (F) is the maximum cardinality of a set of pairwise-disjoint eex bodies inF, and
thetransversal number (F) is the minimum cardinality of a set of points that intersestsry convex body
in F.

Let G be theintersection graptof F with one vertex for each convex body f and with an edge be-
tween two vertices if and only if the two corresponding coniedies intersect. Thedependence number
a(@G) is the maximum cardinality of an independent setGn The clique partition number)(G) is the
minimum number of classes in a partition of the verticegzahto cliques. Since a set of pairwise-disjoint
convex bodies iiF corresponds to an independent set:inwe havev (F) = «(G). Also, since any subset
of convex bodies irF that share a common point corresponds to a cliqué'inve haver(F) > ¥(G).
For the special case tha is a family of axis-parallel boxes iR?, we indeed have (F) = 9(G) since
any subset of pairwise-intersecting boxes share a commioh po general, we clearly have the inequality
Y(G) > a(G), thus alsor(F) > v(F). But what else can be said about the relation betweeh) and
v(F)?

*A preliminary version of this paper appeared in the Progegsiof the 17th Annual European Symposium on Algorithms (ESA
2009), pages 131-142.
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Figure 1:Piercing a familyF of axis-parallel unit squares. Left: all squares that ietet the highest (shaded) square
contain one of its two lower vertices. Right: five squaresfar5-cycle.

For example, lefr be any family of axis-parallel unit squares in the plane, @fier to Figure 1. One can
obtain a subset of pairwise-disjoint squares by repeatlbcting the highest square that does not intersect
the previously selected squares. Tl#Eiis pierced by the set of points consisting of the two lowetives
of each square in the subset. This implies thak) < 2 - v(F). The factor of2 cannot be improved below
% sincer(F) = 3 andv(F) = 2 for a family F of five squares arranged into a 5-cycle [15].

For a convex body’ in R4, d > 2, define

7(Ft) 7(Fn)
) =spp 7y and PO =Sy
whereF; ranges over all families of translates@f and.;, ranges over all families of (positive) homothets
of C'. Our previous discussion (Figure 1) yields the bOU%Id_S a(C) < 2 for any square”.

Definea; (C) (resp.31(C)) as the smallest numbérsuch that for any familyF of pairwise-intersecting
translates (resp. homothets) of a convex béyhere exists a set @f points that intersects every member
of 7. Note thato and 5 generalizen; and ;. For any convex body’, the four numbersy(C), 8(C),
a1(C), and 31 (C) are invariant under any non-singular affine transformatibd’, and we have the four
inequalitiesa; (C') < a(C), $1(C) < B(C), a1(C) < 41(C), anda(C) < B(C).

Griinbaum [14] showed that, for any convex badyin R?, both o, (C) and 3,(C) are bounded by
functions ofd. Deriving bounds om(C) and 3;(C) for various types of convex bodieS in R? is
typical of classic Gallai-type problems [10, 32], and hasrbextensively studied. For example, a re-
sult by Karasev [18] states that; (C') < 3 for any convex bodyC' in the plane, i.e., for any family of
pairwise-intersecting translates of a convex body in tlaagl there always exists a set of three points that
intersects every member of the family. It is folklore that(C') = 3:(C) = 1 for any parallelogranmC'
(see [14] and the references therein). Alsg,C') = 2 for any affinely regular hexagofi [14, Example 2],
a1(C) = p1(C) = 3 for any triangleC [7]}, a1(C) = 3 < 4 = 3,(C) for any (circular) diskC' [14, 9],
and; (C) < 7 for any centrally symmetric convex body in the plane [14]. Perhaps the most celebrated
result on point transversals of convex sets is Alon and Kiait's solution to the Hadwiger-Debrunner
(p, q)-problem [2]. We refer to the two surveys [10, pp. 142-150 &2, pp. 77-78] for more related
results.

The two numbersy; (C) and 51 (C) bound the values of (F) for special familiesF of translates and
homothets, respectively, of a convex bo@ywith v(F) = 1. It is thus natural to study the general case
v(F) > 1, and to obtain estimates an(C') and3(C'). Despite the many previous bounds @n(C') and
£1(C) [10, 32], first estimates on(C') and3(C) have been only obtained recently [21]. Note that the related
problem for families ofi-intervals (which are nonconvex) has been extensivelyietii@1, 20, 17, 1, 24].

Kim et al. [21] showed that(C') is bounded by a function af for any convex body” in R?, and gave
the first bounds o(C) for convex bodie<” in R¢ and ong(C') for convex bodie< in the plane. In this

"We give a simpler construction for the lower bound(C) > 3 for any triangleC' in Appendix A.
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paper, we show that(C) is also bounded by a function dffor any convex body” in R?, and present new
or improved bounds on both(C) and3(C) for various convex bodie§' in R¢ for all dimensions.

Note that in the definitions of and 3, both the convexity ot and the homothety af; and 7, are
necessary for the valuegC') and3(C) to be bounded. To see the necessity of convexity;'lbe the union
of a vertical line segment with endpoir(& 0) and(0, 1) and a horizontal line segment with endpoiffis0)
and(1,0), where the shared endpoiftt, 0) is thecorner, and letF be a family ofn translates of”’ with
corners a{i/n,—i/n), 1 < i < n[15]. Then at leasfn/2] points are required to intersect every member
of F. To see the necessity of homothety, Jebe a family ofn pairwise intersecting line segments (or very
thin rectangles) in the plane such that no three have a conpmioh Then again at least/2] points are
required to intersect every memberBf

Definitions. For a convex body” in R?, denote byiC| the Lebesgue measure 6f i.e., the area in the
plane, or the volume in-space ford > 3. For a family F of convex bodies irR¢, denote by|F| the
Lebesgue measure of the union of the convex bodie5s, ire., | U c - C|.
For two convex bodiest and B in R?, denote byA + B = {a + b | a € A,b € B} the Minkowski
sum of A and B. For a convex body in R¢, denote byA\C = {\c | ¢ € C} the scaled copyof C by
a factor of A € R, denote by—C = {—c | ¢ € C} thereflexionof C' about the origin, and denote by
C+a = {c+a| c e C} thetranslateof C by the vector from the origin ta. Write C — C for C + (—C).
For two parallelepiped® and@ in R¢ that are parallel to each other (but are not necessarilypatsllel
or orthogonal), denote by;(P,Q), 1 < i < d, the length ratios of the edges §fto the corresponding
parallel edges oP. Then, for a convex bodg' in R¢, define

d—1
1(C) = i (MP, QNI M(P.Q) + 11) ,

i=1

where P andQ range over all pairs of parallelepipedsi{ that are parallel to each other, such tat
C C @. Note that in this casg;(P,Q) > 1for1 <i < d.

We review some standard definitions of packing and coverersities in the following; see [5, Chap-
ter 1]. A family F of convex bodies is @ackingin a domainy” C R? if Ucer € € Y and the convex
bodies inF are pairwise-disjointF is acoveringof Y if Y C | J,.  C. Thedensityof a family 7 relative
to a bounded domail’ is p(F,Y) = (X ocr|C))/|Y|. If Y = R?is the whole space, then thgpper
densityand thelower densityof F are, respectively,

p(F,RY) = limsup p(F, BY(r)) and p(F, RY) = liﬂi;gf p(F, Bi(r)),
where B (r) denote a ball of radius centered at the origin (since we are taking the limit-as> oo, a
hypercube of side lengthcan be used instead of a ball of radit)s For a convex body’ in R¢, define the
packing densitpf C' as
5(C)= sup p(F.RY),
F packing

whereF ranges over all packings IR? with congruent copies af!, and define theovering densitpf C' as

0(C) = _inf p(F,R?),
JF covering—
where F ranges over all coverings &< with congruent copies of'. If the members ofF are restricted
to translates of”, then we have th&ranslative packing and covering densitiés (C) and0r(C). If the
members ofF are further restricted to translates @f by vectors of a lattice, then we have tladtice



packing and covering densitiég (C') andd,(C). Note that the four densitigs (C'), 01.(C), ér(C), and
61, (C) are invariant under any non-singular affine transformatib@. For any convex body” in R¢, we
have the inequalities;, (C') < 07(C) < 4(C) <1 < 0(C) <67 (C) < 0.(C).

For two convex bodies! and B in R, denote byk(A, B) the smallest numbet such that4 can be
covered by translates of3.

Main results. Kim et al. [21] recently proved that, for any famil§ of translates of a convex body R,
7(F) < 24-1at . y(F), in particularr (F) < 108 - v(F) whend = 3, and moreover(F) < 8- v(F) — 5
whend = 2. We improve these bounds for all dimensiahis the following theorem:

Theorem 1. For any familyF of translates of a convex bodyin R,
7(F) <~4(C)-v(F), wherey(C) < d(d+1)4L. (1)
In particular, 7(F) < 48 - v(F) whend = 3, and7(F) < 6 - v(F) whend = 2.

For any parallelepiped’ in R¢, we can choose two parallelepipe'sand Q such thatP = Q = C
henceP C C C Q. Then)\;(P,Q) = 1for1 < i < d, and~(C) = 24=1, This implies the following
corollary:

Corollary 1. For any familyF of translates of a parallelepiped iR?, 7(F) < 2%~ . u(F).

In contrast, for a familyF of (not necessarily congruent or similar) axis-parallelgtialepipeds ifR¢,
the current best upper bound [11] (see also [19, 20, 26]) is

7(F) < v(F)log? 2 v(F)(log v(F) — 1/2) + d.

Kim et al. [21] also proved that, for any famil§ of translates of a centrally symmetric convex body in
the plane;(F) < 6 - v(F) — 3. The following theorem gives a general bound for any celgtssimmetric
convex body inR?¢ and an improved bound (if(F) > 5) for any centrally symmetric convex body in the
plane:

Theorem 2. For any familyF of translates of a centrally symmetric convex bstiyp R¢,

01(S)

T(f)SQd-éL(S)-

v(F). (2)

Moreover,r(F) < 24 - v(F) whend = 3, and7(F) < L& . y(F) whend = 2.

For special types of convex bodies in the plane, the follgvtimeorem gives sharper bounds than the
bounds implied by Theorem 1 and Theorem 2. Also, as we wilhslater, inequality (3) below may give a
better asymptotic bound than (1) and (2) for high dimensions

Theorem 3. Let F be a family of translates of a convex badyin R?. Then
7(F) Sm]jn/{((C—C)ﬂL,C’) -v(F), (3)

whereL ranges over all closed half spaces bounded by hyperplamesgh the center of’ — C'. Moreover,
T7(F) <4-v(F)—1if Cis a centrally symmetric convex body in the plane. Also,

(i) If Cisasquare, them(F) <2 -v(F)—1,
(i) If Cisatriangle, thenr(F) <5-v(F) —2,



(i) If C'is adisk, thenr(F) <4-v(F)—1.

Having presented our bounds for families of translates, o turn to families of homothets. Kim
et al. [21] proved that, for any familf of homothets of a convex body in the plane;(F) < 16 - v(F)
and, if C' is centrally symmetricy (F) < 9 - v(F). The following theorem gives a general bound for any
convex body ifR¢, an improved bound for any centrally symmetric convex bodye plane, and additional
bounds for special types of convex bodies in the plane:

Theorem 4. Let F be a family of homothets of a convex bagyn R%. Then
7(F) < k(C - C,C) - v(F). 4)
In particular, 7(F) < 7-v(F) if C'is a centrally symmetric convex body in the plane. Moreover,
(i) If Cisasquare, them(F) <4-v(F) -3,
(i) If Cisatriangle, thenr(F) < 12-v(F) -9,
(i) If Cisadisk, then(F) <7-v(F)—3.

For any parallelepiped’ in R¢, C — C'is a translate 02C and can be covered B translates of”,
thusx(C — C,C) < 2%. This implies the following corollary:

Corollary 2. For any family.F of homothets of a parallelepiped R, 7(F) < 27 - v(F).

Both Theorem 3 and Theorem 4 are obtained by a simple greethothaused also previously by Kim
et al. [21]. Although we have improved their bounds using meghniques in Theorem 1 and Theorem 2,
we show that a refined analysis of the simple greedy methddsyeven better asymptotic bounds for high
dimensions in Theorem 3 and Theorem 4. We will use the folligeémma by Chakerian and Stein [7] in
our analysis:

Lemma 1 (Chakerian and Stein [7])For every convex bodg' in R¢ there exist two parallelepiped® and
Q@ such thatP C C C @, whereP and () are homothetic with ratio at most

For any convex body” in R¢, let P andQ be the two parallelepipeds in Lemma 1. Sin¢e- C' C
Q — QandP C C, it follows thatx(C — C,C) < k(Q — Q,P) = r(2Q,P) < (2d)¢; see also [21,
Lemma 4]. The classic survey by Danzer, Grinbaum, and Kleedp. 146-147] lists several other upper
bounds due to Rogers and Danzer:«{{’’ — C,C) < %3‘“1%(0) for any convex body in R4, (ii)
k(C — C,C) < 5% andk(C — C,C) < 3%7(C) for any centrally symmetric convex body in R¢. Note
thatfr(C) < dind + dInlnd + 5d = O(dlog d) for any convex body” in R¢, according to a result of
Rogers [28]. The following lemma summarizes the upper beuwrd(C' — C, C):

Lemma 2. For any convex bod¢' in R?, x(C' — C,C) < min{(2d), d2—f13d+10T(C)} = 0(6%1log d).
Moreover, ifC' is centrally symmetric, then(C' — C,C') < min{5¢, 3%07(C)} = O(3%dlogd).

From Lemma 2 and Theorem 4, it follows th#(C') is bounded by a function ef, namely byO (6% log d),
for any convex bodyC in R¢. Sinceminy x((C — C) N L,C) < k(C — C,C), Lemma 2 also pro-
vides upper bounds ominy, x((C' — C) N L,C) in Theorem 3. As a result, (3) implies an upper bound
7(F) < O(6%1og d) - v(F) for any family F of translates of a convex body &, which is better than the
upper boundr(F) < d(d + 1)%! - v(F) in (1) whend is sufficiently large. Also, (3) implies an upper
boundr(F) < 3%7(S) - v(F) for any family F of translates of a centrally symmetric convex bagljn
R<. Schmidt [29] showed that, for any centrally symmetric @nisodyS, i, (S) = Q(d/2%); see also [5,
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Convex bodyC' inR? a(C) upper

arbitrary d=2|6 T1
centr.symm. d=2 |4 T3
arbitrary d=3 |48 T1
centr.symm. d=3]|24 T2
arbitrary d >3 | min{d(d + 1)41, 2534197(C)} T1T4-L2
centr. symm. d >3 | min{d(d + 197!, 208:&3, 59, 3%6,(C)}  TLT2T4-L2
parallelepiped d > 2 | 2¢-1 C1
Convex bodyC' in R? B(C) upper

arbitrary d=2 |16 [21]
centr.symm. d=2|7 T4
arbitrary d=3|216 TT4-1L2
centr.symm. d=3| 125 1T4-1L2
arbitrary d >3 | min{(2d)?, dz—i?,dHHT(C)} T4-L2
centr. symm. d >3 | min{5%, 3%1(C)} T4-L2
parallelepiped d > 2 | 2¢ C2

Table 1: Upper bounds om(C) and3(C) for a convex bodyC in R?. By Theorem 4 and Lemma 2: faof = 3,
(2d) = 216 and5? = 125.

p. 12]. Hence (2) implies the bound.F) < O(4?/d)0.(S) - v(F). Note thatdr(S) < 61(S). So (3) may
be also better than (2) for high dimensions. Table 1 summstize current best upper boundscgd’) and
((C) (obtained by us and by others) for various types of convexesad in R?.

A natural question is whether(C') or 3(C') need to be exponential th The following theorem gives
a positive answer:

Theorem 5. For any convex bodg' in R%, 3(C) > a(C) > gggg; In particular, if C' is the unit ballB% in
RY, then3(C) > a(C) > 2(0-599Fe(1)d agq — oo,

Kim et al. [21] asked whether the upper bour(dF) < 3-v(F) holds for any familyF of translates of a
centrally symmetric convex body in the plane. This uppemiobif true, is best possible because there exists
a family F of congruent disks (i.e., translates of a disk) such tia&) = 3 - v(F) for anyv(F) > 1 [14];
see also [21, Example 10]. On the other hand, Karasev [18grthatr (F) < 3-v(F) = 3 for any family
F of pairwise-intersecting translates of a convex body inglame. Also, for any familyF of congruent
disks such that(F) = 2, Kim et al. [21] confirmed that (F) < 3 - v(F) = 6. Our Corollary 1 confirms
that7(F) < 2-v(F) for any family F of translates of a parallelogram. The following theoremfitors the
upper bound-(F) < 3 - v(F) for another special case:

Theorem 6. For any family F of translates of a centrally symmetric convex hexagdf;) < 3 - v(F).
Moreover, ifv(F) = 1, thent(F) < 2.

A hexagonpipapspapspe is affinely regular if and only if (i) it is centrally symmetriand convex, and
(ii) p2p1 + p2ps = psp4. Note that a centrally symmetric convex hexagon is not reegég affinely regular.
Grunbaum [14] showed that; (C') = 2 for any affinely regular hexagofi. Theorem 6 implies a stronger
and more general result that= «;(C) < «(C) < 3 for any centrally symmetric convex hexagéh
Theorem 3 (i), (i), and (iii) imply that(C) < 2 for any square”, «(C) < 5 for any triangleC, and
a(C) < 4 for any diskC. Theorem 4 (i), (i), and (iii) imply tha3(C') < 4 for any square”, 5(C) < 12
for any triangleC, and3(C) < 7 for any diskC. We also have the lower boundgC) > «(C) > %




for any squareC' [15], 3(C) > a(C) > «a1(C) = 3 for any triangleC [7], a(C) > «a1(C) = 3 and
B(C) > p1(C) = 4 for any diskC [14, 9]. Table 2 summarizes the current best bounds (@) and3(C)
for some special convex bodi€ésin the plane.

Special convex bod¢' in the plane | «(C') lower | o(C) upper| 5(C) lower | 5(C) upper
centrally symmetric convex hexagqr2 [14] | 3 T6 | 2 [141 1 7 T4
square 3 [15] | 2 T3 |3 [15] | 4 T4
triangle 3 [7]1 | 5 T3 | 3 [7] | 12 T4
disk 3 [14] | 4 T3 | 4 [14] | 7 T4

Table 2:Lower and upper bounds en(C) and3(C') for some special convex bodié€sin the plane.

2 Upper bound for translates of an arbitrary convex body in R?

In this section we prove Theorem 1. LEtbe a family of translates of a convex bo@yin R?. Let P and@
be any two parallelepipeds R? that are parallel to each other, such tRat C' C Q. Since the two values
7(F) andv(F) are invariant under any non-singular affine transformatib@’, we can assume th&t and
Q are axis-parallel and have edge lengttende;, respectively, along the axis, 1 < i < d.

We first show thatr (7)) < [eq] - v(7) for any family 7 of C-translates whose corresponditiy
translates intersect a common libparallel to the axis:;. Define ther,-coordinateof a C-translate as the
smallestz;-coordinate of a point in the correspondifgtranslate. Sef; = 7, let C; be theC-translate
in 7; with the smallestc;-coordinate, and lef; be the subfamily of”-translates iri7; that intersectCy
(S1 includesCy itself). Then, for increasing values afwhile 7; = 7 \ Ji—} S; is not empty, letC; be
the C-translate inZ; with the smallestr;-coordinate, and lef; be the subfamily of”-translates iriZ; that
intersectC;. The iterative process ends with a partitdn= |J;-, S;, wherem < v(T).

Denote bye; the x4-coordinate of’;. Then eachC-translate in the subfamilg;, which is contained in
aQ-translate of edge lengthy along the axis:4, has ancs-coordinate of at least and at most; + ¢4, and
the corresponding’-translate, whose edge length along the axiss 1, contains at least one of tHe, |
points on? with x4-coordinates:; + 1,...,¢; + [eq]. These[ey| points form a piercing set fa$;, hence
7(Si) < [eq]. It follows that

T(T) <Y 7(S) < [eq] - m < [eq] - v(T). (5)
i—1
For (ay,...,aq—1) € R, denote byl(ai,...,as_;) the following line inR? that is parallel to the
axiszy.
{(.1'1,... 7$d) | (xlw" 7$d—1) = (a17"' 7ad—1)}‘

Now consider the following (infinite) set of parallel lines:

{1 + b1, a1 +ba—1) | (Gay---ydar) €271 Y,

where(by, ...,bs_1) € R 1 is chosen such that no line ihis tangent to theé>-translate of any’-translate
in 7. Recall thatP and@ are axis-parallel and have edge lengthende;, respectively, along the axis,
1 <7 < d. So we have the following two properties:

1. For anyC-translate inF, the corresponding’-translate intersects exactly one linedn
2. For any twaC'-translates irf, if the two corresponding’-translates intersect two different lines£n
of distance at least; + 1 along some axis;, 1 < i < d — 1, then the twaC'-translates are disjoint.
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PartitionF into subfamiliesF(j1,. . ., jq—1) of C-translates whose correspondiRetranslates intersect
acommon lin€(j1+b1, ..., ja—1+bg_1). LetF'(kq,..., kq_1) be the union of the familie$ (ji,. .., jq—1)
such thatj; mod [e; + 1] = k; for 1 < i < d — 1. It follows from (5) that the transversal number of each

subfamily 7/ (kq, ..., kq_1) is at most[ey] times its packing number. Therefore we have
T(F) < Z 7 (F' (K1, ... ka-1)) < [ed] Z v(F (ki,... ka-1))
(klv“'vkdfl) (klv"'vkdfl)
d—1
< <f€dw [ ICE: 11) -V (F). (6)
=1

Since (6) holds for any pair of parallelepipeBsandQ in R¢ that are parallel to each other and satisfy
P C C C Q, it follows by the definition ofy(C) that(F) < v(C) - v(F). By Lemma 1, there indeed
exist two such parallelepiped? and@ with length ratios\;(P, Q) = d for 1 < i < d. It then follows that
7(C) < d(d + 1)1 for any convex body> in R%. This completes the proof of Theorem 1.

3 Upper bound for translates of a centrally symmetric convexbody in R?

In this section we prove Theorem 2. Recall tf@t is the Lebesgue measure of a convex botdy R?, and
that|F| is the Lebesgue measure of the union of a farfilgf convex bodies ifiR?. To establish the desired
bound onr(F) in terms ofv(F) for any family F of translates of a centrally symmetric convex bagly
in R?, we link both7(F) andv(F) to the ratio|F|/|S|. We first prove a lemma that links the transversal
numberr (F) to the ratio|F|/|S| via the lattice covering density of:

Lemma 3. Let F be a family of translates of a centrally symmetric convexy®th R<. If there is a lattice
covering ofR? with translates of5 whose covering density & 6 > 1, thent(F) < 0 - |F|/|S)|.

Proof. Denote bysS,, a translate of the convex bodycentered at a point. SincesS' is centrally symmetric,
for any two pointg andg, p intersectsS, if and only if ¢ intersectsS,,. Given a lattice covering dr< with
translates ofS, every pointp € R¢ is contained in some translatg in the lattice covering, hence every
translateS, contains some lattice poigt

Let A be a lattice such that the corresponding lattice coveriril tnanslates of' has a covering density
of #. Divide the union of the convex bodies jf into pieces by the cells of the lattide then translate all
cells (and the pieces) to a particular cell, sayBy the pigeonhole principle, there exists a pointrirsayp,
that is covered at mos$tF|/|o| | times by the overlapping pieces of the union. kéte the number of times
thatp is covered by the pieces. Now fiX but translate the latticA to A’ until p becomes a lattice point of
A’. Then exactlyk lattice points ofA’ are covered by thé&-translates inF. Since everyS-translate inF
contains some lattice point df’, we have obtained a transversal/Bfconsisting ofk < ||F|/|o]|] lattice
points of A’. Note that? = |S|/|o|, and the proof is complete. O

The following lemma is a dual of the previous lemma, and links the packing nurabé to the ratio
|F|/|S]| via the lattice packing density ¢f:

Lemma 4. Let F be a family of translates of a centrally symmetric convexy®h R<. If there is a lattice
packing inR“ with translates ofS whose packing density & ¢ < 1, thenv(F) > 2% -|Fl/1S].

Proof. Let S” be a homothet of scaled up by a factor &. SinceS is centrally symmetric, ai§-translate
is contained by arb’-translate if and only if the5-translate contains the center of thetranslate. Given

2The planar case of Lemma 4 is also implied by [4, Theorem 5].



a lattice packing iR with translates of5’, two S'-translates centered at two different lattice points are
disjoint, hence twd-translates containing two different lattice points argalnt.

Let A be a lattice such that the corresponding lattice packing tsnslates of’ has a packing density
of ¢ (such a lattice exists becauS§éis homothetic taS). Divide the union of the convex bodies jh into
pieces by the cells of the lattick, then translate all cells (and the pieces) to a particully s&y o. By
the pigeonhole principle, there exists a pointsinsay p, that is covered at leastF|/|o|] times by the
overlapping pieces of the union. Letbe the number of times thatis covered by the pieces. Now fiX
but translate the latticA to A’ until p becomes a lattice point af’. Then exactlyk lattice points ofA’
are covered by thé&-translates inF. Choosek translates inF, each containing a distinct lattice point of
A’. Since any twaS-translates containing two different lattice points/dfare disjoint, we have obtained a
subset oft > [|F]|/|o|] pairwise-disjointS-translates inF. Note thats = |S’|/|o| = 2¢|S|/|o|, and the
proof is complete. O

By Lemma 3 and Lemma 4 we have, for any famftyof translates of a centrally symmetric convex

body inR?, 7
j:’

R R T TR R
Smith [30] proved that, for any centrally symmetric convedp S in 3-spacef(S) < 3-45(S). This
immediately implies that, for any famil§ of translates of a centrally symmetric convex bdtyn 3-space,
7(F) < 23-3-v(F) = 24 - v(F). A similar inequality for the planar case was proved by Kineeg [22]:
for any (not necessarily centrally symmetric) convex botlin the planep(C) < % - 6(C). However, this
result is not about lattice covering and packing, so we cans®@it to obtain the bound in Theorem 2 for the

planar case. Instead, we prove the following “sandwich”riean

4, 0L08) Su(S) |F| _ o 0u(S)

Lemma 5. Let F be a family of translates of a (not necessarily centrally syatric) convex bodg’ in R,
Let A and B be two centrally symmetric convex bodie®Rifisuch thatd C C C B. Then

(F) < 2¢. ’— . -v(F).
) < |Al oL(B) )
Proof. SinceA C C, it follows by Lemma 3 that
7|
T(F) <0,(A) - —.
(F) <004 1
SinceC C B, it follows by Lemma 4 that
or(B) |7
> R
v(F) 2 =5 B

Putting these together yields
FL e 1BL 0A) SuB) 1F g 1B] 00(4)
= . <
Al Al or(B) 2 |B] Al 6L(B)
We also need the following lemma which is now folklore [5, ©hem 2.5 and Theorem 2.8]:

7(F) < 0L(4)

v(F). O

Lemma 6. For any centrally symmetric convex bodyin the plane, there are two centrally symmetric
convex hexagond and H' such that? C S C H' and|H|/|H'| > 3/4.

Note thatd; (H) = ., (H) = 1 for a centrally symmetric convex hexagéh SetA = H, B = H', and
C = S in the previous two lemmas, and we have, for any fanfilpf translates of a centrally symmetric

convex body in the plane,

T(f)§22.%.l.y(f)zg’l/(f).

This completes the proof of Theorem 2.



4 Upper bound by greedy decomposition and lower bound by padkg and
covering

In this section we prove Theorems 3, 4, and 5.

Proof of Theorem 3. Let F be a family of translates of a convex bo@yin R?. Without loss of generality,
assume that((C — C) N L,C) is minimized whenL = {(xl, ..,xq) | g > 0}. Perform agreedy
decompositioras follows. Fori = 1,2,..., while 7; = F \ U _18 is not empty, letC; be the translate
of C in 7; that contains a point of the Iarges,; -coordinate, and le§; be the subfamily of translates 1
that intersecC; (S; includesC; itself). The iterative process ends with a partitiéh= [ J;", S;, where
m < v(F). We next show that(S;) < x((C —C)NL,C).

Choose any point id' as a reference point. We have the following lemma

Lemma 7. Let A and B be two translates of’ with reference pointa andb, respectively. Then,
(i) A containsb if and only if —(B — b) + b containsa,
(ii) If AintersectsB, thena is contained in a translate af' — C centered ab.

Proof. () be A <= b—a€A—a=B—-b < a—be —(B—-b) <= ac —(B—-0b)+b. (ii)Let
ce ANB. Thence A—c—-a€A—-a=—a—c€ —(A—a),andce B=—c—-beB-b=A—a.
It follows thata —b=(a —¢)+ (c—b) € —(A—a)+(A—a)=C - C. O

By Lemma 7 (ii), the reference point of each translat&’ah S; is contained in a translate ¢t — C
centered at the reference point@f Since the translate ¢f — C'is covered by:(C — C, —C) translates of
—C, itfollows by Lemma 7 (i) that each translate@fn S; contains one of the(C —C, —C') corresponding
reference points. Therefore,

7(S;) < k(C - C,-C) =k(C - C,0). (7)

The stronger bound(S;) < x((C — C) N L, C) follows by our choice of”;. We have

iT (C-C)NL,C)-m<k((C—-C)NL,C)-v(F).
i=1

In the special case th&t is a centrally symmetric convex body in the pladé— C is a translate of
2C'. Assume without loss of generality th@tis centered at the origin. Theti — C' = 2C. We have the
following lemma on coverin@C' with translates of”; this lemma is implicit in a result by Grinbaum [14,
Theorem 4], we nevertheless present our own simple proeffoeicompleteness:

Lemma 8. Let C' be a centrally symmetric convex body in the plane. Thércan be covered by seven
translates ofC, including one translate concentric wittC' and six others centered at the six vertices,
respectively, of an affinely regular hexagfiz: concentric with2C'.

Proof. Refer to Figure 2. Let the centerof C' be the origin. Letp, andp; be the intersections of the
boundary of2C and an arbitrary ling through the origin. Choose two points and pg on the boundary
of 2C on one side of the ling, and choose two pointg; and p, on the other side, such thaips =
Pspi = % paps. Thenpipopspapspe is an affinely regular hexagon. LBf be this hexagon inscribed in
2C. Consider the (shaded) hexagfi that is a translate off with two opposite verticep; andpg. Let
q1 andgg be the midpoints op;0 andpgo, respectively. Ther; andgg are also vertices off’. The two
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p1 Pe
q1 qd6
D2 \ ‘ / D5
b3 — P4

Figure 2:Covering2C with seven translates @f. 2H = p1papspapspe is an affinely regular hexagon inscribed in
2C; o is the center 02C; o' is the intersection of the two lines extendingp; andpsps; ¢1 andgg are the midpoints
of p1o andpgo, respectively.

hexagon®H and H' are homothetic with ratio 2 and with homothety center at tiersection’ of the two
lines extendingep; andpsps. Let C’ be a translate of’ such thatf’ is inscribed inC’. ThenC’ covers
the part o2C between the two raysp; andopg. It follows that2C is covered by seven translates(@fone
centered at the origin, and six others centered at the rtpof the six sides dtH, respectively. The six
midpoints are clearly the vertices of another (smallerheffi regular hexagon concentric wizii'. Let H¢
be this hexagon, and the proof is complete. O

Choose the halfplané through the center dfC and any two opposite vertices of the hexa@dh =
p1p2p3papspe In Lemma 8. Them((C' — C) N L, C) < 4. It follows thatr(F) < 4 - v(F) for any family
F of translates of a centrally symmetric convex body in theela

-

L Ie=s
@ W

(b) ©

Figure 3:Piercing a subfamilys; of translates that intersect the highest transigtédark-shaded). (a) The centers
of the squares are contained in the light-shaded rectatiglsguares can be pierced by two points. (b) The lower-left
vertices of the triangles are contained in the light-shadsakzoid; the triangles can be pierced by five points. (€ Th
centers of the disks are contained in the light-shadeddisk-the disks can be pierced by four points.

To complete the proof of Theorem 3, we apply the greedy deositipn algorithm to some simple
types of convex bodies in the plane: squares, trianglesdisikd. We use some known boundstF) for
families 7 with smallv(F), for examplea; (C) for v(F) = 1, to obtain slightly better upper bounds for
these special cases. We refer to Figure 3, wheretlendx, axes are the andy axes.

FirstletC be a square, and refer to Figure 3 (a). Corollary 1 impliesth&) < 2-v(F) for any family
F of translates of”. We obtain a slightly better bound by a tighter analysis ef gheedy decomposition

11



algorithm. Assume that’ is axis-parallel and has side length Choose the center @f as the reference
point. Then the centers of the squaresjrare contained in the light-shaded rectangle of witléimd height
1, which is covered by two unit squares centered at the tworloerices ofC;. Each square i¥; contains
one of the two lower vertices @¥;, thus7(S;) < 2. Consider two cases:

1. m <v(F)—1. Then
dr(S) <2 (wF) 1) =2 v(F) -2
=1

7(F)

IN

2. m =v(F). Thenv(S,,) = 1. It follows that7(S,,) < a;1(C) =1 [14]. Then

T(j:)SiT(Si)§2’(1/(f)—1)+1:2'y(.7:)—1.

i=1

Next letC be a triangle, and refer to Figure 3 (b). Assume thidtas a horizontal lower side. Choose
the lower-left vertex of”' as the reference point. The lower-left vertices of the gias inS; are contained
in the light-shaded trapezoid, which can be covered by fimsiates of-C. Hence each triangle i§;
contains one of the upper-right vertices of these five tedas| thus (S;) < 5. The proof can be finished in
the same way as for squares by considering the two eases/(F) — 1 andm = v(F), and using the fact
thata; (C) = 3 for any triangleC [7].

Finally let C' be a disk, and refer to Figure 3 (c). Assume ttahas radiusl. Choose the center of
C as the reference point. Then the centers of the disks are contained in the light-shaded half-disk of
radius2. It is well known (see [13]) that a disk of radi@scan be covered by seven disks of radiysvith
one disk in the middle and six others around in a hexagonaidton. Therefore the half-disk of radius
2 can be covered by four disks of radilis The center of each disk ifi; is contained by one of the four
disks; by symmetry, each disk &} contains the center of one of the four disks, thgs;) < 4. Again,
the proof can be finished by considering the two cases v(F) — 1 andm = v(F) as done for squares
and triangles, and using the fact that(C') = 3 for any diskC' [14]. Indeed the same argument shows that
T(F) <4-w(F)—1)+3=4-v(F)— 1forany centrally symmetric convex body in the plane since
a1(C) < 3 also holds [18]. This completes the proof of Theorem 3.

Proof of Theorem 4. Let F be a family of homothets of a convex bodyin R?. We again use greedy
decomposition. The only difference in the algorithm is thats now chosen as the smallest homothet of
C'in 7;. By our choice ofC;, each homothet i5; contains a translate @f; that intersects”;. Hence the
boundr(S;) < k(C — C, C) follows in a similar way as the derivation of (7).

Let nowC be a centrally symmetric convex body in the plane. By LemmaeBhavex(C — C,C) < 7.
Thent(S;) < k(C — C,C) < 7, from which it follows thatr (F) < 7 - v(F) for any centrally symmetric
convex bodyC' in the plane.

The analysis for special types of convex bodiesn the plane (squares, triangles, and disks) is also
similar to the corresponding analysis in the proof of TheoB We obtain the bound(S;) < x(C — C,C)
and show that(C'—C, C') < 4forany squar€’, x(C—C, C) < 12forany triangleC, andx(C—C,C) < 7
for any diskC, then uses; (C) instead ol (C) to boundr(S,,) in case 2. As discussed in the introduction,
it is known that, (C') = 1 for any square” [14], 5, (C) = 3 for any triangleC [7], and 3, (C) = 4 for any
disk C' [14, 9]. This completes the proof of Theorem 4.
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Proof of Theorem 5. Let C be a convex body iR? andn be a positive integer. We will show that
B(C) > a(C) > 67(C)/67(C) by constructing a familyF;,, of n? translates o, such that

lim 7(/n) > 0r(C)

By Lemma 1, there exist two homothetic parallelepipédand@ with ratio d such thatP C C C Q.
Without loss of generality (via an affine transformation)e wan assume thdt and ) are axis-parallel
hypercubes of side lengthsandd, respectively, and thd? is centered at the origin. Now choose the origin
as the reference point @f. LetF,, = {C +t | t € T,,} be a family of translates af' corresponding to a
set ofn?? regularly placed reference points

T, = {(t1/n,... . tg/n) | (tr,... tq) € Z1 < t1,...,tq < n’}.

Denote byH (¢) any axis-parallel hypercube of side length

We first obtain an upper bound efiF,,). For eachC +t¢ € F,,,we haveC +t C C + T, C Q + T,,.
Note that@) + T, is an axis-parallel hypercube of side length exaothy % + d. Denote byér(X,Y) the
supremum of the packing density of a dom&irC R? by translates of{. By a volume argument, we have

0r(C,Q+Ty) - 1Q+Tu| _ 07(C.H(n— 3 +d) - (n— 3 +d)*

v(Fn) <
(Fn) c @

9)

We next obtain a lower bound ar{,,). By Lemma 7 (i), piercing the family,, of translates o’ is
equivalent to covering the corresponding Egtof reference points by translates-et’. Let .S,, be any set
of points such that;,, C —C + S, that is,T,, is covered by the s€t-C + s | s € S,,} of translates of-C'.
We also have-2P C —1(C sinceP C C. It follows that

—lp+T, C-1C+(-C+8,)=-1+1)C+8,.

Thus7(F,) is at least the minimum number of translates-fl + )C that cover—1 P + T;,. Note that

n

—%P + T, is an axis-parallel hypercube of side length exagathDenote bydr(X,Y) the infimum of the
covering density of a domaifi C R? by translates ofX. Again by a volume argument, we have

L Or(=0+5)C =3P+ T) =3P+ Tal _ 00((+3)C H(n)) -nf

7(Fn) 2 |_(1+%)C| (1+%)d' C|

(10)

From the two inequalities (9) and (10), it follows that

r(F)  r((1+ 10 Hm) 1

v(Fn) = 6r(C.H(n— 1 +d)) (1+2)4(1— L+ 57

Taking the limit as: — oo, we havedr ((1+ 1)C, H(n)) — 07(C), 67 (C, H(n— 1 +d)) — ér(C), and
(1+ 141 — L + 4)d 1. This yields (8) as desired.

We now consider the special case tidats the d-dimensional unit ball3¢ in R?. We clearly have
07 (B?) > 1. Kabatjanskil and Levenstein [16] showed thatB?) = §(B?) < 27059+ g5q — oc;
see also [5, p. 50]. Therefore we have

d
B(Bd) > Oé(Bd) > HT(B ) > 2(0.59910(1))d asd — oo.
This completes the proof of Theorem 5.
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Figure 4:A centrally symmetric convex hexagdh = p1pap3papspes-

5 Upper bound for translates of a centrally symmetric convexhexagon

In this section we prove Theorem 6. LEthe a family of translates of a centrally symmetric convexagmn
H in the plane.

We refer to Figure 4 for the general cager) > 1. We will prove thatr(F) < 3-v(F). By Theorem 1,
it suffices to show that/(H) < 3. We will show thaty(H) < 3 by finding two parallelogramg$®> and
@ that are parallel to each other, with length ratios= A\ (P,Q) < 2 andh = (P, Q) = 1, such
thatP C H C Q. Let H = p1papspapsps. Without loss of generality (via an affine transformatiotie
parallelogranpsepspsps is an axis-parallel rectangle of widily2 and heightl. If the hexagon is contained
in an axis-parallel unit square, then we can chaBsmd( as the rectanglg.pspspg and the square, whose
length ratios arev = 2 andh = 1. Suppose otherwise. Assume thpatis higher tharp,. Then we choose
P as the parallelogram; pspspg and(@ as the (dashed) parallelogram circumscribiigand parallel taP.
Let u be the intersection gf; p3 andpsps, and letv be the intersection gispg andpsps. The length ratios
of P and@ arew = |paps|/|uv| andh = 1, wherew is maximized ta®2 whenp; andp, are the midpoints
of the two vertical sides of the unit square.

We refer to Figure 5 for the special caseF) = 1. We will prove thatr(F) < 2. The centrally
symmetric convex hexagoH is the intersection of three strifgs, So, and.Ss, each bounded by the two
supporting lines of a pair of parallel edges &t Without loss of generality, assume that the sfipis
horizontal. LetA be the highest translate &f in 7, and letB be any other translate @ in . Then the
y-coordinates of the centers df and B differ by at most the width of the strig;. This implies that the
centers of all translates @f in F are contained in a translate §f. Apply the same argument to the other
two stripsS, andSs. It follows that the centers of all translatesifin F are contained a hexagdf that is
the intersection of three strigg, S5, andS5, which are translates df;, S2, andSs, respectively. Lefd;,
H3, and Ha3 be the three unique translatesifcontained inS} N S5, S1 N S5, andS) N S5, respectively.
Then any two of the three translatesif say H,, and H;3, cover the hexagofl’. It follows by symmetry
that two points (the centers @f,, and H;3) are enough to pierce all members®f This completes the
proof of Theorem 6.

6 Conclusion

We believe that our bounds in Lemma 3 and Lemma 4 are not dgathave the following conjectures:
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Figure 5: (a) A centrally symmetric convex hexagdh is the intersection of three strigfg, S2, and.Ss. (b) The
centers of all translates &f in F are contained in the shaded hexadffthat is the intersection of three strif$, 5%,
andS%; the shaded hexagdi’ is covered by any two of the three translatedhbf H15 C S NSy, Hiz € S1 N SE,
andHsy3 C S, NS5, Hyz is shownin bold lines.

Conjecture 1. Let F be a family of translates of a centrally symmetric convexyb®dn the plane. Then
T(F) < |F1/IS].

Conjecture 2. Let F be a family of translates of a centrally symmetric convexyb®dn the plane. Then
v(F) = 1 1FI/IS]-

If both conjectures were to hold (note that they hold for thecsal cases whef is a parallelogram
or a centrally symmetric convex hexagon sitggS) = J1(S) = 1 in such cases), then we would have
an alternative proof of essentially the same bou#) < 4 - v(F) as in Theorem 3 for any family~
of translates of a centrally symmetric convex body in thenplaConjecture 2 is related to another recent
conjecture [3] in the spirit of Rado [27]:

Conjecture 3 (Bereg, Dumitrescu, and Jiang [3]for any setS of (not necessary congruent) closed disks
in the plane, there exists a subgebf pairwise-disjoint disks such th&k|/|F| > 1.

Note that a diskD is centrally symmetric; for any family of congruent disks (i.e., translates of a disk)
in the planey(F) > 1. |F|/|D| if and only if there exists a subs&tof pairwise-disjoint disks such that
IZI/|F| = 3.

Approximation algorithms. A computational problem related to the results of this pdapdinding a
minimume-cardinality point set that pierces a given set afrgetric objects. This problem is NP-hard even
for the special case of axis-parallel unit squares in thee[42], and it admits a polynomial-time approxi-
mation scheme for the general case of fat objeci®?fi8] (see also [6] for similar approximation schemes
for several related problems). These approximation schdraee very high time complexities®(1/<*),
and hence are impractical. Our methods for obtaining theeuppunds in Theorems 1, 2, 3, and 4 are
constructive and lead to efficient constant-factor appnation algorithms for piercing a set of translates or
homothets of a convex body. The approximation factors, wbepend on the dimensiaef) are the multi-
plicative factors in the respective bounds (¥ ) in terms ofv(F) in the theorems, see also Table 1 and
Table 2. For instance, Theorem 1 yields a fagt@pproximation algorithm for piercing translates of a con-
vex body in the plane, and Theorem 4 yields a fa@figr-approximation algorithm for piercing homothets
of a convex body ir8-space.
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Note. After completion of this work and shortly before journal suibsion, we learned that very recently,
Naszodi and Taschuk [25] independently obtained somdtsesimilar in nature to our Theorems 4 and 5.
There are however differences in the specific bounds:

1. They proved that 3(C) < 2¢(%!)(dInd + dInlnd + 5d) for any convex body"' in R, and that
B(C) < 3%4dInd + dlnlnd + 5d) for any centrally symmetric convex body in R%. Note that
their upper bound for the centrally symmetric case is egdnthe same as our bound(C) <
399, (C) by Theorem 4 and Lemma 2. Their upper bound for the general tasvever, is weaker

than our bound3(C) < i3d+19T(C), also by Theorem 4 and Lemma 2. By Stirling’s formula,

d+1
(2) = @0 — ©(4?//d). Compare the factc? (%) = ©(8/v/d) in their bound with the factor
2034+ = 9(6%/d) in our bound.

2. They also derived the following lower bound: for suffidignarge d, there is a convex bodg' in
R? such that(C) > £(1.058). This lower bound is analogous to our exponential lower bioian
Theorem 5: ifC' is the unit ballB¢ in R?, thena(C) > 2(0-59+e())d ~ (1.51)? asd — oc. Recall
that our lower bound for the unit baB#? follows from a general lower bound for any convex bady
in R4, namely,a(C) > gggg; A comparison shows that their lower bound is both weakerlessl
general than ours.
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A Lower bound for translates of a triangle

In this section we prove the lower bound(7") > 3 for any trianglel” by a very simplé construction:

Proposition 1. For any triangleT’, there exists a familyr of nine translates of” such thatv(F) = 1 and
T(F) = 3.

Figure 6:Three pairwise-tangent translatés B, andC of a triangleT’. The dashed triangle Bc.

Proof. We refer to Figure 6. Le#d, B, and C be three translates df that are pairwise-tangent with
intersections at three verticesb, andc. We obtain six more translates Bfas follows. Translate a copy of
T for a short distance from B towardC, and letB¢ be the resulting translate. Similarly obta#y, Ac,
B4, C4, andCp. Let F be the family of nine translate$, B, C, Ag, Ac, Bc, Ba, C4, andCp. Itis clear
that any two members of intersect. We next show that three points are necessaretoepall members
of F. Suppose for contradiction that two points are enough. Tmenof the two points must be b, or ¢
sinceA, B, andC are pairwise-tangent. Assume tlais one of the two points. Then the other point must
intersect the three translatds B 4, andC'4 that do not contain the point But these three translates do not
have a common point whetis sufficiently small. We have reached a contradiction. O

By repeating the configuration of nine translates in Prajuosil, we can obtain a family of 9 v(F)
translates of a triangle such thatF) = 3 - v(F) for anyv(F) > 1.

4Simpler than the previous constructions [7, 23] that givesame lower bound.
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