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Adrian Dumitrescti Csaba D. Toth

Abstract

We revisit several maximization problems for geometrionmeks design under the non-crossing
constraint, first studied by Alon, Rajagopalan and Suri (ASknposium on Computational Geometry,
1993). Given a set of points in the plane in general position (no three pointsimedr), compute
a longest non-crossing configuration composed of straightdegments that is: (a) a matching (b) a
Hamiltonian path (c) a spanning tree. Here we obtain newlteefar (b) and (c), as well as for the
Hamiltonian cycle problem:

(i) For the longest non-crossing Hamiltonian path problemagive an approximation algorithm with

ratio —2— ~ 0.4829. The previous best ratio, due to Alon et al., ids ~ 0.3183. Moreover, the ratio

T+
of our algorithm is close t@/7 on a relatively broad class of instances: for point sets wipesimeter
(or diameter) is much shorter than the maximum length matchtor instance “random” point sets meet

the condition with high probability. The algorithm runs@(n"/? log n) time.

(ii) For the longest non-crossing spanning tree problemgiwe an approximation algorithm with
ratio 0.502 which runs inO(nlogn) time. The previous ratiol /2, due to Alon et al., was achieved
by a quadratic time algorithm. Along the way, we first re-derthe result of Alon et al. with a faster
O(nlog n)-time algorithm and a very simple analysis.

(i) For the longest non-crossing Hamiltonian cycle perhl we give an approximation algorithm
whose ratio is close t@/7x on a relatively broad class of instances: for point sets whith product
( diameterx convex hull size) much smaller than the maximum length matching. Again “rantio
point sets meet the condition with high probability. Theaaithm runs inO(n"/3 logn) time. No
previous approximation results were known for this prohlem
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1 Introduction

Self-crossing in planar configurations is typically an wsidble attribute. Many structures studied in com-
putational geometry, in particular those involving a mirgation condition, have the non-crossing attribute
for free. Such examples are minimum spanning trees, miniteagth matchings, minimum traveling sales-
man tours, Voronoi diagrams, etc. The non-crossing prgpetally follows from the triangle inequality.

Alon et al. [3] have considered the problems of computingh@)longest non-crossing matching, (ii) the
longest non-crossing Hamiltonian path and (iii) the longem-crossing spanning tree, giverpoints in
the plane. Although they were unable to prove it, they suspkthat all these problems aieP-hard. They
judge this class of problems to be of a fundamental nature¢@hdve applications for various other com-
binatorial optimization problems. The survey articles IppEtein [10, pp. 439] and Mitchell [17, pp. 680]
list these as open problems in the area of geometric netwairknization. The problem of approximating
the longest non-crossing Hamiltonian cycle is also of edeand wide open [5, pp. 338].

Without the non-crossing condition explicitly enforcede tproblem of minimizing or maximizing the
length of a spanning tree, Hamiltonian cycle or path, pérfeatching, triangulation, etc. has a rich history.
However if such structures are required to be non-crossiaghniess is known, in particular for the maxi-
mization variants. While for minimization problems, thenacrossing property comes usually for free via
the triangle inequality, in contrast, for maximization blems, the non-crossing property conflicts directly
with the length maximizing objective. This is another reasdy these problems are interesting to study.

Related work. The existence of non-crossing Hamiltonian paths and cyelgesometric graphs has been
studied in [2, 6]. Various Ramsey-type results for non-sirug spanning trees, paths and cycles have been
obtained in [14] and [15]. The Euclidean MAX TSP, the problehtomputing a longest straight-line tour
of a set of points, has been provahP-hard in dimensions three or higher [12], while its compigkn the
Euclidean plane remains open [17]. In contrast, the shont@s-crossing matching and the shortest non-
crossing spanning tree are both computable in polynonmeg {iLO, 17], as they coincide with the shortest
matching and the shortest spanning tree respectively.

Definitions and notations. A set.S of points in the plane is said to be general positionif no three
points are collinear. General position will be assumedubhout this paper. Given a set®fpoints in the
plane, the results of Alon al. are as follows: (i) A non-cingsmatching whose total length is at leagtr
of the longest (possibly crossing) matching can be compinte@d(n"/3 logn) time. (i) A non-crossing
Hamiltonian path whose total length is at leagtr of the longest (possibly crossing) Hamiltonian path
can be computed i (n"/31logn) time. (iii) A non-crossing spanning tree whose total lenigtiat least
n/(2n — 2) > 1/2 of the longest (possibly crossing) spanning tree can be atedgnO(n?) time. Their
original results mention somewhat higher running timegifjcand (ii), which were based on the best upper
bound at that time on the number of halving lines of a set pbints. The running times have been adjusted
to reflect the current best upper boundfi*/3) on the number of halving lines as established by Dey [7].
Alon et. al. mention that their techniques can be appliecctoeae constant factors approximations for the
longest triangulation, and the longest bounded-degreenspg tree om points in the plane, although they
do not provide explicit bounds.

A geometric graphG is a pair(V, E') whereV is a finite set of points in general position in the plane,
andF is a set set of segments (edges) connecting points imhelengthof G, denotedL(G), is the sum
of the Euclidean lengths of all edgesGh The graph is said to benon-crossingf its edges have pairwise
disjoint interiors (collinear triples of points are forklieh in order to avoid overlapping collinear edges).

For a point setS, let conv(S) be the convex hull of5, and letP = P(S) denote the perimeter of
conv(S). Denote byD = D(S) the diameter ofS and writen = |S|. Let Mopt be a longest (possibly
crossing) matching of, and letMJ,; be a longest non-crossing matching $xf observe that for odd
n, Mopt is a nearly perfect matching, wittn — 1)/2 edges. LetHopt be a longest (possibly crossing)



Hamiltonian path of5, and letH 5 be a longest non-crossing Hamiltonian pattsot et 7opt be a longest
(possibly crossing) spanning tree $f and let73 1 be a longest non-crossing spanning tre¢ oFinally,
let Qopt be a longest (possibly crossing) Hamiltonian cycleSofand letQ 5+ be a longest non-crossing
Hamiltonian cycle ofS. The following inequalities are obvioud:( Mopt) < L(Hopt) < L(TopT).

Given a setS of n points in the plane, a liné going through two points af is called ahalving lineif
there arg (n—2) /2] points on one side andn —2)/2] points on the other side [16]. Bisecting linef of S
is any line that partitions the point set evenly. i. e., naitbf the two open halfplanes defined bgontains
more tham /2 points ofS [8]. Observe that any halving line éfis also a bisecting line of. Any bisecting
line of S yields (perhaps non-uniquely) a bipartitiéh= R U B, with RN B =0, ||R| — |B|| < 1, with R
contained in one of the closed halfplanes determinefi apd B contained in the other. We cell= RU B
a linearly separable bipartition, or balanced partitiorofObserve that for any non-zero direction vector
¥, there is a bisecting line orthogonal #@see [8, Lemma 4.4]. Two bisecting lines are cabegivalentf
they can yield the same balanced partitiorboft is well known that the number of non-equivalent bisegtin
lines of a set is of the same order as the number of halving lf¢he set, and any balanced bipartition can
be obtained from a halving line [8, pp. 67].

Ourresults. In this paper we improve the results of Alon et al. regarding-nrossing Hamiltonian paths
and spanning trees, and obtain a new result for Hamiltonyates. Our results are summarized in the
following three theorents

Theorem 1. (i) For the longest non-crossing Hamiltonian path problemyehe an approximation algo-
rithm with ratio —2; ~ 0.4829 that runs inO(n"/% log n) time.

(i) Given a set of points in the plane, one can compute a non-crossing Hanmliopath H in O(n7/3 logn)
time such thal.(H) > 2L(Hopr) — L. In particular, if the point set satisfies the conditién< ¢ L(Hopr)
for some smalf > 0, thenL(H) > (Z — §)L(Hopr).

(iii) Alternatively, one can compute a non-crossing Hamiltoath H in O(nlogn/+/c) time, such that
L(H) > (1 —¢)2L(Hopr) — %

Theorem 2. For the longest non-crossing spanning tree problem for &miset ofz points in the plane,
there is an approximation algorithm with ratie.502 and O(nlogn) running time. More precisely, the
algorithm computes a non-crossing spanning tfesuch thatZL(7") > 0.502 - L(Top7).

Although our improvement in the approximation ratio forspiag trees is very small, it shows that the
“pbarrier” of 1/2 can be broken. Also, while from a practical standpoint thprisemement in the running time
is the most significant aspect, from a theoretical persgethie improvement in the approximation ratio is
the most challenging part of our result.

Theorem 3. Given a sefS of n points in the plane, withconv(S)| = h:

() One can compute a non-crossing Hamiltonian cy@lén O(n"/3logn) time such thatL(Q) >
21(Qopt) — (2h — 1)L, In particular, if the point set satisfies the conditi¢2h — 1)£ < §L(Qop1)
for some smalb > 0, thenL(Q) > (2 — §) L(Qop1).

(i) Alternatively, one can compute a non-crossing Hamiltorigole Q in O(n?logn) time such that
L(Q) > 2L(Qop1) — (h+2)L.

(ii) Alternatively, one can compute a non-crossing Hamiltoragele @ in O(nlogn/+/¢) time, such that

L(Q) > (1 —&)2L(Qopr) — (2h — 1)£.

In the formulation of Theorem 1, it may be convenient to replthe condition§ < 0L(HopT) by the
condition % < 0L(Mopr), as the latter can be tested in polynomial time. Similarythe formulation
of Theorem 3, it may be convenient to replace the conditn — 1)£ < §L(Qopt) by the condition
(2h — 1)£ < 6L(Mopr).

Due to space limitations, some proofs are deferred to theeAgip: sections A, B, C.



2 The Hamiltonian path

In this section we prove Theorem 1. L&t= {p1,...,p,}. We follow an approach similar to that of Alon
et al. using projections and an averaging argument, in cgtipn with a result on bipartite embeddings
of spanning paths in the plane. Abellanas et al. [1, Theorethshowed that every linearly separable
bipartition S = RU B with || R| — | B|| < 1, admits an alternating non-crossing spanning path sutlhba
edges cross any separating lihat points ordered monotonically aloigSuch a Hamiltonian path can be
computed inD(n log n) time. Their algorithm computes the same Hamiltonian patlafiy two equivalent
halving lines, that is, the alternating path depends on ifertition only rather than the separating line.

We now recall the algorithm of Abellanas et al. [1]; see FigoAan example. Le§ = R U B with
||R| — |B|| < 1 be the red-blue bipartition given by a vertical liie R on the left, B on the right. Their
algorithm constructs an alternating pathin the following way: Letrb be the top red-blue edge of the
convex hullconv(S), called thetop bridge If |R| > |B|, setA := {r}, if |R| < |B|, setA := {b}, else set
Ato{r} or {b} arbitrarily. At every step, recompute the top bridgeof S \ A, and add- to A if the last
point in A was blue, or add to A if the last point inA was red. As pointed out by the authors, the resulting
path A is non-crossing becauseis disjoint from the convex hull of \ A at each step.

We improve the lower bound of Alon et al. by computing the lestgHamiltonian path corresponding
to a bipartition and a Hamiltonian path of length at leastghameter of the convex hull, and returning the
longest of the two.

Lemma 1. Given a point sef with |[S| = n > 31, a non-crossing Hamiltonian patH; of length at least
P(S) can be computed i®(n logn) time. The bound on the length is best possible.

Consider a geometric gragh= (V, E), and a poiny ¢ V, so thatl” U{q} is in general position. Using
common terms describing visibility, we say thesees a vertex € V' if the segmentv does not intersect
any edge of7. We also say thaj sees an edge € E, if the triangle formed by ande does not intersect
any other edge ofr. We make use of the fact thatiifis even then the two endpoints of an alternating path
are on opposite sides of the separating lin n is odd, we first construct an alternating path for a specific
subset ofr — 1 points, and then augment it to a Hamiltonian path omglbints using the following lemma.

Lemma 2. LetS = R U B with ||R| — |B|| < 1, be a linearly separable bipartition given by lirfe Let
g € S, and A’ be a non-crossing alternating path @\ {¢} such that its(consecutive edges crosg at
points ordered monotonically alony Theng sees one edge &f and consequentlyd’ can be extended to
a Hamiltonian pathA on S, with L(A") < L(A). The pathA can be computed i®(n) time, givenA’.

Fix a Cartesian coordinate systdmLet & be the number of halving lines &f, denote the angles they
make with thec-axis of ' by 0 < a7 < ...ag < 7. By relabeling the points assume that the optimal path is
Hopt = p1,p2, - .., pn. FOr two pointsp;, p; € S, let 3;; be the angle irf0, 7) formed by the line through
pip; and thex-axis. If n is odd, then a bisecting line of directien(for any o) must be incident to at least
one point ofS, and denote an arbitrary such pointdqy

Algorithm A1:

SteP 1. Compute a non-crossing Hamiltonian péth of length at leasP(S), by Lemma 1.

STEP 2. If n is even, then for all non-equivalent bisectionsfi.e., for all balanced bipartitions of),
compute a non-crossing alternating path using the algorighAbellanas et al. [1], and let the longest such
path beH,. If n is odd, then for all non-equivalent bisections$fcompute a non-crossing alternating path
of the even point sef \ {q,} using the algorithm of [1] and let the longest such pathitie AugmentH)
with vertexq, by Lemma 2 to a Hamiltonian patH-.

STEP 3. Output the longest of the two paths and H.

By Lemma 1, the running time of 1P 1 is O(nlogn). Since the number of halving lines of an
element point set i©)(n*/?) and all can be generated within this time [7], the runningetiof Srep 2
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is O(n"/31logn), consequently the total running time Afl is alsoO(n"/3logn). We proceed with the
analysis of the approximation ratio.

Assume first that is even.For eachn € [0, 7), letT',, be a (rotated) coordinate system, obtained from
T" via a counterclockwise rotation hy, and with they-axis dividing evenly the point sef. Let x; be the
z-coordinate of poinp; with respect td",. For a givena, let H, be a non-crossing alternating path with
respect to a balanced bipartition induced bygkexis ofT",,, as computed by the algorithm. There &¢l)
balanced bipartitions given by any halving line$f Recall thatH,, does not depend continuously anit
depends only on the discrete bipartition. However, the dioates of the points depend continuouslycon
Assume thatl, = py(1), Do (2); - - - » Po(n)» Whereo is a permutation ofin]; heres depends on the bipartition
(hence also om). Let W, denote thewidth of S in directiona, that is, the width of the smallest parallel
strip of directiona that containsS. By projecting on thec-axis ofI",,, we get

L(Ha) = ’wcr(l ’ + 2"% ’ t+o.t 2’1’0(”_1)‘ + ‘xo(n)‘

= 22\%! Zo)| = [Zo(m)]

n—1
= > =l + lzial) + 1] + 2n] = |20@)] = [Tow)]
j=1
n—1
Y (sl + zjpal) = Wa

=1
n—1

> Y Ippiallcos(Bija1 — @) = Wa (1)
7j=1

v

In the 4th line of the above chain of inequalities, we use #ue thatp, ;) andp,,, lie on opposite sides of
¢, sincen is even, hencer (1) [ +[24(n)| < [Po(1)Po(n)| < Wa, Inthe 5thline, we make use of the following
inequality (this is the key property in the approach used mn/et al. in their approximation algorithm for
finding large non-crossing matchings). For any two poipt; € S, |pip;|| cos(8i; — )| < |zi| + |z,
with equality if and only if the two points lie on opposite sglof they-axis ofI',,.

Assume now that is odd. The coordinate systeii, is defined in the same way. For a givenlet
H! be a non-crossing alternating path with respect to a batahigartition of S \ {¢.}, as computed by
the algorithm. Letr be the permutation dfz], such thatfl;, = po(1), Po(2), - - - Po(n—1) @NAPs(n) = Ga-
Let H, be the Hamiltonian path obtained froff), by augmenting it Withp, (). Herez,,,) = 0 since
Po(n) = qa 1S incident to the halving line.

L(Ha) > L(H&) > ’wa(l)’ + 2’1’0(2)‘ +.o.o+ 2‘xo(n—2)‘ + ’wa(n—l)’

n—1
= 2 Z 1Zo()| = 1Zo()| = |Zo(n—1)|

= 2Z|x2| |$cr(n 1)|

n—1

> Y (gl + jeal) = Wa
j=1
n—1

> > |ppiaallcos(Bjg1 — @) — Wa. @)
7=1



We again havér, )| + |2,(n—1)| < W, becausen — 1 is even, thup, ;) andp,,_1) lie on opposite sides
of the halving line.

Thus in both cased,(H,) > Z?:_ll Ipjpj+1llcos(Bjj+1 — )| — W,. Recall: for evem, H, is the
longest of theO(k) Hamiltonian non-crossing pathd,, over all O(k) balanced bipartitions of. (A
given angley; yieldsO(1) balanced partitions, and corresponding alternating pighsted heréd,,.) The
situation is similar for oddh. We thus also have for eache [0, 7):

n—1

L(Hz) > Y pjpjllcos(Bjj11 — a)| = Wa.
j=1

Note that . .
/ | cos(Bj4+1 — a)| da = / | cos a| dav = 2,
0 0

and according to Cauchy’s surface area formula [21], we rfé\/Wa da = P(S). By integrating both
sides of the previous inequality over thenterval [0, 7|, we obtain

n—1
wL(Hy) > 2 |pjpj1| — P(S) = 2L(Hopr) — P(S),
i=1
L(H) > 2 L(Hopr) - T, @)

We now improve the old approximation ratio &f~ 0.3183 to 25 ~ 0.4829, by balancing the lengths of
the two paths computed inr&p 1 and SEP 2. Sete = T+
Case 1:L(HopT) < cP(S). By considering the path computed im&> 1, we get a ratio of at least

L(H,)

P(S) _ P(S) _ 2
L(HopT)

L(HOPT) - CP(S) ST+l

>

Case 2: L(Hopt) > cP(S). By considering the path computed i 2 (inequality (3)), we get a
ratio of at least
L(Hy) _ zL(Hoer)—zP(S) 2 1 _2( 1 \_ 2
L(Hopt) — L(Hop'r) ~ 7 er 0w T+1) 741

Observe that if the point set satisfies the conditféﬁﬁ < 0L(Hopr), then by (3), we have

L(H) > %L(HOPT) — SL(Hopr) — <% - 5> L(Hopr).

This concludes the proofs of parts (i) and (ii) of Theorem 1.

(iii) With the same approach as in [3], a Hamiltonian pathesfdth at leastl — E)%L(HOPT) — @
can be found by considering only'\/= anglest; = ”g/g, fori =0,1,...,[b/+/c], whereb is a suitable
absolute constant. The resulting running tim&is: log n/+/¢). This concludes the proof of Theorem 1.

For an example illustrating part (ii), consider a setmafandom points uniformly selected in a convex

region, say of unit diameter. Then with high probabilftyMopt) = Q(n), thus alsoL(Hopt) = Q(n).
SinceP(S) < m, we haveZ8) < 0L (Hopt) With high probability, for a very smalt = ©(1/n). Thus

™

according to inequality (3), the path returnedAlis a(2/m — o(1)) approximation of the optimal path for
random point instances.




Remark. A smaller improvement of the old boun}rsl ~ 0.3183 to % ~ 0.4244 results if one uses the
diameterD = D(S) instead of the width of5' in directiona, W, in inequalities (1) and (2). Instead of
Lemma 1, the balancing argument involves showing that giveetS of diameterD, with |S| =n > 7, a
non-crossing Hamiltonian path of length at least can be computed i®(n log n) time.

3 The spanning tree

In this section we prove Theorem 2. L&t= {p1,...,p,}, Wwherep;, = (z;,y;). Given a poinpp € S, the
star centered ap, denotedsS,, is the spanning tree ot whose edges joip to all the other points. Sincg

is in general positions,, is non-crossing for any € S. An extended star centered atis a spanning tree

of S consisting of paths of length or 2 (edges) connecting to all the other points. See Fig. 1. While the
star centered at a point is unique, there may be many extetdedcentered at the same point, and some of
them may be self-crossing. In particulfyy is also an extended star.

o

Figure 1:A star (left) and a non-crossing extended star (right) omaespoint set, both centered at the same paint

The algorithm of Alon et al. computes thestars centered at each of the points, and then outputs the
longest one. The algorithm takes quadratic time, and thiysinahows a ratio of-"— (which tends tal /2
in the limit). Their algorithm works in any metric space. Aaimted out by Alon et al., the ratib/2 is best
possible (in the limit) for this specific algorithm. We firg-establish the& /2 approximation ratio using a
faster algorithm, and also with a simpler analysis. Our @lgm works also in any metric space (however
in this general setting, the running time remains quadratic

Algorithm A2: Compute a diameter of the point set, and output the longdekedwo stars centered at one
of its endpoints.
Obviously the algorithm runs i®(n log n) time, with bottleneck being the diameter computation [19].

Letab be a diameter pair, and assume w.l.0.g. that= 1. The ratiol/2 (or evens.-) follows from the
next lemma in conjunction with the obvious upper bour@opt) < n (or L(Topt) < n — 1).

Lemma 3. Let S, and S, be the stars centered at the poiatandb, respectively. Theh(S,)+ L(Sp) > n.

Proof. Assume that: = p1, b = py. For eachi = 3,...,n, the triangle inequality for the triple, b, p;
gives
lap;| + |bp;| > |abl = 1.

By summing up we have

L(Sa) + L(Sy) = > _(lapi| + |bps]) + 2]ab] > (n —2) + 2 =n.
=3
We now continue with the new algorithm that achieves a (mha)a% + Wlo approximation ratio within
the same running tim@ (n log n). We suspect that the approximation raticA& is substantially better than

O
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that of the quadratic time algorithm of Alon et al., name}2. However at the moment we can only prove
a lower bound 0.502 on this ratio.

Algorithm A3: Compute a diametetb of the point set, and output the longest of the 5 non-crossing-
turessS,, Sy, Sy, E,, Ey, described below.

Assume w.l.o.g. that theb is a horizontal unit segment, whege= (0,0) andb = (1,0). Leth =
(zn,yn) be a point inS with a largest value ofy|. By symmetry, we can assume that > 0. S,, Sp, and
S, are the 3 stars centered@atb, andh respectively. £, resp. Ej, are two non-crossing extended stars
centered ati, resp,b; details to follow. Each of the five structures can be comgineO (n log n) time, so
the total execution time is alg0(n logn).

Setd = 0.05, w = 0.6,t = 0.6 andz = 0.48, and refer to Fig. 2. Let;, /5, ¢35, and/,, be four parallel
vertical lines:¢y : x = 0,45 : x = 0.2, 43 : © = 0.8, ¢4 : z = 1. Obviously, all points inS lie in the strip
bounded by, and/,. LetV,, be the vertical parallel strip symmetric about the midpoinib and of width
w. We refer toV,, as the middle stripV,,, is bounded by the vertical lings and/s. Let V, andV} be the
two vertical strips of width).2 bounded by; and/,, and by/s and/, respectively. Let = (z., y.) be the
intersection point betweefy and the circular arg,, of unit radius centered atand sub-tending an angle of

60°. We haver, = 0.8 and
Yye=V1-0.82=0.6=t.

v, 1P Vi Vi

gl 62 [3 f,l

Figure 2: A diameter pai, b at unit distance, and the three vertical stris V;,,, andV},. The two circular arcs,
and~y, of unit radius centered atandb intersect at the poirtl /2, v/3/2). All points of S aboveab lie in the region
bounded by:b, v, and~s.

We now describe the two extended star structugsand E;,. See also Fig. 3 for an example. To
constructE,,, first compute the order of visibility of the points Iy from pointa by sorting. Then connect
a with each point in the right stri;,. Note that) € V;, thusV}, # (). Call S/, the resulting star. The edges of
this star together with the vertical lirfg divide V, U V,, into convex regions (wedges with a common apex
a) ordered top-down. The subset of points in each wedge caotpwed using binary search in overall
O(nlogn) time (over all wedges).S!, is extended (augmented) as follows. In each wedgepsayall
points are connected eitherdar to p, depending on the best (longest) overall connection costd&viote
the resultingextended stastructure byE,. The construction oF} is analogous. It is clear by construction
that bothE, and Ej, are non-crossing.



Lemma 4. For eachp € S, let dmax(p) denote the maximum distance frero other points inS. Then

L(Topr) < [j{:dmaxpz]

Proof. Considerloptrooted atz and drawn as an abstract tree with the root at the top in thed usanner.
Let w(v) denote the parent of a (non-root) vertexUniquely assign each edgév)v of Topt to vertexw.
Obviously, L(m(v)v) < dmax(v) holds for each edge in the tree. By adding up the above ingigsaland
taking into account thafmax(a) = |abl = 1, the lemma follows. O

Lemma 5. Assume tha} ;" , |y;| > dn for some positive constant< 1. Then

L(S:) + L(Sp) > 2mq 1 + 3

Proof. Recall thatz; € [0,1] andy; € [—/3/2,1/3/2]. By the optics reflection principle,

1
\/x$+y3+\/(1—xi)2+y§22 1l

LS+ LS = Y <¢x?+y$+ J(l—wi)uy?) N
i=1 =1

It can be checked that the functigiiz) = |/ + 22 is convex {”(z) > 0 for = € [0, 1]), thus by Jensen’s

inequality we get
~ /1 \yz\ 1
2 —4y2>2 2z 19l > 204/~ + 42
Z; 4+%__n¢ > n 4+ ,
1
L(Sa) + L(Sp) > 2ny/ 1 + 42 O

Lemma 6. Let n, and n, denote the number of points in the left and right verticalpstii, and V.
ThenL(E,) > %(n + ny), and similarly L(E,) > % (n + n,). Consequenthy(E,) + L(E,) >
W (2n +n, + nb) E, and Ej, can be constructed i@ (nlog n) time.

Therefore

Proof. The distance betweeh and/s is ”T“’ By an argument similar to that in the proof of Lemma 3, the
connection cost for a wedge with points is at Ieas%%m. Therefore the total length df, is

1+ 1+ 1+
L(E,) >~y + — (0 —mp) = —(n 4 m).
2 4 4
The estimation of.( E}) is analogous. The running time has been established psdyiou O

Lemma 7. Assume tha} ;" , |y;| < én andyy, > t. ThenL(Sy,) > (t — d)n.

Proof.

n

L(Sh) =) (yn —vi) =nyn — Y _yi = nyn — Y [4il = nyn — n > (t — S)n. .

i=1 i=1 i=1
Lemma 8. Assume thaty,| < t = 0.6. Letp € S be a point in the middle strify,,,, with y-coordinate
satisfying|y| < 0.15. Thendmax(p) < 0.9605.



Proof. It is straightforward to check that the maximum distancetigimed for a pointp on /5 with y-
coordinate—0.15. The furthest point fronp in the allowed region is. Hence

dmax(p) < Ipc| = v/w? + (0.15 + )% = /0.62 + 0.752 < 0.9605. .

We now distinguish the following four cases to complete atingation of the approximation ratio.
Case 1:3"" | |y;| > dn. The algorithm outputsS, or S,. By Lemma 5, the approximation ratio is at

least
L(S,) + L(Sp) 1
—2 P >4/ = 462> 0.502.
2L(TopT) V1

Case 2:) """, |y;| < on andy, > t. The algorithm outputs),. By Lemma 7, the approximation ratio
is at least — 0 = 0.55.

Case 3:>""  |yi| < dn andy, < tandn,+n, > (1 — z)n. The algorithm output&, or E,. We only
need the last inequality in estimating the length. By Lemnih® approximation ratio is at least

L(E.) + L(Ey) _ 1+w 2n+ne+ny,  (1+w)(3-2) 16252

= = 0.504.
2L(Top'|') - 4 2n B 8 8

Case 4:>"" | |yi| < dnandy;, < tandn,+n, < (1— z)n. The algorithm outputs§|, or S,. There are
at leastzn = 0.48n points in the middle strip,,,. Observe that at most/3 points inV;,, have|y;| > 0.15;
otherwise we would have

Z il > > |yil > 0.15 - 2 = 0.05n = on,

Vin

a contradiction. It follows that at lea$2n /25 — n/3 = 11n/75 points in the middle strip havig;| < 0.15.
By Lemma 4 and Lemma 8,

64n 11n
L(Topt) < — 5. — < 0.994
(Topr) < —= +0.9605 - —= < 0.9943n.

The approximation ratio is at least

L(S)+ LSy  _ m

> 0.502.
2L(Top'|') = 2-0.9943n —

This completes the list of cases and thereby the proof of fEme@.

RemarksConforming with Theorem 4.1 of [3], or with our Lemma 3, thesasts a vertex € S such that
L(S,) > L(TopT)/2. Alon et al. pointed out that the constant2 in their theorem is best possible in a
metric space: take two poinig andp, at distancel from each other, and replage by n/2 copies in a
small neighborhood. We further note here that the condtéhin their theorem is also best possible in the
geometric setting, since for the above examplelopt) > L(Hopt) =~ n — 1, @s given by a spanning path
that alternates between the two groups of points, and sickeihgth of any star is abouy 2.

The example in Fig. 3 with points ¢ even) equally spaced along a circle shows that the corgtain
measuring the approximation ratio achieved by our algori#d8 cannot be improved to anything larger than
2/7. Indeed the lengths of the five structures computed by tharighgn areL(S,) = L(Sy) = L(Sy) =
L(E,) = L(E}) = (1 — o(1))2n, while L(Topt) > L(Hopt) = (1 — o(1))n.

2Here and in other instances it is meant that the algorithrpuista structure at least as long as these.



Figure 3: The non-crossing structuig, for an example withh = 16 points on the circle. The middle striig,, is
bounded by the two dashed vertical lines.

4 The Hamiltonian cycle

In this section we present the proof of Theorem 3, which islamincluding notation) to that of Theorem 1.
The rotated coordinate systeiiy, and thez-coordinatesr; with respect to this system are denoted in the
same way. By relabelling the points assume that the optiyaeds Qopt = p1,p2,-..,pn (With the
convention thap,, .1 = p1). We approximaté&)opr by constructing a non-crossing alternating patbn a
subset ofS, and then completing it to a non-crossing cycle using comekvertices. We need to observe
that the alternating patd on the subsel of interior (non-hull) vertices of produced by the algorithm of
Abellanas et al. [1] imotgood enough fothis strategy: even though one endpointbf{the first computed
by the algorithm) is always on the convex hull hfthe other endpoint might be blocked by edgesipfo
that A might not be extendible to a non-crossing Hamiltonian cyaleexample is shown in Fig. 4). Here,
we give a stronger result that fits our purpose (for an everbeurof points).

Figure 4: A non-crossing alternating path obtained by the algoritiimlgellanas et al. For the purpose of cycle
construction, the path is non-extendible from its secoripemt, vertex.

Lemma 9. LetS = R U B with with |R| = | B|, be a linearly separable bipartition given by lide ThenS
admits an alternating non-crossing spanning patlsuch that (1) the edges df cross/ at points ordered
monotonically alond; and (2) the two endpoints of are incident to the two distinct edges of the convex hull
that connectR and B (the two red-blue bridges). Such a Hamiltonian path can bemated inO(n log n)
time. We refer to the underlying procedure as tlve-endpoint path construction algoritam
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Proof. We modify the algorithm of Abellanas et al. for path condtiaut, so that the path is grown from the
two endpoints and the two sub-paths merge "in the middletaR¢hatS = RU B, and|R| = |B|, thus|S|

is even. Letr;b; andrybe be the top and bottom red-blue edges of the convexdaul (S), respectively,
calledtop and bottombridges; it is possible that; = r, or by = by but not both. One endpoint of is

an endpoint of the top bridge, and the other endpointia§ an endpoint of the bottom bridge, and they
are chosen of opposite colors. Lét= {r1,bs2} or A = {by,ro} arbitrarily, containing two endpoints of
the path. At every step, recompute the top and bottom bridgés\ A, and append either the red or the
blue vertex of each bridge td such that the appended edges cross the separating linethe last step,
the convex hull ofS \ A is a red-blue segment that merges the two sub-paths. Thedwceedges added
simultaneously at each step cannot cross each other; ap@ddhaot cross previous edges, since they are
separated from them by the convex hull®of A. Finally, they cannot extend the two sub-paths by the same
point either, becausg| is even. O

The next lemma follows from [13, Lemma 2.1]; we will only neiggicorollary, Lemma 11.

Lemma 10. ([13]). Let P = p1,po, ..., p, be a simple polygon (with the convention that; = p;) and
g be a point in the exterior of the convex hull Bf whereP U {¢} is in general position. Thea sees one
edgep;p;+1 of P. Such an edge can be found@in) time.

Lemma 11. Let P = pq,po, ..., p, be a simple polygon (with the convention thgt ; = p;) andq be a
point in the exterior of the convex hull 8, whereP U {¢} is in general position. Then the polygonal cycle
P can be extended to includeso thatP U {¢} is still a simple polygon. More precisely, there exists [n],

so thatQ = p1,...,pi, ¢, Dit1,-- ., Pn IS @ simple polygon. Moreovek(Q)) > L(P). The extension can be
computed irO(n) time.

Proof. By Lemma 10,q sees one edge;p;+1 of P. Replacing this edge aP by the two edge®;q and

qpi+1 results in a simple polygo@ = p1, ..., pi, ¢, pi+1,- - -, Pn- By the triangle inequalityl.(Q) > L(P).
The extension can be computedn) time, as determined by the time needed to find a visible edge.

Note that the condition in the lemma thetes in the exterior of the convex hull @, is indeed necessary.
Otherwise one cannot guarantee thaees an edge a?.

(i) Let S = S’ U S”, whereS’ is the set of convex hull vertices aidf is the set of interior points. Let
S" = {pj1sPjas - - - Dj, }- Puth = |S’|, m = |S”|, thusn = h + m. Assume first for simplicity thatn is
even. An easy modification of the algorithm, explained beiswsed forn odd.

Algorithm A4:

Step 1. For all non-equivalent bisections 6f (i.e., for all balanced bipartitions ¢): 1. Compute a non-
crossing alternating path by using the two-endpoint path construction algorithm (bea®). 2. Extendd

to a cycle by connecting its endpoints to (one or two) conugkvertices. 3. Further extend this cycle to
include the remaining hull vertices, by repeated invocatibLemma 11.

STEP 2. Output the longest such cycle (containing all point$pf

Observe that after &P 1.1, the two endpoints of the path are verticeswfv(S”), hence they can be
connected to hull vertices to make a cyclendfis odd, then there is a poigte S” on the linel. Use the
two-endpoint path construction algorithm 8 \ {¢}, and the same bisecting life If ¢ is in the interior
of conv(S” \ {¢}), then extend the path with point using Lemma 2. Otherwisa,sees the top or bottom
bridge ofconv(S” \ {¢}), so the path can be extended by connectirig the endpoint visible tq. The
two endpoints of the extended path areconv(S”), hence they can be connected to hull vertices to make
a cycle, as in the case of even

The analysis and the illustration of the algorithm are defitto Section C. The proofs of parts (ii) and
(iii) of Theorem 3 are also presented there.
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5 Concluding remarks

Itis generally believed that the number of halving lines pbant set isO(n!*+¢), for anye > 0[9, 11, 20], so
it is also very likely that the running time of our algorithmrfHamiltonian pathsi{ even) is alsa (n?+¢),
for anye > 0.

Similarly to [3], our approximation factors are in terms bfHopt) and L(Topt) respectively, rather
than their non-crossing counterparts. In other words, thal bounds L(Hgpr) < L(HopT), and
L(T3pr) < L(Topt) are used in the proofs. It is not clear if one can use the lengtithe non-crossing
optimal structures for improving the approximation raticghis is in part due to the fact that there exist
(easy) examples whete( Hypr) > (1 —¢) - L(Hopr), andL(T¢py) > (1 — €) - L(TopT), for € arbitrarily
small.

The situation is similar for the Hamiltonian cycle probleltis worth studying whether the lower bound
estimate on the length of the cycle returned by our algori#¥htould be used to derive an approximation
ratio that holds for all instances, similarly to the Hamili@n path problem.

A more precise analysis of the approximation ratio of ouoatgm A3 for non-crossing spanning tree
construction remains as another open problem. We beliawéhth approximation ratio &3 is substantially
better thanl /2.

Acknowledgments. The authors thank Gruia Calinescu for his valuable remarid many interesting
conversations on the topic.
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A Proof of Lemma 1

We distinguish two cases based on the number of points imtegar of conv(.S).

Case 1: There is at most one point in the interiorcofiv(S). We first construct a Hamiltonian path
on the convex hull vertices, and if there is one point in therior of conv(.S), then we later expand it to a
Hamiltonian path ofS. For the hull vertices, we construct a Hamiltonian path fitben convex hull (which
is a Hamiltonian cycle) by deleting two edges and adding gafial (Fig. 5, left).

SinceS contains at least 31 points, there are at least 30 pointsendiwvex hullconv(S). The sum
of (interior) angles ofonv(.S) is at least30 — 2)x, hence there exist five consecutive hull vertices, whose
interior angles sum to at leagi — %)7? (by averaging). Letf;, 0 < ¢ < 5, be the six hull edges incident
to these five consecutive vertices in clockwise order. We asayime, by applying a reflection is necessary,
that a shortest edge among these six edges is ofig 6f, fo. Letab € { fo, f1, f2} denote a shortest edge,
and letbe, cd, andde be the next three edges in clockwise order. For further eafa, we have chosen four
consecutive edgesp, be, cd, andde, such that

1
lab| < min(|b|, |cd|, |de]) and Zbed + ZLede > (2 — 5) . 4)

13



Figure 5:Constructing a Hamiltonian path of length at le&415), Case 1. Left: we obtain a Hamiltonian path from
conv(S) by deletingab andde, and addinde. Right: replacinge with the path(bs, se).

We construct a Hamiltonian path for the hull vertices by tieteedges:b andde from conv(.S), and adding
the diagonabe (Fig. 5, left). If there is one point¢ € S in the interior ofconv(S), then it seese, and we
expand this path to a Hamiltonian path$by replacingbe with the path(bs, se) (Fig. 5, right).

D, p=d
C C C
v d C d C
b € € b €

Figure 6:Left: pointsb, ¢, d ande, within a circular segment bounded by Middle: pointp is on the circular ar€.
Right: |bc| = |ed| andp = d.

Since L(conv(S)) = P(S), in order to show that we have constructed a Hamiltonian patength
at leastP(.S), it is enough to show thgbe| > |ab| + |de|. Assume that points ande are fixed, and we
vary pointsa, ¢, andd to maximize|ab| + |de| subject to the constraints (4). Refer to Fig. 6. pdie the
intersection point of lineéc andde. Since/bpe > %’T p lies within the circular segment bounded by the
circleC = {p € R? : Zbpe = %77} (Fig. 6, left). If |ab|+ |de| is maximal, then € C (Fig. 6, middle). Since
|ab| < min(|bc|, |cd|), for any fixedp € C, the sum|ab| + |de| is maximal if|ab| = |bc| = |cd|. For a fixed
p € C, the sumab| + |de| is maximal ifp = d andc is the midpoint ofbp (Fig. 6, right). We can apply the
cosine law for the triangle\bpe with Zbpe = 2 Letting |be| = 1, 2 = |de| andy = |ab| = |bc| = |cd],
we obtain|bp|? + [ep|® — 2|bp| - |ep| cos & = z* 4 2zy + 4y* = 1. Equivalently,(z +y)? + 3y = 1, hence
lab| + |de| = = +y < 1 = |be|, with equality fory = 0.

Case 2: There are at least two points in the interiorofiv(S). In this case, we construct a Hamiltonian
path that contains all but one of the edgesafv(S). Leta,b € S be two points in the interior afonv(.S).
We first construct a Hamiltonian path for all hull verticesldar a, b; and then expand it to pass through any
other point in the interior ofonv(.S). Let cd be a hull edge crossed by the r@/(Fig. 7(i)). We construct
a Hamiltonian path for the hull vertices andb by deletinged from the convex hull and replacing it either
with ac andbd or with ad andbe. The triangle inequality implieg:d| < |ac| + |ad| and|cd| < |be| + |bd],
and so|cd| < max(|ac| + |bd], |ad| + |bc|). That is, with one of the two possible choices, we obtain a
Hamiltonian path of length at leat(.S).

Suppose that more than two pointsSrare in the interior ofonv(.S). Lete denote the intersection point
of segmentd and rayﬁ). Assume w.l.0.g. that we have added the edgeandbd. Subdivide the interior
of conv(,S) into triangles as follows: Connect every hull vertexatand subdivideAacd into two triangles,
Aace and Aade (Fig. 7(ii)). Assign the hull edges of the Hamiltonian pathtihie adjacent triangle (with
one vertex at;), assign edgec to Aace, and assign edgel to Aade. We expand each edge of the current
path to a path that passes through all vertices lying in thadte assigned to that edge (Fig. 7(iii)).
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(iv)

Figure 7: Constructing a path of length at leaB{S), Case 2. (i) points, b, ¢, andd. (ii) The subdivision of the
interior of conv(S). (iii) Extending the Hamiltonian path to other points. (8yveeping trianglépgr about vertex.

Each triangleApgr in the subdivision is assigned to an edgg connecting a vertex to a pointsg € qr
on the opposite side (Fig. 7(iv)), whepsy may bepr. Order the points lying ild\pgr by a radial sweep

about vertexy, sweeping fromys; to gp. Denoting the points in the interior dipgr by s1, sa, ..., s;, for
somet > 0, in this order, we can replace edgg by the path(so, s1, ..., s, p). This path is non-crossing,

it lies entirely inApgr, and its length is at least that p$.

Lower bound constructionTo see that the bound is best possible, consider a point coafign with
a diameter pait, b, and all the othen — 2 points placed in a smatl-neighborhood of the midpoint afb.
Both the length of any Hamiltonian path (even with crossialimved) and the perimeter of the convex hull
are arbitrarily close to 2 if > 0 is sufficiently small. O

B Proof of Lemma 2

Compute the visibility polygon of, the boundary of all points visible fromif the pathA’ is opaque. Let
be the set of edges of patti that appear on the boundary of the visibility polygon, tisatlie edges that are
(partially) visible fromq. Consider the directed gragh = (V, E), where(e, f) € FE iff there is a segment
between point; and a point off that passes through an endpointedfut no other point ofA’ (hence the
total visibility of f is blocked bye). The visibility polygon ofg and the grapt&z can be computed i®(n)
time [4, pp. 844], [18, pp. 650]. I is acyclic, then there is a node of in-degree 0, that is, ae edd A’
partially visible fromg and not blocked by any other edge4f Hence, the edgeis entirely visible from
q. In the rest of the proof, we show thétis acyclic.

Suppose to the contrary th&thas a directed cyclé, es, . . . , e,,,) Wheree; blocks the total visibility
of e;11. Refer to Fig. 8. Each edge has a counterclockwise first aomhgeendpoint as viewed from
Since each edge in the cycle blocks another edge, exactlgruimoint of eacle; is visible togq. If the first
(resp., second) endpoint ef is not visible tog, then the same holds fef, 1, fori = 1,2,...,m. Assume,
by applying a reflection if necessary, thesees the first endpoint of eaeh but not the second one.

Fix a coordinate system in which the bisecting linir the alternating pati’ is vertical. Assume, by
applying a central symmetry abogif necessary, thag lies in the closed halfplane left @f Letp denote
the point of A’ visible from ¢ directly aboveg. Assume w.l.o.g. that € e;. The counterclockwise first
endpoint ofe; is itsright endpoint. Hence, the portion ef between right endpoint angis visible fromg.
Since/ crosses; to the right ofg, the intersection point = ¢ N e; is also visible fromy. Let segment:b
be a maximal continuous portion é¥isible from ¢ (that is,ab is a component of the intersection ©ivith
the visibility polygon ofg). Since the visibility ofq is bounded by edges of the cycle in any direction, we
haveb € e, for somel < k < m. The pathA’ cannot intersect betweernn = ¢ N e; andb = £ N ey, and
soe; andey, are consecutive edges df, that is,e; andey, are adjacent.

Note that the lower side af; and the upper side @f. are visible fromg. The edge ofd’ incident to the
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Figure 8: Point ¢ partially sees edges, . .., e5 that cyclically block one another. The visibility polygom @ is
shaded gray. The point visible frognand lying directly above is p € e;. The bisecting lin crosses; ata. One
component of the intersection 6&nd the visibility polygon of; is segmentd, with b € ey.

counterclockwise first (i.e., right) endpoint @f must crosg abovea. Similarly, the counterclockwise first
endpoint ofe;, is its left endpoint and the edge df incident to it must cross belowb. Hence the common
endpoint ofe; ande; can only be the left endpoint @f and the right endpoint of;,. These endpoints,
however, are different: they are on opposite sideé. dVe have reached a contradiction, so we conclude
thatG is acyclic. O

C Proof of Theorem 3 —continued.

See Fig. 9 for an illustration of the algorithm on a small epéen We now justify its correctness and
estimate the length of the output cycle. Assume firstthdd even. For a given, let A, be a hon-crossing
alternating path with respect to a balanced bipartitior$’6induced by they-axis of 'y, as computed by
the algorithm. Assume that, = p;,, pi,, - - ., pi,,. By projecting on the:-axis of',, we get

v

L(An) |Ziy | + 2]2iy | + - 2] Ti0y_y |+ |74,

n
i=1

n

= > (el + legn)) = ool = |2i,] = 20125 + . + |2, )

=

> > (o] + |2j1a]) = Wa = (20 —2)W,,
j=1

> Y Ipjpisall cos(Bijpa — )| — (2h — W,
=1

In the above chain of inequalities we have used the factsithateven, thug;, andp;,, lie on opposite
sides of¢, and that at least two convex hull vertices are also sephtaté. The inequality is maintained for
m odd, as in the proof of Theorem 1.

Let A = pi,,piy, - - -, Di,, De the longest of th& (k) Hamiltonian non-crossing paths,, over allO(k)
balanced bipartitions of”. (In estimating the length of the output cycle, it is enouglamalyze only the
augmentation ofd to a Hamiltonian cycle, rather then of each p4dth) Let« andwv be (hull) vertices ins’
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Figure 9: Left: an alternating path, 2,...,8 obtained by using the two-endpoint path construction étigaor
(Lemma 9) for the case of even. The path is extended to a cycle by connecting its endpointotivex hull
vertices (her® and10). The cyclel,2,..., 10 will be subsequently extended to include the remaining \rertices
(herell and12) using Lemma 11. Right: an alternating patl2, . . ., 8 obtained in the same way, and then extended
to pass through vertex(Lemma 2); the resulting path is 2, 3,4, 5,6,9, 7, 8. The path is extended to a Hamiltonian
cycle in the same way (Lemma 11).

that can be connected with the two endpojnisandp;,, of A without making any crossings with (v and

v may be forced to coincide). L&t be the simple cycle (polygon) obtained by addingdtéhe points on
one of the two polygonal hull chains connectimgndv. In the last phase? is further extended by adding
the remaining hull vertices (on the 2nd hull chain connegtirandv) one by one by Lemma 11. Note that
the length of the cycle increases with each point additidre tbtal time for all additions is trivially bounded
by O(n?). The resulting polygonal cycl€ is non-crossing and spans all pointsdntherefore making a
Hamiltonian cycle ofS. Its length is bounded as follows.

L(Q) = L(A) = Y [pjpjsall cos(Bjj1 — @)| — (2h — 1)Wa,
j=1

and by integration over the-interval [0, ],
P

™

(5)

2o

L(Q) = —L(Qopr1) — (2 — 1)

If the point set satisfies the conditigph — 1)£ < §L(Qopr), then

AR

L(Q) > —=L(Qopt) — dL(QopT) = (% - 5> L(QopT).

This concludes the proof of part (i) of Theorem 3.
(i) One can reduce the ter(2h — 1)% in Inequality (5) to(h + 2)£ at the cost of increasing the running

time of the algorithm ta)(n3 logn), as follows. For each directioamir we consider two asymmetric bisector
lines ¢! and¢?. Let /! be the line of directiony such that the difference between the number of points of
S in the left open halfplane and the number of pointsSéfin the right open halfplane is 0 or 1. Denote
by S; the union of all interior pointss” and the convex hull points if’ on the left of¢.; clearly ¢} is a
bisecting line ofS;. Similarly, let¢2 be the line of directionx such that the difference between the number
of points of S in the right open halfplane and the number of point$éin the left open halfplane is 0 or 1,
and denote by, the point set balanced l#,. Necessarily/’. is to the left of¢2 (in particular, lines}, and

/2 are separated by the bisecting linesbf directiona).
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Algorithm A4’:

STEP 1. For all directionsy spanned bys, and for bothi = 1,2, do: 1. Compute?, and S;. 2. If |S;| is
even, compute a non-crossing alternating patfior S; using the two-endpoint path construction algorithm
(Lemma 9). 3. IfS;] is odd, ther?, passes through some point S;. Compute a non-crossing alternating
path for S; \ {¢q} with the two-endpoint path construction algorithm, andntletend it to include; as
follows: if ¢ is in the interior ofconv(.S;), then use Lemma 2; otherwise connedb the endpoint of the
path lying on the upper or lower bridge afnv(S;), whichever is visible fromy. 4. Complete the patid

on S; to a cycle through the remaining convex hull vertices'iR .S;.

STEP 2. Output the longest such cycle (containing all point$)pf

/ (\
~-~-.\___~_ _______,_._.-_-%14
I
15

‘ e

Figure 10: Left: an alternating path,2,...,10 constructed by the two-endpoint path construction alborit
(Lemma 9) for the set bisected I8}. It is augmented to pass through polntincident to/},, and then to a Hamil-
tonian cycle along the remaining convex hull vertid@s13, ..., 15. Right: an alternating path, an augmented path,
and a Hamiltonian cycle analogously computed for lipe

For a givena, let AL, and A2 be the two non-crossing paths computedsirep 1(1-3) of Algorithm
A4’ for the lines?, and 2, respectively. Assume thatl = p;,,pi,,...,pi, and A% = pj . piy, ..., Dj.-
Project the alternating path on theaxis of ', and denote byt (p) and zs(p) the distance of a point
p from the lines¢’, and /2, respectively. For any point in the closed slab betweef}y and /2, we have
z1(p) + 22(p) < W,; and any other point is included in at least one of the alternating paths,and A2.
We get

LAY + L(A2) > (v1(piy) + 221 (piy) + - - + 221 (pig—1) + 71(ps,))
+ (22(pjy) + 222(pjy) + -+ + 222(pji_,) + x2(pyy))

= 2> (z1(ps) + 2a(pi) — (21(piy) + 21 (piy) + @2(psy) + 22(pj,))
=1
=2(z1(Pipy,) + -+ 21(Piy)) — 2(22(Pjiy,) + - -+ 22(P5)

n

= D (@) +21(pin)) + Y (@2(py) + w2(pji1)) — AW — 20W,

=1 =1
> 2 |ppjsallcos(Bj1 — )| — (2h+ H)W.
j=1
max{L(A}), L(A2)} > Y Ipjpjall cos(Bjji1 — a)| = (h+ 2)W.
j=1
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By integration over thew-interval [0, 7|, we obtain the desired bound

L(Qopr) — 2P ©

3 o

L(Q) >

The proof of part (iii) is analogous to that of part (iii) of @rem 1. This concludes the proof of
Theorem 3.

We now discuss an example illustrating part (i). Denot&Hy| the expected value of a random variable
U. According to a result of Rényi & Sulanke (1963) rifpoints are chosen uniformly and independently
at random from a plane convexgon ¢ fixed), thenE[h] = O(log n), where the hidden constant depends
onr [19, pp. 151]. According to a another result of Raynaud (19if0: points are chosen uniformly and
independently at random in a circle, th&fh] = O(n'/3) [19, pp. 151]. Hence for a set of random
points uniformly selected in a convex polygon or a cirdlez O(n!/?) with probability close tal. Let the
selection region have unit diameter. Then also with higtbabdlity, we haveL (Mopt) = 2(n), thus also
L(Qopt) = Q(n). SinceP < 7, we have(2h — 1)L < §L(Qopr) With high probability, for a very small
§ = O(1/n?/3). Thus by inequality (5), the cycle returned By is a (2/m — o(1)) approximation of the
optimal path for random point instances as described above.
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