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Abstract

We revisit several maximization problems for geometric networks design under the non-crossing
constraint, first studied by Alon, Rajagopalan and Suri (ACMSymposium on Computational Geometry,
1993). Given a set ofn points in the plane in general position (no three points collinear), compute
a longest non-crossing configuration composed of straight line segments that is: (a) a matching (b) a
Hamiltonian path (c) a spanning tree. Here we obtain new results for (b) and (c), as well as for the
Hamiltonian cycle problem:

(i) For the longest non-crossing Hamiltonian path problem,we give an approximation algorithm with
ratio 2

π+1
≈ 0.4829. The previous best ratio, due to Alon et al., was1/π ≈ 0.3183. Moreover, the ratio

of our algorithm is close to2/π on a relatively broad class of instances: for point sets whose perimeter
(or diameter) is much shorter than the maximum length matching. For instance “random” point sets meet
the condition with high probability. The algorithm runs inO(n7/3 log n) time.

(ii) For the longest non-crossing spanning tree problem, wegive an approximation algorithm with
ratio 0.502 which runs inO(n log n) time. The previous ratio,1/2, due to Alon et al., was achieved
by a quadratic time algorithm. Along the way, we first re-derive the result of Alon et al. with a faster
O(n log n)-time algorithm and a very simple analysis.

(iii) For the longest non-crossing Hamiltonian cycle problem, we give an approximation algorithm
whose ratio is close to2/π on a relatively broad class of instances: for point sets withthe product
〈 diameter× convex hull size〉 much smaller than the maximum length matching. Again “random”
point sets meet the condition with high probability. The algorithm runs inO(n7/3 log n) time. No
previous approximation results were known for this problem.
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1 Introduction

Self-crossing in planar configurations is typically an undesirable attribute. Many structures studied in com-
putational geometry, in particular those involving a minimization condition, have the non-crossing attribute
for free. Such examples are minimum spanning trees, minimumlength matchings, minimum traveling sales-
man tours, Voronoi diagrams, etc. The non-crossing property usually follows from the triangle inequality.

Alon et al. [3] have considered the problems of computing (i)the longest non-crossing matching, (ii) the
longest non-crossing Hamiltonian path and (iii) the longest non-crossing spanning tree, givenn points in
the plane. Although they were unable to prove it, they suspected that all these problems areNP -hard. They
judge this class of problems to be of a fundamental nature andto have applications for various other com-
binatorial optimization problems. The survey articles by Eppstein [10, pp. 439] and Mitchell [17, pp. 680]
list these as open problems in the area of geometric network optimization. The problem of approximating
the longest non-crossing Hamiltonian cycle is also of interest and wide open [5, pp. 338].

Without the non-crossing condition explicitly enforced, the problem of minimizing or maximizing the
length of a spanning tree, Hamiltonian cycle or path, perfect matching, triangulation, etc. has a rich history.
However if such structures are required to be non-crossing much less is known, in particular for the maxi-
mization variants. While for minimization problems, the non-crossing property comes usually for free via
the triangle inequality, in contrast, for maximization problems, the non-crossing property conflicts directly
with the length maximizing objective. This is another reason why these problems are interesting to study.

Related work. The existence of non-crossing Hamiltonian paths and cyclesin geometric graphs has been
studied in [2, 6]. Various Ramsey-type results for non-crossing spanning trees, paths and cycles have been
obtained in [14] and [15]. The Euclidean MAX TSP, the problemof computing a longest straight-line tour
of a set of points, has been provenNP -hard in dimensions three or higher [12], while its complexity in the
Euclidean plane remains open [17]. In contrast, the shortest non-crossing matching and the shortest non-
crossing spanning tree are both computable in polynomial time [10, 17], as they coincide with the shortest
matching and the shortest spanning tree respectively.

Definitions and notations. A set S of points in the plane is said to be ingeneral positionif no three
points are collinear. General position will be assumed throughout this paper. Given a set ofn points in the
plane, the results of Alon al. are as follows: (i) A non-crossing matching whose total length is at least2/π
of the longest (possibly crossing) matching can be computedin O(n7/3 log n) time. (ii) A non-crossing
Hamiltonian path whose total length is at least1/π of the longest (possibly crossing) Hamiltonian path
can be computed inO(n7/3 log n) time. (iii) A non-crossing spanning tree whose total lengthis at least
n/(2n − 2) ≥ 1/2 of the longest (possibly crossing) spanning tree can be computed inO(n2) time. Their
original results mention somewhat higher running times for(i) and (ii), which were based on the best upper
bound at that time on the number of halving lines of a set ofn points. The running times have been adjusted
to reflect the current best upper bound ofO(n4/3) on the number of halving lines as established by Dey [7].
Alon et. al. mention that their techniques can be applied to achieve constant factors approximations for the
longest triangulation, and the longest bounded-degree spanning tree onn points in the plane, although they
do not provide explicit bounds.

A geometric graphG is a pair(V,E) whereV is a finite set of points in general position in the plane,
andE is a set set of segments (edges) connecting points inV . The lengthof G, denotedL(G), is the sum
of the Euclidean lengths of all edges inG. The graphG is said to benon-crossingif its edges have pairwise
disjoint interiors (collinear triples of points are forbidden in order to avoid overlapping collinear edges).

For a point setS, let conv(S) be the convex hull ofS, and letP = P (S) denote the perimeter of
conv(S). Denote byD = D(S) the diameter ofS and writen = |S|. Let MOPT be a longest (possibly
crossing) matching ofS, and letM∗

OPT be a longest non-crossing matching ofS; observe that for odd
n, MOPT is a nearly perfect matching, with(n − 1)/2 edges. LetHOPT be a longest (possibly crossing)
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Hamiltonian path ofS, and letH∗
OPT be a longest non-crossing Hamiltonian path ofS. LetTOPT be a longest

(possibly crossing) spanning tree ofS, and letT ∗
OPT be a longest non-crossing spanning tree ofS. Finally,

let QOPT be a longest (possibly crossing) Hamiltonian cycle ofS, and letQ∗
OPT be a longest non-crossing

Hamiltonian cycle ofS. The following inequalities are obvious:L(MOPT) ≤ L(HOPT) ≤ L(TOPT).
Given a setS of n points in the plane, a lineℓ going through two points ofS is called ahalving lineif

there are⌊(n−2)/2⌋ points on one side and⌈(n−2)/2⌉ points on the other side [16]. Abisecting lineℓ of S
is any line that partitions the point set evenly. i. e., neither of the two open halfplanes defined byℓ contains
more thann/2 points ofS [8]. Observe that any halving line ofS is also a bisecting line ofS. Any bisecting
line of S yields (perhaps non-uniquely) a bipartitionS = R ∪ B, with R ∩ B = ∅, ||R| − |B|| ≤ 1, with R
contained in one of the closed halfplanes determined byℓ, andB contained in the other. We callS = R∪B
a linearly separable bipartition, or balanced partition ofS. Observe that for any non-zero direction vector
~v, there is a bisecting line orthogonal to~v, see [8, Lemma 4.4]. Two bisecting lines are calledequivalentif
they can yield the same balanced partition ofS. It is well known that the number of non-equivalent bisecting
lines of a set is of the same order as the number of halving lines of the set, and any balanced bipartition can
be obtained from a halving line [8, pp. 67].

Our results. In this paper we improve the results of Alon et al. regarding non-crossing Hamiltonian paths
and spanning trees, and obtain a new result for Hamiltonian cycles. Our results are summarized in the
following three theorems1.

Theorem 1. (i) For the longest non-crossing Hamiltonian path problem, there is an approximation algo-
rithm with ratio 2

π+1 ≈ 0.4829 that runs inO(n7/3 log n) time.

(ii) Given a set ofn points in the plane, one can compute a non-crossing Hamiltonian pathH in O(n7/3 log n)
time such thatL(H) ≥ 2

πL(HOPT)− P
π . In particular, if the point set satisfies the conditionP

π ≤ δL(HOPT)
for some smallδ > 0, thenL(H) ≥ ( 2

π − δ)L(HOPT).
(iii) Alternatively, one can compute a non-crossing HamiltonianpathH in O(n log n/

√
ε) time, such that

L(H) ≥ (1 − ε) 2
πL(HOPT) − P

π .

Theorem 2. For the longest non-crossing spanning tree problem for a given set ofn points in the plane,
there is an approximation algorithm with ratio0.502 and O(n log n) running time. More precisely, the
algorithm computes a non-crossing spanning treeT such thatL(T ) ≥ 0.502 · L(TOPT).

Although our improvement in the approximation ratio for spanning trees is very small, it shows that the
“barrier” of 1/2 can be broken. Also, while from a practical standpoint the improvement in the running time
is the most significant aspect, from a theoretical perspective the improvement in the approximation ratio is
the most challenging part of our result.

Theorem 3. Given a setS of n points in the plane, with|conv(S)| = h:
(i) One can compute a non-crossing Hamiltonian cycleQ in O(n7/3 log n) time such thatL(Q) ≥
2
πL(QOPT) − (2h − 1)P

π . In particular, if the point set satisfies the condition(2h − 1)P
π ≤ δL(QOPT)

for some smallδ > 0, thenL(Q) ≥
(

2
π − δ

)

L(QOPT).
(ii) Alternatively, one can compute a non-crossing Hamiltoniancycle Q in O(n3 log n) time such that
L(Q) ≥ 2

πL(QOPT) − (h + 2)P
π .

(iii) Alternatively, one can compute a non-crossing HamiltoniancycleQ in O(n log n/
√

ε) time, such that
L(Q) ≥ (1 − ε) 2

πL(QOPT) − (2h − 1)P
π .

In the formulation of Theorem 1, it may be convenient to replace the conditionP
π ≤ δL(HOPT) by the

condition P
π ≤ δL(MOPT), as the latter can be tested in polynomial time. Similarly, in the formulation

of Theorem 3, it may be convenient to replace the condition(2h − 1)P
π ≤ δL(QOPT) by the condition

(2h − 1)P
π ≤ δL(MOPT).

1Due to space limitations, some proofs are deferred to the Appendix: sections A, B, C.
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2 The Hamiltonian path

In this section we prove Theorem 1. LetS = {p1, . . . , pn}. We follow an approach similar to that of Alon
et al. using projections and an averaging argument, in conjunction with a result on bipartite embeddings
of spanning paths in the plane. Abellanas et al. [1, Theorem 3.1] showed that every linearly separable
bipartitionS = R∪B with ||R| − |B|| ≤ 1, admits an alternating non-crossing spanning path such that the
edges cross any separating lineℓ at points ordered monotonically alongℓ. Such a Hamiltonian path can be
computed inO(n log n) time. Their algorithm computes the same Hamiltonian path for any two equivalent
halving lines, that is, the alternating path depends on the bipartition only rather than the separating line.

We now recall the algorithm of Abellanas et al. [1]; see Fig. 4for an example. LetS = R ∪ B with
||R| − |B|| ≤ 1 be the red-blue bipartition given by a vertical lineℓ: R on the left,B on the right. Their
algorithm constructs an alternating pathA in the following way: Letrb be the top red-blue edge of the
convex hullconv(S), called thetop bridge. If |R| > |B|, setA := {r}, if |R| < |B|, setA := {b}, else set
A to {r} or {b} arbitrarily. At every step, recompute the top bridgerb of S \ A, and addr to A if the last
point inA was blue, or addb to A if the last point inA was red. As pointed out by the authors, the resulting
pathA is non-crossing becauseA is disjoint from the convex hull ofS \ A at each step.

We improve the lower bound of Alon et al. by computing the longest Hamiltonian path corresponding
to a bipartition and a Hamiltonian path of length at least theperimeter of the convex hull, and returning the
longest of the two.

Lemma 1. Given a point setS with |S| = n ≥ 31, a non-crossing Hamiltonian pathH1 of length at least
P (S) can be computed inO(n log n) time. The bound on the length is best possible.

Consider a geometric graphG = (V,E), and a pointq /∈ V , so thatV ∪{q} is in general position. Using
common terms describing visibility, we say thatq sees a vertexv ∈ V if the segmentqv does not intersect
any edge ofG. We also say thatq sees an edgee ∈ E, if the triangle formed byv ande does not intersect
any other edge ofG. We make use of the fact that ifn is even then the two endpoints of an alternating path
are on opposite sides of the separating lineℓ. If n is odd, we first construct an alternating path for a specific
subset ofn−1 points, and then augment it to a Hamiltonian path on alln points using the following lemma.

Lemma 2. Let S = R ∪ B with ||R| − |B|| ≤ 1, be a linearly separable bipartition given by lineℓ. Let
q ∈ S, andA′ be a non-crossing alternating path onS \ {q} such that its(consecutive) edges crossℓ at
points ordered monotonically alongℓ. Thenq sees one edge ofA′ and consequently,A′ can be extended to
a Hamiltonian pathA onS, with L(A′) < L(A). The pathA can be computed inO(n) time, givenA′.

Fix a Cartesian coordinate systemΓ. Let k be the number of halving lines ofS, denote the angles they
make with thex-axis ofΓ by 0 ≤ α1 < . . . αk < π. By relabeling the points assume that the optimal path is
HOPT = p1, p2, . . . , pn. For two pointspi, pj ∈ S, let βij be the angle in[0, π) formed by the line through
pipj and thex-axis. If n is odd, then a bisecting line of directionα (for anyα) must be incident to at least
one point ofS, and denote an arbitrary such point byqα.

Algorithm A1:
STEP 1. Compute a non-crossing Hamiltonian pathH1 of length at leastP (S), by Lemma 1.
STEP 2. If n is even, then for all non-equivalent bisections ofS (i.e., for all balanced bipartitions ofS),
compute a non-crossing alternating path using the algorithm of Abellanas et al. [1], and let the longest such
path beH2. If n is odd, then for all non-equivalent bisections ofS, compute a non-crossing alternating path
of the even point setS \ {qα} using the algorithm of [1] and let the longest such path beH ′

2. AugmentH ′
2

with vertexqα by Lemma 2 to a Hamiltonian pathH2.
STEP 3. Output the longest of the two pathsH1 andH2.

By Lemma 1, the running time of STEP 1 is O(n log n). Since the number of halving lines of ann-
element point set isO(n4/3) and all can be generated within this time [7], the running time of STEP 2
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is O(n7/3 log n), consequently the total running time ofA1 is alsoO(n7/3 log n). We proceed with the
analysis of the approximation ratio.

Assume first thatn is even.For eachα ∈ [0, π), let Γα be a (rotated) coordinate system, obtained from
Γ via a counterclockwise rotation byα, and with they-axis dividing evenly the point setS. Let xi be the
x-coordinate of pointpi with respect toΓα. For a givenα, let Hα be a non-crossing alternating path with
respect to a balanced bipartition induced by they-axis ofΓα, as computed by the algorithm. There areO(1)
balanced bipartitions given by any halving line ofS. Recall thatHα does not depend continuously onα; it
depends only on the discrete bipartition. However, the coordinates of the points depend continuously onα.
Assume thatHα = pσ(1), pσ(2), . . . , pσ(n), whereσ is a permutation of[n]; hereσ depends on the bipartition
(hence also onα). Let Wα denote thewidth of S in directionα, that is, the width of the smallest parallel
strip of directionα that containsS. By projecting on thex-axis ofΓα, we get

L(Hα) ≥ |xσ(1)| + 2|xσ(2)| + . . . + 2|xσ(n−1)| + |xσ(n)|

= 2

n
∑

i=1

|xi| − |xσ(1)| − |xσ(n)|

=

n−1
∑

j=1

(|xj | + |xj+1|) + |x1| + |xn| − |xσ(1)| − |xσ(n)|

≥
n−1
∑

j=1

(|xj | + |xj+1|) − Wα

≥
n−1
∑

j=1

|pjpj+1|| cos(βjj+1 − α)| − Wα (1)

In the 4th line of the above chain of inequalities, we use the fact thatpσ(1) andpσ(n) lie on opposite sides of
ℓ, sincen is even, hence|xσ(1)|+ |xσ(n)| ≤ |pσ(1)pσ(n)| ≤ Wα, In the 5th line, we make use of the following
inequality (this is the key property in the approach used by Alon et al. in their approximation algorithm for
finding large non-crossing matchings). For any two pointspi, pj ∈ S, |pipj|| cos(βij − α)| ≤ |xi| + |xj |,
with equality if and only if the two points lie on opposite sides of they-axis ofΓα.

Assume now thatn is odd. The coordinate systemΓα is defined in the same way. For a givenα, let
H ′

α be a non-crossing alternating path with respect to a balanced bipartition ofS \ {qα}, as computed by
the algorithm. Letσ be the permutation of[n], such thatH ′

α = pσ(1), pσ(2), . . . , pσ(n−1) andpσ(n) = qα.
Let Hα be the Hamiltonian path obtained fromH ′

α by augmenting it withpσ(n). Herexσ(n) = 0 since
pσ(n) = qα is incident to the halving line.

L(Hα) > L(H ′
α) ≥ |xσ(1)| + 2|xσ(2)| + . . . + 2|xσ(n−2)| + |xσ(n−1)|

= 2
n−1
∑

i=1

|xσ(i)| − |xσ(1)| − |xσ(n−1)|

= 2

n
∑

i=1

|xi| − |xσ(1)| − |xσ(n−1)|

≥
n−1
∑

j=1

(|xj | + |xj+1|) − Wα

≥
n−1
∑

j=1

|pjpj+1|| cos(βjj+1 − α)| − Wα. (2)
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We again have|xσ(1)|+ |xσ(n−1)| ≤ Wα becausen− 1 is even, thuspσ(1) andpσ(n−1) lie on opposite sides
of the halving line.

Thus in both cases,L(Hα) ≥ ∑n−1
j=1 |pjpj+1|| cos(βjj+1 − α)| − Wα. Recall: for evenn, H2 is the

longest of theO(k) Hamiltonian non-crossing pathsHαi
over all O(k) balanced bipartitions ofS. (A

given angleαi yieldsO(1) balanced partitions, and corresponding alternating pathsdenoted hereHαi
.) The

situation is similar for oddn. We thus also have for eachα ∈ [0, π):

L(H2) ≥
n−1
∑

j=1

|pjpj+1|| cos(βjj+1 − α)| − Wα.

Note that
∫ π

0
| cos(βjj+1 − α)| dα =

∫ π

0
| cos α| dα = 2,

and according to Cauchy’s surface area formula [21], we have
∫ π
0 Wα dα = P (S). By integrating both

sides of the previous inequality over theα-interval [0, π], we obtain

πL(H2) ≥ 2

n−1
∑

j=1

|pjpj+1| − P (S) = 2L(HOPT) − P (S),

L(H2) ≥
2

π
L(HOPT) −

P (S)

π
. (3)

We now improve the old approximation ratio of1
π ≈ 0.3183 to 2

π+1 ≈ 0.4829, by balancing the lengths of
the two paths computed in STEP 1 and STEP 2. Setc = π+1

2 .

Case 1:L(HOPT) ≤ cP (S). By considering the path computed in STEP 1, we get a ratio of at least

L(H1)

L(HOPT)
≥ P (S)

L(HOPT)
≥ P (S)

cP (S)
=

2

π + 1
.

Case 2:L(HOPT) ≥ cP (S). By considering the path computed in STEP 2 (inequality (3)), we get a
ratio of at least

L(H2)

L(HOPT)
≥

2
πL(HOPT) − 1

πP (S)

L(HOPT)
≥ 2

π
− 1

cπ
=

2

π

(

1 − 1

π + 1

)

=
2

π + 1
.

Observe that if the point set satisfies the conditionP (S)
π ≤ δL(HOPT), then by (3), we have

L(H) ≥ 2

π
L(HOPT) − δL(HOPT) =

(

2

π
− δ

)

L(HOPT).

This concludes the proofs of parts (i) and (ii) of Theorem 1.

(iii) With the same approach as in [3], a Hamiltonian path of length at least(1 − ε) 2
π L(HOPT) − P (S)

π

can be found by considering onlyb/
√

ε anglesθi = iπ
√

ε
b , for i = 0, 1, . . . , ⌊b/√ε⌋, whereb is a suitable

absolute constant. The resulting running time isO(n log n/
√

ε). This concludes the proof of Theorem 1.

For an example illustrating part (ii), consider a set ofn random points uniformly selected in a convex
region, say of unit diameter. Then with high probabilityL(MOPT) = Ω(n), thus alsoL(HOPT) = Ω(n).
SinceP (S) ≤ π, we haveP (S)

π ≤ δL(HOPT) with high probability, for a very smallδ = Θ(1/n). Thus
according to inequality (3), the path returned byA1 is a(2/π − o(1)) approximation of the optimal path for
random point instances.
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Remark. A smaller improvement of the old bound1π ≈ 0.3183 to 4
3π ≈ 0.4244 results if one uses the

diameterD = D(S) instead of the width ofS in directionα, Wα, in inequalities (1) and (2). Instead of
Lemma 1, the balancing argument involves showing that givena setS of diameterD, with |S| = n ≥ 7, a
non-crossing Hamiltonian path of length at least2D can be computed inO(n log n) time.

3 The spanning tree

In this section we prove Theorem 2. LetS = {p1, . . . , pn}, wherepi = (xi, yi). Given a pointp ∈ S, the
star centered atp, denotedSp, is the spanning tree onS whose edges joinp to all the other points. SinceS
is in general position,Sp is non-crossing for anyp ∈ S. An extended star centered atp is a spanning tree
of S consisting of paths of length1 or 2 (edges) connectingp to all the other points. See Fig. 1. While the
star centered at a point is unique, there may be many extendedstars centered at the same point, and some of
them may be self-crossing. In particularSp is also an extended star.

pp

Figure 1:A star (left) and a non-crossing extended star (right) on a same point set, both centered at the same pointp.

The algorithm of Alon et al. computes then stars centered at each of the points, and then outputs the
longest one. The algorithm takes quadratic time, and the analysis shows a ratio of n

2n−2 (which tends to1/2
in the limit). Their algorithm works in any metric space. As pointed out by Alon et al., the ratio1/2 is best
possible (in the limit) for this specific algorithm. We first re-establish the1/2 approximation ratio using a
faster algorithm, and also with a simpler analysis. Our algorithm works also in any metric space (however
in this general setting, the running time remains quadratic).

Algorithm A2: Compute a diameter of the point set, and output the longest of the two stars centered at one
of its endpoints.

Obviously the algorithm runs inO(n log n) time, with bottleneck being the diameter computation [19].
Let ab be a diameter pair, and assume w.l.o.g. that|ab| = 1. The ratio1/2 (or even n

2n−2 ) follows from the
next lemma in conjunction with the obvious upper boundL(TOPT) ≤ n (or L(TOPT) ≤ n − 1).

Lemma 3. LetSa andSb be the stars centered at the pointsa andb, respectively. ThenL(Sa)+L(Sb) ≥ n.

Proof. Assume thata = p1, b = p2. For eachi = 3, . . . , n, the triangle inequality for the triplea, b, pi

gives
|api| + |bpi| ≥ |ab| = 1.

By summing up we have

L(Sa) + L(Sb) =

n
∑

i=3

(|api| + |bpi|) + 2|ab| ≥ (n − 2) + 2 = n.
2

We now continue with the new algorithm that achieves a (provable) 1
2 + 1

500 approximation ratio within
the same running timeO(n log n). We suspect that the approximation ratio ofA3 is substantially better than
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that of the quadratic time algorithm of Alon et al., namely1/2. However at the moment we can only prove
a lower bound of0.502 on this ratio.

Algorithm A3: Compute a diameterab of the point set, and output the longest of the 5 non-crossingstruc-
turesSa, Sb, Sh, Ea, Eb, described below.

Assume w.l.o.g. that theab is a horizontal unit segment, wherea = (0, 0) andb = (1, 0). Let h =
(xh, yh) be a point inS with a largest value of|y|. By symmetry, we can assume thatyh ≥ 0. Sa, Sb, and
Sh are the 3 stars centered ata, b, andh respectively.Ea, resp. Eb, are two non-crossing extended stars
centered ata, resp,b; details to follow. Each of the five structures can be computed in O(n log n) time, so
the total execution time is alsoO(n log n).

Setδ = 0.05, w = 0.6, t = 0.6 andz = 0.48, and refer to Fig. 2. Letℓ1, ℓ2, ℓ3, andℓ4, be four parallel
vertical lines:ℓ1 : x = 0, ℓ2 : x = 0.2, ℓ3 : x = 0.8, ℓ4 : x = 1. Obviously, all points inS lie in the strip
bounded byℓ1 andℓ4. Let Vm be the vertical parallel strip symmetric about the midpointof ab and of width
w. We refer toVm as the middle strip;Vm is bounded by the vertical linesℓ2 andℓ3. Let Va andVb be the
two vertical strips of width0.2 bounded byℓ1 andℓ2, and byℓ3 andℓ4 respectively. Letc = (xc, yc) be the
intersection point betweenℓ3 and the circular arcγa of unit radius centered ata and sub-tending an angle of
60◦. We havexc = 0.8 and

yc =
√

1 − 0.82 = 0.6 = t.

c

ℓ1 ℓ2 ℓ4

Vm
p

ℓ3

Va Vb

ba

y = 0.6

Figure 2:A diameter paira, b at unit distance, and the three vertical stripsVa, Vm, andVb. The two circular arcsγa

andγb of unit radius centered ata andb intersect at the point(1/2,
√

3/2). All points of S aboveab lie in the region
bounded byab, γa andγb.

We now describe the two extended star structuresEa and Eb. See also Fig. 3 for an example. To
constructEa, first compute the order of visibility of the points inVb from pointa by sorting. Then connect
a with each point in the right stripVb. Note thatb ∈ Vb, thusVb 6= ∅. CallS′

a the resulting star. The edges of
this star together with the vertical lineℓ3 divide Va ∪ Vm into convex regions (wedges with a common apex
a) ordered top-down. The subset of points in each wedge can be computed using binary search in overall
O(n log n) time (over all wedges).S′

a is extended (augmented) as follows. In each wedge, saypaq, all
points are connected either toa or top, depending on the best (longest) overall connection cost. We denote
the resultingextended starstructure byEa. The construction ofEb is analogous. It is clear by construction
that bothEa andEb are non-crossing.
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Lemma 4. For eachp ∈ S, let dmax(p) denote the maximum distance fromp to other points inS. Then

L(TOPT) ≤
[

n
∑

i=1

dmax(pi)

]

− 1.

Proof. ConsiderTOPT rooted ata and drawn as an abstract tree with the root at the top in the usual manner.
Let π(v) denote the parent of a (non-root) vertexv. Uniquely assign each edgeπ(v)v of TOPT to vertexv.
Obviously,L(π(v)v) ≤ dmax(v) holds for each edge in the tree. By adding up the above inequalities, and
taking into account thatdmax(a) = |ab| = 1, the lemma follows. 2

Lemma 5. Assume that
∑n

i=1 |yi| ≥ δn for some positive constantδ ≤ 1. Then

L(Sa) + L(Sb) ≥ 2n

√

1

4
+ δ2.

Proof. Recall thatxi ∈ [0, 1] andyi ∈ [−
√

3/2,
√

3/2]. By the optics reflection principle,

√

x2
i + y2

i +
√

(1 − xi)2 + y2
i ≥ 2

√

1

4
+ y2

i .

Therefore

L(Sa) + L(Sb) =

n
∑

i=1

(

√

x2
i + y2

i +
√

(1 − xi)2 + y2
i

)

≥ 2

n
∑

i=1

√

1

4
+ y2

i .

It can be checked that the functionf(x) =
√

1
4 + x2 is convex (f ′′(x) ≥ 0 for x ∈ [0, 1]), thus by Jensen’s

inequality we get

2

n
∑

i=1

√

1

4
+ y2

i ≥ 2n

√

1

4
+

(∑n
i=1 |yi|
n

)2

≥ 2n

√

1

4
+ δ2,

L(Sa) + L(Sb) ≥ 2n

√

1

4
+ δ2. 2

Lemma 6. Let na and nb denote the number of points in the left and right vertical strips Va and Vb.
ThenL(Ea) ≥ 1+w

4 (n + nb), and similarlyL(Eb) ≥ 1+w
4 (n + na). ConsequentlyL(Ea) + L(Eb) ≥

1+w
4 (2n + na + nb). Ea andEb can be constructed inO(n log n) time.

Proof. The distance betweenℓ1 andℓ3 is 1+w
2 . By an argument similar to that in the proof of Lemma 3, the

connection cost for a wedge withm points is at least1+w
4 m. Therefore the total length ofEa is

L(Ea) ≥
1 + w

2
nb +

1 + w

4
(n − nb) =

1 + w

4
(n + nb).

The estimation ofL(Eb) is analogous. The running time has been established previously. 2

Lemma 7. Assume that
∑n

i=1 |yi| ≤ δn andyh ≥ t. ThenL(Sh) ≥ (t − δ)n.

Proof.

L(Sh) ≥
n

∑

i=1

(yh − yi) = nyh −
n

∑

i=1

yi ≥ nyh −
n

∑

i=1

|yi| ≥ nyh − δn ≥ (t − δ)n.
2

Lemma 8. Assume that|yh| ≤ t = 0.6. Let p ∈ S be a point in the middle stripVm, with y-coordinate
satisfying|y| ≤ 0.15. Thendmax(p) ≤ 0.9605.
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Proof. It is straightforward to check that the maximum distance is attained for a pointp on ℓ2 with y-
coordinate−0.15. The furthest point fromp in the allowed region isc. Hence

dmax(p) ≤ |pc| =
√

w2 + (0.15 + t)2 =
√

0.62 + 0.752 ≤ 0.9605.
2

We now distinguish the following four cases to complete our estimation of the approximation ratio.

Case 1:
∑n

i=1 |yi| ≥ δn. The algorithm outputs2 Sa or Sb. By Lemma 5, the approximation ratio is at
least

L(Sa) + L(Sb)

2L(TOPT)
≥

√

1

4
+ δ2 ≥ 0.502.

Case 2:
∑n

i=1 |yi| ≤ δn andyh ≥ t. The algorithm outputsSh. By Lemma 7, the approximation ratio
is at leastt − δ = 0.55.

Case 3:
∑n

i=1 |yi| ≤ δn andyh ≤ t andna + nb ≥ (1− z)n. The algorithm outputsEa or Eb. We only
need the last inequality in estimating the length. By Lemma 6, the approximation ratio is at least

L(Ea) + L(Eb)

2L(TOPT)
≥ 1 + w

4
· 2n + na + nb

2n
≥ (1 + w)(3 − z)

8
=

1.6 · 2.52
8

= 0.504.

Case 4:
∑n

i=1 |yi| ≤ δn andyh ≤ t andna +nb ≤ (1− z)n. The algorithm outputsSa or Sb. There are
at leastzn = 0.48n points in the middle stripVm. Observe that at mostn/3 points inVm have|yi| ≥ 0.15;
otherwise we would have

n
∑

i=1

|yi| ≥
∑

Vm

|yi| > 0.15 · n

3
= 0.05n = δn,

a contradiction. It follows that at least12n/25− n/3 = 11n/75 points in the middle strip have|yi| ≤ 0.15.
By Lemma 4 and Lemma 8,

L(TOPT) ≤
64n

75
+ 0.9605 · 11n

75
≤ 0.9943n.

The approximation ratio is at least

L(Sa) + L(Sb)

2L(TOPT)
≥ n

2 · 0.9943n ≥ 0.502.

This completes the list of cases and thereby the proof of Theorem 2.

Remarks.Conforming with Theorem 4.1 of [3], or with our Lemma 3, thereexists a vertexv ∈ S such that
L(Sv) ≥ L(TOPT)/2. Alon et al. pointed out that the constant1/2 in their theorem is best possible in a
metric space: take two pointsp1 andp2 at distance1 from each other, and replacepi by n/2 copies in a
small neighborhood. We further note here that the constant1/2 in their theorem is also best possible in the
geometric setting, since for the above example,L(TOPT) ≥ L(HOPT) ≈ n − 1, as given by a spanning path
that alternates between the two groups of points, and since the length of any star is aboutn/2.

The example in Fig. 3 withn points (n even) equally spaced along a circle shows that the constant0.502
measuring the approximation ratio achieved by our algorithm A3 cannot be improved to anything larger than
2/π. Indeed the lengths of the five structures computed by the algorithm areL(Sa) = L(Sb) = L(Sh) =
L(Ea) = L(Eb) = (1 − o(1)) 2

π n, while L(TOPT) ≥ L(HOPT) = (1 − o(1))n.

2Here and in other instances it is meant that the algorithm outputs a structure at least as long as these.
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ba

h

Figure 3: The non-crossing structureEa for an example withn = 16 points on the circle. The middle stripVm is
bounded by the two dashed vertical lines.

4 The Hamiltonian cycle

In this section we present the proof of Theorem 3, which is similar (including notation) to that of Theorem 1.
The rotated coordinate systemΓα, and thex-coordinatesxi with respect to this system are denoted in the
same way. By relabelling the points assume that the optimal cycle is QOPT = p1, p2, . . . , pn (with the
convention thatpn+1 = p1). We approximateQOPT by constructing a non-crossing alternating pathA on a
subset ofS, and then completing it to a non-crossing cycle using convexhull vertices. We need to observe
that the alternating pathA on the subsetI of interior (non-hull) vertices ofS produced by the algorithm of
Abellanas et al. [1] isnot good enough forthis strategy: even though one endpoint ofA (the first computed
by the algorithm) is always on the convex hull ofI, the other endpoint might be blocked by edges ofA, so
thatA might not be extendible to a non-crossing Hamiltonian cycle(an example is shown in Fig. 4). Here,
we give a stronger result that fits our purpose (for an even number of points).

1

2

ℓ

3

4

6

7

5

Figure 4: A non-crossing alternating path obtained by the algorithm of Abellanas et al. For the purpose of cycle
construction, the path is non-extendible from its second endpoint, vertex7.

Lemma 9. LetS = R ∪ B with with |R| = |B|, be a linearly separable bipartition given by lineℓ. ThenS
admits an alternating non-crossing spanning pathA such that (1) the edges ofA crossℓ at points ordered
monotonically alongℓ; and (2) the two endpoints ofA are incident to the two distinct edges of the convex hull
that connectR andB (the two red-blue bridges). Such a Hamiltonian path can be computed inO(n log n)
time. We refer to the underlying procedure as thetwo-endpoint path construction algorithm.

10



Proof. We modify the algorithm of Abellanas et al. for path construction, so that the path is grown from the
two endpoints and the two sub-paths merge ”in the middle”. Recall thatS = R∪B, and|R| = |B|, thus|S|
is even. Letr1b1 andr2b2 be the top and bottom red-blue edges of the convex hullconv(S), respectively,
called top andbottombridges; it is possible thatr1 = r2 or b1 = b2 but not both. One endpoint ofA is
an endpoint of the top bridge, and the other endpoint ofA is an endpoint of the bottom bridge, and they
are chosen of opposite colors. LetA = {r1, b2} or A = {b1, r2} arbitrarily, containing two endpoints of
the path. At every step, recompute the top and bottom bridgesof S \ A, and append either the red or the
blue vertex of each bridge toA such that the appended edges cross the separating lineℓ. In the last step,
the convex hull ofS \ A is a red-blue segment that merges the two sub-paths. The two new edges added
simultaneously at each step cannot cross each other; and they cannot cross previous edges, since they are
separated from them by the convex hull ofS \A. Finally, they cannot extend the two sub-paths by the same
point either, because|S| is even. 2

The next lemma follows from [13, Lemma 2.1]; we will only needits corollary, Lemma 11.

Lemma 10. ([13]). Let P = p1, p2, . . . , pn be a simple polygon (with the convention thatpn+1 = p1) and
q be a point in the exterior of the convex hull ofP , whereP ∪ {q} is in general position. Thenq sees one
edgepipi+1 of P . Such an edge can be found inO(n) time.

Lemma 11. Let P = p1, p2, . . . , pn be a simple polygon (with the convention thatpn+1 = p1) andq be a
point in the exterior of the convex hull ofP , whereP ∪ {q} is in general position. Then the polygonal cycle
P can be extended to includeq so thatP ∪{q} is still a simple polygon. More precisely, there existsi ∈ [n],
so thatQ = p1, . . . , pi, q, pi+1, . . . , pn is a simple polygon. Moreover,L(Q) > L(P ). The extension can be
computed inO(n) time.

Proof. By Lemma 10,q sees one edgepipi+1 of P . Replacing this edge ofP by the two edgespiq and
qpi+1 results in a simple polygonQ = p1, . . . , pi, q, pi+1, . . . , pn. By the triangle inequality,L(Q) > L(P ).
The extension can be computed inO(n) time, as determined by the time needed to find a visible edge.2

Note that the condition in the lemma thatq lies in the exterior of the convex hull ofP , is indeed necessary.
Otherwise one cannot guarantee thatq sees an edge ofP .

(i) Let S = S′ ∪ S′′, whereS′ is the set of convex hull vertices andS′′ is the set of interior points. Let
S′ = {pj1 , pj2, . . . , pjh

}. Puth = |S′|, m = |S′′|, thusn = h + m. Assume first for simplicity thatm is
even. An easy modification of the algorithm, explained below, is used form odd.

Algorithm A4:
STEP 1. For all non-equivalent bisections ofS′′ (i.e., for all balanced bipartitions ofS′′): 1. Compute a non-
crossing alternating pathA by using the two-endpoint path construction algorithm (Lemma 9). 2. ExtendA
to a cycle by connecting its endpoints to (one or two) convex hull vertices. 3. Further extend this cycle to
include the remaining hull vertices, by repeated invocation of Lemma 11.
STEP 2. Output the longest such cycle (containing all points ofS).

Observe that after STEP 1.1, the two endpoints of the path are vertices ofconv(S′′), hence they can be
connected to hull vertices to make a cycle. Ifm is odd, then there is a pointq ∈ S′′ on the lineℓ. Use the
two-endpoint path construction algorithm forS′′ \ {q}, and the same bisecting lineℓ. If q is in the interior
of conv(S′′ \ {q}), then extend the path with pointq, using Lemma 2. Otherwise,q sees the top or bottom
bridge ofconv(S′′ \ {q}), so the path can be extended by connectingq to the endpoint visible toq. The
two endpoints of the extended path are onconv(S′′), hence they can be connected to hull vertices to make
a cycle, as in the case of evenm.

The analysis and the illustration of the algorithm are deferred to Section C. The proofs of parts (ii) and
(iii) of Theorem 3 are also presented there.
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5 Concluding remarks

It is generally believed that the number of halving lines of apoint set isO(n1+ε), for anyε > 0 [9, 11, 20], so
it is also very likely that the running time of our algorithm for Hamiltonian paths (n even) is alsoO(n2+ε),
for anyε > 0.

Similarly to [3], our approximation factors are in terms ofL(HOPT) andL(TOPT) respectively, rather
than their non-crossing counterparts. In other words, the trivial boundsL(H∗

OPT) ≤ L(HOPT), and
L(T ∗

OPT) ≤ L(TOPT) are used in the proofs. It is not clear if one can use the lengths of the non-crossing
optimal structures for improving the approximation ratios. This is in part due to the fact that there exist
(easy) examples whereL(H∗

OPT) ≥ (1 − ε) · L(HOPT), andL(T ∗
OPT) ≥ (1 − ε) · L(TOPT), for ε arbitrarily

small.
The situation is similar for the Hamiltonian cycle problem.It is worth studying whether the lower bound

estimate on the length of the cycle returned by our algorithmA4 could be used to derive an approximation
ratio that holds for all instances, similarly to the Hamiltonian path problem.

A more precise analysis of the approximation ratio of our algorithm A3 for non-crossing spanning tree
construction remains as another open problem. We believe that the approximation ratio ofA3 is substantially
better than1/2.

Acknowledgments. The authors thank Gruia Călinescu for his valuable remarksand many interesting
conversations on the topic.
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A Proof of Lemma 1

We distinguish two cases based on the number of points in the interior ofconv(S).

Case 1: There is at most one point in the interior ofconv(S). We first construct a Hamiltonian path
on the convex hull vertices, and if there is one point in the interior of conv(S), then we later expand it to a
Hamiltonian path ofS. For the hull vertices, we construct a Hamiltonian path fromthe convex hull (which
is a Hamiltonian cycle) by deleting two edges and adding a diagonal (Fig. 5, left).

SinceS contains at least 31 points, there are at least 30 points on the convex hullconv(S). The sum
of (interior) angles ofconv(S) is at least(30 − 2)π, hence there exist five consecutive hull vertices, whose
interior angles sum to at least(5 − 1

3)π (by averaging). Letfi, 0 ≤ i ≤ 5, be the six hull edges incident
to these five consecutive vertices in clockwise order. We mayassume, by applying a reflection is necessary,
that a shortest edge among these six edges is one off0, f1, f2. Let ab ∈ {f0, f1, f2} denote a shortest edge,
and letbc, cd, andde be the next three edges in clockwise order. For further reference, we have chosen four
consecutive edges,ab, bc, cd, andde, such that

|ab| ≤ min(|bc|, |cd|, |de|) and ∠bcd + ∠cde ≥
(

2 − 1

3

)

π. (4)
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Figure 5:Constructing a Hamiltonian path of length at leastP (S), Case 1. Left: we obtain a Hamiltonian path from
conv(S) by deletingab andde, and addingbe. Right: replacingbe with the path(bs, se).

We construct a Hamiltonian path for the hull vertices by deleting edgesab andde from conv(S), and adding
the diagonalbe (Fig. 5, left). If there is one points ∈ S in the interior ofconv(S), then it seesbe, and we
expand this path to a Hamiltonian path ofS by replacingbe with the path(bs, se) (Fig. 5, right).

b

c d

p C

p

C

p = d
C

e b

c d

e b

c

e

Figure 6:Left: pointsb, c, d ande, within a circular segment bounded byC. Middle: pointp is on the circular arcC.
Right: |bc| = |cd| andp = d.

SinceL(conv(S)) = P (S), in order to show that we have constructed a Hamiltonian pathof length
at leastP (S), it is enough to show that|be| ≥ |ab| + |de|. Assume that pointsb ande are fixed, and we
vary pointsa, c, andd to maximize|ab| + |de| subject to the constraints (4). Refer to Fig. 6. Letp be the
intersection point of linesbc andde. Since∠bpe ≥ 2π

3 , p lies within the circular segment bounded by the
circleC = {p ∈ R

2 : ∠bpe = 2
3π} (Fig. 6, left). If |ab|+|de| is maximal, thenp ∈ C (Fig. 6, middle). Since

|ab| ≤ min(|bc|, |cd|), for any fixedp ∈ C, the sum|ab| + |de| is maximal if|ab| = |bc| = |cd|. For a fixed
p ∈ C, the sum|ab| + |de| is maximal ifp = d andc is the midpoint ofbp (Fig. 6, right). We can apply the
cosine law for the triangle∆bpe with ∠bpe = 2

3π: Letting |be| = 1, x = |de| andy = |ab| = |bc| = |cd|,
we obtain|bp|2 + |ep|2−2|bp| · |ep| cos 2π

3 = x2 +2xy +4y2 = 1. Equivalently,(x+y)2 +3y2 = 1, hence
|ab| + |de| = x + y ≤ 1 = |be|, with equality fory = 0.

Case 2: There are at least two points in the interior ofconv(S). In this case, we construct a Hamiltonian
path that contains all but one of the edges ofconv(S). Leta, b ∈ S be two points in the interior ofconv(S).
We first construct a Hamiltonian path for all hull vertices and for a, b; and then expand it to pass through any
other point in the interior ofconv(S). Let cd be a hull edge crossed by the ray

−→
ab (Fig. 7(i)). We construct

a Hamiltonian path for the hull vertices anda, b by deletingcd from the convex hull and replacing it either
with ac andbd or with ad andbc. The triangle inequality implies|cd| < |ac| + |ad| and|cd| < |bc| + |bd|,
and so|cd| < max(|ac| + |bd|, |ad| + |bc|). That is, with one of the two possible choices, we obtain a
Hamiltonian path of length at leastP (S).

Suppose that more than two points inS are in the interior ofconv(S). Lete denote the intersection point

of segmentcd and ray
−→
ab. Assume w.l.o.g. that we have added the edgesac andbd. Subdivide the interior

of conv(S) into triangles as follows: Connect every hull vertex toa, and subdivide∆acd into two triangles,
∆ace and∆ade (Fig. 7(ii)). Assign the hull edges of the Hamiltonian path to the adjacent triangle (with
one vertex ata), assign edgeac to ∆ace, and assign edgebd to ∆ade. We expand each edge of the current
path to a path that passes through all vertices lying in the triangle assigned to that edge (Fig. 7(iii)).
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Figure 7: Constructing a path of length at leastP (S), Case 2. (i) pointsa, b, c, andd. (ii) The subdivision of the
interior ofconv(S). (iii) Extending the Hamiltonian path to other points. (iv)Sweeping triangle∆pqr about vertexq.

Each triangle∆pqr in the subdivision is assigned to an edgeps0 connecting a vertexp to a points0 ∈ qr
on the opposite side (Fig. 7(iv)), whereps0 may bepr. Order the points lying in∆pqr by a radial sweep
about vertexq, sweeping from−→qs0 to −→qp. Denoting the points in the interior of∆pqr by s1, s2, . . . , st, for
somet ≥ 0, in this order, we can replace edges0p by the path(s0, s1, . . . , st, p). This path is non-crossing,
it lies entirely in∆pqr, and its length is at least that ofps0.

Lower bound construction.To see that the bound is best possible, consider a point configuration with
a diameter paira, b, and all the othern − 2 points placed in a smallε-neighborhood of the midpoint ofab.
Both the length of any Hamiltonian path (even with crossingsallowed) and the perimeter of the convex hull
are arbitrarily close to 2 ifε > 0 is sufficiently small.

B Proof of Lemma 2

Compute the visibility polygon ofq, the boundary of all points visible fromq if the pathA′ is opaque. LetV
be the set of edges of pathA′ that appear on the boundary of the visibility polygon, that is, the edges that are
(partially) visible fromq. Consider the directed graphG = (V,E), where(e, f) ∈ E iff there is a segment
between pointq and a point off that passes through an endpoint ofe but no other point ofA′ (hence the
total visibility of f is blocked bye). The visibility polygon ofq and the graphG can be computed inO(n)
time [4, pp. 844], [18, pp. 650]. IfG is acyclic, then there is a node of in-degree 0, that is, an edge e of A′

partially visible fromq and not blocked by any other edge ofA′. Hence, the edgee is entirely visible from
q. In the rest of the proof, we show thatG is acyclic.

Suppose to the contrary thatG has a directed cycle(e1, e2, . . . , em) whereei blocks the total visibility
of ei+1. Refer to Fig. 8. Each edge has a counterclockwise first and second endpoint as viewed fromq.
Since each edge in the cycle blocks another edge, exactly oneendpoint of eachei is visible toq. If the first
(resp., second) endpoint ofei is not visible toq, then the same holds forei+1, for i = 1, 2, . . . ,m. Assume,
by applying a reflection if necessary, thatq sees the first endpoint of eachei, but not the second one.

Fix a coordinate system in which the bisecting lineℓ for the alternating pathA′ is vertical. Assume, by
applying a central symmetry aboutq if necessary, thatq lies in the closed halfplane left ofℓ. Let p denote
the point ofA′ visible from q directly aboveq. Assume w.l.o.g. thatp ∈ e1. The counterclockwise first
endpoint ofe1 is its right endpoint. Hence, the portion ofe1 between right endpoint andp is visible fromq.
Sinceℓ crossese1 to the right ofq, the intersection pointa = ℓ ∩ e1 is also visible fromq. Let segmentab
be a maximal continuous portion ofℓ visible fromq (that is,ab is a component of the intersection ofℓ with
the visibility polygon ofq). Since the visibility ofq is bounded by edges of the cycle in any direction, we
haveb ∈ ek for some1 < k ≤ m. The pathA′ cannot intersectℓ betweena = ℓ ∩ e1 andb = ℓ ∩ ek, and
soe1 andek are consecutive edges ofA′, that is,e1 andek are adjacent.

Note that the lower side ofe1 and the upper side ofek are visible fromq. The edge ofA′ incident to the
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Figure 8: Point q partially sees edgese1, . . . , e5 that cyclically block one another. The visibility polygon of q is
shaded gray. The point visible fromq and lying directly aboveq is p ∈ e1. The bisecting lineℓ crossese1 at a. One
component of the intersection ofℓ and the visibility polygon ofq is segmentab, with b ∈ ek.

counterclockwise first (i.e., right) endpoint ofe1 must crossℓ abovea. Similarly, the counterclockwise first
endpoint ofek is its left endpoint and the edge ofA′ incident to it must crossℓ belowb. Hence the common
endpoint ofe1 andek can only be the left endpoint ofe1 and the right endpoint ofek. These endpoints,
however, are different: they are on opposite sides ofℓ. We have reached a contradiction, so we conclude
thatG is acyclic.

C Proof of Theorem 3 —continued.

See Fig. 9 for an illustration of the algorithm on a small example. We now justify its correctness and
estimate the length of the output cycle. Assume first thatm is even. For a givenα, let Aα be a non-crossing
alternating path with respect to a balanced bipartition ofS′′ induced by they-axis ofΓα, as computed by
the algorithm. Assume thatAα = pi1, pi2 , . . . , pim . By projecting on thex-axis ofΓα, we get

L(Aα) ≥ |xi1 | + 2|xi2 | + . . . 2|xim−1
| + |xim |

= 2

n
∑

i=1

|xi| − |xi1 | − |xim | − 2(|xj1 | + . . . + |xjh
|)

=
n

∑

j=1

(|xj | + |xj+1)|) − |xi1 | − |xim | − 2(|xj1 | + . . . + |xjh
|)

≥
n

∑

j=1

(|xj | + |xj+1|) − Wα − (2h − 2)Wα

≥
n

∑

j=1

|pjpj+1|| cos(βjj+1 − α)| − (2h − 1)Wα.

In the above chain of inequalities we have used the facts thatm is even, thuspi1 andpim lie on opposite
sides ofℓ, and that at least two convex hull vertices are also separated byℓ. The inequality is maintained for
m odd, as in the proof of Theorem 1.

Let A = pi1 , pi2 , . . . , pim be the longest of theO(k) Hamiltonian non-crossing pathsAαi
over allO(k)

balanced bipartitions ofS′′. (In estimating the length of the output cycle, it is enough to analyze only the
augmentation ofA to a Hamiltonian cycle, rather then of each pathAα.) Let u andv be (hull) vertices inS′
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Figure 9: Left: an alternating path1, 2, . . . , 8 obtained by using the two-endpoint path construction algorithm
(Lemma 9) for the case of evenm. The path is extended to a cycle by connecting its endpoints to convex hull
vertices (here9 and10). The cycle1, 2, . . . , 10 will be subsequently extended to include the remaining hullvertices
(here11 and12) using Lemma 11. Right: an alternating path1, 2, . . . , 8 obtained in the same way, and then extended
to pass through vertex9 (Lemma 2); the resulting path is1, 2, 3, 4, 5, 6, 9, 7, 8. The path is extended to a Hamiltonian
cycle in the same way (Lemma 11).

that can be connected with the two endpointspi1 andpim of A without making any crossings withA (u and
v may be forced to coincide). LetP be the simple cycle (polygon) obtained by adding toA the points on
one of the two polygonal hull chains connectingu andv. In the last phase,P is further extended by adding
the remaining hull vertices (on the 2nd hull chain connecting u andv) one by one by Lemma 11. Note that
the length of the cycle increases with each point addition. The total time for all additions is trivially bounded
by O(n2). The resulting polygonal cycleQ is non-crossing and spans all points inS, therefore making a
Hamiltonian cycle ofS. Its length is bounded as follows.

L(Q) ≥ L(A) ≥
n

∑

j=1

|pjpj+1|| cos(βjj+1 − α)| − (2h − 1)Wα,

and by integration over theα-interval [0, π],

L(Q) ≥ 2

π
L(QOPT) − (2h − 1)

P

π
. (5)

If the point set satisfies the condition(2h − 1)P
π ≤ δL(QOPT), then

L(Q) ≥ 2

π
L(QOPT) − δL(QOPT) =

(

2

π
− δ

)

L(QOPT).

This concludes the proof of part (i) of Theorem 3.

(ii) One can reduce the term(2h − 1)P
π in Inequality (5) to(h + 2)P

π at the cost of increasing the running
time of the algorithm toO(n3 log n), as follows. For each directionα, we consider two asymmetric bisector
lines ℓ1

α andℓ2
α. Let ℓ1

α be the line of directionα such that the difference between the number of points of
S in the left open halfplane and the number of points ofS′′ in the right open halfplane is 0 or 1. Denote
by S1 the union of all interior pointsS′′ and the convex hull points inS′ on the left ofℓ1

α; clearly ℓ1
α is a

bisecting line ofS1. Similarly, letℓ2
α be the line of directionα such that the difference between the number

of points ofS in the right open halfplane and the number of points ofS′′ in the left open halfplane is 0 or 1,
and denote byS2 the point set balanced byℓ2

α. Necessarily,ℓ1
α is to the left ofℓ2

α (in particular, linesℓ1
α and

ℓ2
α are separated by the bisecting line ofS of directionα).
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Algorithm A4’ :
STEP 1. For all directionsα spanned byS, and for bothi = 1, 2, do: 1. Computeℓi

α andSi. 2. If |Si| is
even, compute a non-crossing alternating pathA for Si using the two-endpoint path construction algorithm
(Lemma 9). 3. If|Si| is odd, thenℓi

α passes through some pointq ∈ Si. Compute a non-crossing alternating
path for Si \ {q} with the two-endpoint path construction algorithm, and then extend it to includeq as
follows: if q is in the interior ofconv(Si), then use Lemma 2; otherwise connectq to the endpoint of the
path lying on the upper or lower bridge ofconv(Si), whichever is visible fromq. 4. Complete the pathA
onSi to a cycle through the remaining convex hull vertices inS \ Si.
STEP 2. Output the longest such cycle (containing all points ofS).
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Figure 10: Left: an alternating path1, 2, . . . , 10 constructed by the two-endpoint path construction algorithm
(Lemma 9) for the set bisected byℓ1

α. It is augmented to pass through point11 incident toℓ1
α, and then to a Hamil-

tonian cycle along the remaining convex hull vertices12, 13, . . . , 15. Right: an alternating path, an augmented path,
and a Hamiltonian cycle analogously computed for lineℓ2

α.

For a givenα, let A1
α andA2

α be the two non-crossing paths computed inSTEP 1(1-3) of Algorithm
A4’ for the linesℓ1

α andℓ2
α, respectively. Assume thatA1

α = pi1, pi2 , . . . , pik andA2
α = pj1, pj2 , . . . , pjl

.
Project the alternating path on thex-axis of Γα, and denote byx1(p) andx2(p) the distance of a point
p from the linesℓ1

α andℓ2
α, respectively. For any pointp in the closed slab betweenℓ1

α andℓ2
α, we have

x1(p) + x2(p) ≤ Wα; and any other pointp is included in at least one of the alternating paths,A1
α andA2

α.
We get

L(A1
α) + L(A2

α) ≥ (x1(pi1) + 2x1(pi2) + . . . + 2x1(pik−1) + x1(pik))

+
(

x2(pj1) + 2x2(pj2) + . . . + 2x2(pjl−1
) + x2(pjl

)
)

= 2

n
∑

i=1

(x1(pi) + x2(pi)) − (x1(pi1) + x1(pik) + x2(pj1) + x2(pjl
))

−2(x1(pik+1
) + . . . + x1(pin)) − 2(x2(pjl+1

) + . . . + x2(pjn
))

=

n
∑

j=1

(x1(pj) + x1(pj+1)) +

n
∑

j=1

(x2(pj) + x2(pj+1)) − 4Wα − 2hWα

≥ 2

n
∑

j=1

|pjpj+1|| cos(βjj+1 − α)| − (2h + 4)Wα.

max{L(A1
α), L(A2

α)} ≥
n

∑

j=1

|pjpj+1|| cos(βjj+1 − α)| − (h + 2)Wα.
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By integration over theα-interval [0, π], we obtain the desired bound

L(Q) ≥ 2

π
L(QOPT) −

h + 2

π
P. (6)

The proof of part (iii) is analogous to that of part (iii) of Theorem 1. This concludes the proof of
Theorem 3.

We now discuss an example illustrating part (i). Denote byE[U ] the expected value of a random variable
U . According to a result of Rényi & Sulanke (1963), ifn points are chosen uniformly and independently
at random from a plane convexr-gon (r fixed), thenE[h] = O(log n), where the hidden constant depends
on r [19, pp. 151]. According to a another result of Raynaud (1970), if n points are chosen uniformly and
independently at random in a circle, thenE[h] = O(n1/3) [19, pp. 151]. Hence for a set ofn random
points uniformly selected in a convex polygon or a circle,h = O(n1/3) with probability close to1. Let the
selection region have unit diameter. Then also with high probability, we haveL(MOPT) = Ω(n), thus also
L(QOPT) = Ω(n). SinceP ≤ π, we have(2h − 1)P

π ≤ δL(QOPT) with high probability, for a very small
δ = O(1/n2/3). Thus by inequality (5), the cycle returned byA4 is a (2/π − o(1)) approximation of the
optimal path for random point instances as described above.
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