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Abstract
This column is dedicated to the memory of Leonid Khachiyan on the 65th anniversary of
his birthday. In writing this column we remember some problems and results due to him that
are most closely related to geometry. The column may also suggest that many optimization
problems have a geometric face which is sometimes hidden.
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Introduction

Besides being famous for his polynomial-time algorithm for linear programming, Leonid Khachiyan
(1952–2005) will be remembered for the gentle nature of his character and for his inspiring example
in his interactions with students and collaborators. This column pays homage to him by highlighting
some of the problems he had worked on, mostly from the area of geometry. Even problems that
did not seem to be apriori of a geometric nature have often received quality solutions when viewed
from a geometric perspective. In recognizing the diversity of the areas in which Khachiyan made
substantial contributions in collaboration with many other researchers, tools from linear algebra
and the geometry of polytopes play an important role. For a short but comprehensive survey of
Khachiyan’s scientific contributions the reader is referred to [16].

2

Vertex enumeration and related problems

The well-known Minkowski-Weyl theorem states that any convex polyhedron P ⊆ Rn can be
represented as the Minkowski sum of the convex hull of the set V(P) of its extreme points and
the conic hull of the set D(P) of its extreme directions; see for instance [91]. Further, for pointed
polyhedra, i.e., those that do not contain lines, this representation is unique. Given a polyhedron
P by its linear description (called H-representation) as the intersection of finitely many halfspaces,
obtaining the set V(P) ∪ D(P), required by the other representation (called V-representation), is a
well-known problem, studied in the literature in different (but polynomially equivalent) forms, e.g.,
the vertex enumeration (VE) problem [18], the convex hull problem [4] or the polytope-polyhedron
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problem [78]. In the following, we write PH and PV to distinguish whether P is given by its Hrepresentation or V-representation, respectively. Clearly, the size of the extreme set V(P) ∪ D(P)
can be (and typically is) exponential in the dimension n and the number of linear inequalities m.
Thus when considering the computational complexity of the vertex enumeration problem, one is
usually interested in output-sensitive algorithms, i.e., whose running time depends not only on n
and m, but also on |V(P) ∪ D(P)|. Alternatively, we may consider the following, polynomially
equivalent, decision variant of the problem; in this description, C(P) could be either V(P), D(P),
or V(P ) ∪ D(P ).
Dec(PH , X ⊆ C(P)): Given a polyhedron P, represented by a system of linear inequalities, and a
subset X ⊆ C(P), is X = C(P)?
It is well-known and also easy to see that the decision problems for D(P) or for V(P) ∪ D(P)
are equivalent to that for V(P 0 ) where P 0 is some polytope whose description size is polynomial in
that of P. It is also well-known that if the decision problem is NP-hard, then no polynomial-time
algorithm can generate the elements of the set C(P) unless P=NP; see for instance [13].
Vertex enumeration is an outstanding open problem in computational geometry and polyhedral
combinatorics (see, e.g., [31, 78, 89]), and has numerous applications. For example, understanding
the structure of the vertices helps in designing approximation algorithms for combinatorial optimization problems [107]; finding all vertices can be used for computing Nash equilibria for bimatrix
games [7]. Numerous algorithmic ideas have been introduced in the literature either for vertex or
for facet enumeration, see, e.g., [1, 4, 5, 6, 18, 22, 25, 28, 31, 90, 92].
According to the main result in [66], the problem Dec(PH , X ⊆ V(P)) is NP-hard in the case
of unbounded polyhedra, more precisely, when |D(P)| is exponentially large in the input size. This
negative result holds, even when restricted to 0/1-polyhedra [15], that is, when V(P) ⊆ {0, 1}n . This
is also in contrast with the fact that for 0/1-polytopes, the VE problem is known to be solvable with
polynomial delay; that is, the vertices are generated such that the delay between any successive
outputs is polynomial only in the input description of P. The complexity of the VE problem for
general polytopes (i.e., when D(P) = ∅) remains a challenging open problem.
Problem 1. Is problem Dec(PH , X ⊆ V(P)) solvable in polynomial time for any polytope P?
Let A ∈ {0, 1}m×n be a 0/1-matrix such that the polyhedron P = P(A, 1) = {x ∈ Rn | Ax ≥
1, x ≥ 0} has only integral vertices, where 0 ∈ Rm and 1 ∈ Rm are the m-dimensional vectors of all
zeros and all ones, respectively. Then the vertices of P are in one-to-one correspondence with the
minimal transversals of the hypergraph H(A) ⊆ 2[n] , whose characteristic vectors of hyperedges are
the rows of A. For instance, if the matrix A is totally unimodular (i.e., every square subdeterminant
has value in {−1, 0, 1}), then the polyhedron P(A, 1) has integral vertices, and VE is equivalent
to finding all minimal transversals (i.e., hitting sets) of a unimodular hypergraph. Consequently, it
follows from a well-known result of Fredman and Khachiyan [40] that all vertices of such polyhedra
can be enumerated in quasi-polynomial time, and hence the VE problem in this case is unlikely
to be NP-hard. A very recent result [37] shows that, for totally unimodular matrices A, the VE
problem for the polyhedron P(A, 1) can be solved in polynomial time.
A 0/1-matrix is said to be balanced if it does not contain any square submatrix of odd order
having row and column sum equal to 2. 0/1-totally unimodular matrices are a proper subset of
balanced matrices. An interesting open question is whether the above mentioned result for totally
unimodular matrices can be extended to the case when the right hand side of the polyhedron is an
arbitrary non-negative vector b, or when the matrix A is a balanced matrix.
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Problem 2. Is problem Dec(P, X ⊆ V(P)) solvable in polynomial time, when P = P(A, b) = {x ∈
Rn | Ax ≥ b, x ≥ 0} for a balanced matrix A and a non-negative vector b?
When b = 1, a solution to Problem 2 would follow from a polynomial-time algorithm for the
hypergraph transversal problem: Given a hypergraph H by the list of its hyperedges, enumerate
all minimal transversals of H. The currently fastest algorithm for this problem runs in quasipolynomial time [40].
Problem 3. Does there exist a polynomial-time algorithm for the hypergraph transversal problem?
An interesting special case of Problem 3 is when H is a geometric hypergraph: given a set of
points P ∈ Rd and set of ranges R ⊆ Rd , let H be a hypergraph whose every hyperedge is defined
by intersecting a range in R with the set of points P . Then all minimal transversals (resp., all
minimal set covers) of H, can be enumerated in polynomial time if R is a set of half-planes, balls,
or polytopes with a fixed number of facets, in fixed dimension d = O(1) [38]. An extension of this
result to hypergraphs of bounded VC-dimension is a natural open problem.
Problem 4. Given a hypergraph H of bounded VC-dimension d = O(1), can one enumerate all
minimal transversals (resp., all minimal set covers) of H in polynomial time?
Clearly, a positive answer to Problem 1 would give a positive answer to Problem 2, while a
positive answer to Problem 3 would also yield a positive answer to Problem 4.
Let A ⊆ Rn be a given subset of points in Rn . Fix a point z ∈ Rn , say z = 0, and consider the
following four geometric objects [12]:
• A simplex: a minimal subset X ⊆ A of points containing z in its convex hull: z ∈ conv hull(X).
• An anti-simplex: a maximal subset X ⊆ A of points not containing z in its convex hull:
z 6∈ conv hull(X).
• A body: a minimal (full-dimensional) subset X ⊆ A of points containing z in the interior of
its convex hull: z ∈ int(conv hull(X)).
• An anti-body: a maximal subset X ⊆ A of points not containing z in the interior of its convex
hull: z 6∈ int(conv hull(X)).
Equivalently, a simplex (resp., body) is a minimal collection of points not contained in an
open (resp., closed) half-space through the origin. An anti-simplex (resp., anti-body) is a maximal
collection of points contained in an open (resp., closed) half-space through the origin. It is known
that |X| ≤ n + 1 for any simplex X ⊆ A and that n + 1 ≤ |X| ≤ 2n for any body X ⊆ A.
Let A ∈ Rm×n , where m = |A|, be the matrix whose rows are the points of A. It follows
from the above definitions (via Farkas’ Lemma) that simplices and anti-simplices are in one-to-one
correspondence respectively with the minimal infeasible and maximal feasible subsystems of the
linear system of inequalities:
Ax ≥ 1, x ∈ Rn .
Similarly, it follows that bodies and anti-bodies correspond respectively to the minimal infeasible
and maximal feasible subsystems of the system:
Ax ≥ 0, x 6= 0.
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Given a set of points A ⊆ Rn , and a partial list X of anti-bodies of A, it was shown in [12]
that it is NP-hard to determine if X is the complete list of anti-bodies of A; in other words, the
enumeration problem for anti-bodies is NP-hard. Equivalently, given an infeasible system (1), and
a partial list of maximal feasible subsystems of (1), it is NP-hard to determine if the given partial
list is complete. In contrast, the problem of enumerating the set of bodies for a given set of points
A ⊆ Rn is at least as hard as the hypergraph transversal problem [12].
The situation for simplices and anti-simplices is much less understood: the problem of generating
simplices for a given set of points A ⊆ Rn is essentially equivalent with Problem 1. In fact, if the
polyhedron P = {x ∈ Rn | Ax = b, x ≥ 0} is bounded, i.e., if it is a polytope, then the vertices of
P are in one-to-one correspondence with the simplices of the point set A whose elements are the
columns of the augmented matrix [A | − b]. For anti-simplices the complexity is completely open.
Problem 5. Given a set of points A ⊆ Rn , is it NP-hard to enumerate the anti-simplices of A?

3

Rounding of polytopes and related problems

A well-known result of John [51] states that an arbitrary polytope Q ⊂ Rn can be n-rounded, i.e.,
there exists an ellipsoid E ⊂ Rn , such that
1
E ⊆ Q ⊆ E.
n

(2)

In particular, (2) holds for the minimum-volume ellipsoid E = MVEE(Q) circumscribed about Q,
the so-called the Löwner ellipsoid. Furthermore, if Q is centrally symmetric (i.e., Q = −Q), the
factor n1 in (2) can be improved to √1n . Given  > 0, an ellipsoid E ⊂ Rn is said to be a (1 + )n1
rounding of Q if the factor n1 in (2) is replaced by n(1+)
. Similarly, for any  > 0, an ellipsoid E is
said to be a (1 + )-approximation of MVEE(Q) if

Q ⊆ E,

Vol(E) ≤ (1 + )Vol(MVEE(Q)).

(3)

The problem of approximating the minimum volume enclosing ellipsoid arises in several applications such as integer programming [45, 77], polytope volume computation [30, 80], statistics
and optimal design [99, 105], computational geometry [24, 110], and computer graphics [17, 32].
Another important related problem is the computation of the maximum-volume ellipsoid MVIE(Q)
inscribed in a polytope Q. For any  > 0, an ellipsoid E is said to be a (1 − )-approximation of
MVIE(Q) if
E ⊆ Q,

Vol(E) ≥ (1 − )Vol(MVIE(Q)).

(4)

The problem of approximating the maximum volume inscribed ellipsoid appears as a basic step in
a number of convex optimization algorithms, see, e.g., [103].
Given a point a ∈ int(Q), a related problem is to approximate the minimum-volume (resp.,
maximum-volume) ellipsoid MVEE(Q, a) (resp., MVIE(Q, a)) enclosing (resp., inscribed in) Q,
and centered at a.
Given a (full-dimensional) polytope Q, let us call for brevity the problems of computing ellipsoids E satisfying (3) and (4) as MVEE(Q, ) and MVIE(Q, ), respectively. Given also a point
a ∈ int(Q), let us call the corresponding problems of approximating MVEE(Q, a) and MVIE(Q, a)
as MVEE(Q, a, ) and MVIE(Q, a, ), respectively.
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The current best bounds on the complexity of these problems depend on how the polytope Q is
described. If Q is given by a list of its vertices Q = conv hull(A) (resp., by a list of its facets Q =
{x ∈ Rn : aTi x ≤ 1, for i = 1, . . . , m}) for some explicitly given set of m points A := {a1 , . . . , am } ⊆
Rn , the problems MVEE(Q, ) and MVEE(Q, a, ) (resp., MVIE(Q, ) and MVIE(Q, a, )) can be
formulated as convex optimization problems over the cone of positive semidefinite matrices. We
write QH and QV to distinguish whether Q is given by its H-representation (i.e., linear inequalities)
or V-representation (i.e., vertices), respectively. Khachiyan and Todd [67] considered the above
four problems. They gave linear time reductions between the problems resulting in the following
equivalences/implications:
MVEE(QV , ) ←→ MVEE(QV , a, ) ←→ MVIE(QH , a, ) −→ MVIE(QH , ).

(5)

(For example, the reduction MVEE(QV , ) −→ MVEE(QV , a, ) is established by showing that
n
solving problem MVEE(Q, ) for Q 
= conv
 hull({a
1 , . . ., am }) ⊆ R can be done by solving
a1
am
MVEE(Q0 , 0, ) for Q0 := conv hull({±
,...,±
}) ⊆ Rn+1 , then taking the intersection
1
1
of the resulting ellipsoid with the hyperplane Π = {x ∈ Rn+1 : xn+1 = 1}.) A reduction in the
opposite direction MVIE(QH , ) −→ MVIE(QH , a, ) in (5) is not known.
Problem 6. Is there a ”low-order“ polynomial (say, linear) reduction from problem MVIE(QH , )
to problem MVIE(QH , a, )?
Based on interior-point methods, Khachiyan and Todd [67] showed that the (most general)
problem MVIE(QH , ) can be solved, in


 

mR
n ln R
O m3.5 ln
ln
(6)


arithmetic operations and comparisons, where m is the number of inequalities in the description of
Q and R is an apriori upper bound on the ratio between two Euclidean balls, the first of which is
circumscribed about Q and the second one is inscribed in Q; such a ratio can be derived from the
input bit length of the description
assuming rational input. A slight improvement on the bound (6),

removing the factor ln n ln R , was obtained in [3].
In contrast, it was conjectured in [67] that problems MVEE(QH , ) and M V IE(QV , ) are
NP-hard. It is known [41] that these problems are NP-hard when balls are considered instead of
ellipsoids.
Problem 7. What is the complexity of solving the problems MVEE(QH , ) and MVIE(QV , )?
In a later paper [65], Khachiyan gave a first order method requiring

n

O mn2
+ log log m


(7)

arithmetic operations and comparisons, for solving problem MVEE(QV , ), where m is the number
of vertices in the description of Q. Using this result as a ”pre-rounding” step for the Newton pathfollowing method developed by Nesterov and Nemirovskiı̆ [86, 87], the dependence on 1 in (7) can
be improved to O(m3.5 log m
 ). Note that this gives an algorithm with the same
 bound for (1 + )n1
2
rounding of Q; in fact, a better bound of O mn  + log n + log log m , for the rounding, is
obtained in [65].
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Note also that the bound (7) does not depend on the bit length of the input description of
Q. In contrast, Khachiyan [65] also showed that obtaining a similar strongly polynomial bound
for problem MVIE(QH , ) is equivalent to solving the long-standing open problem of obtaining a
strongly polynomial-time algorithm for linear programming (see Section 6).
Problem 8. Can the bounds (6) and (7) on the running time complexity of solving problems
MVIE(QH , ) and MVEE(QV , ), respectively, be improved in terms of m n, and/or ?
Geometric interpretations of Khachiyan’s algorithm were provided in [72, 106]. Moreover, a
slight improvement of the bound (7), removing the log log m term was obtained in [72] using a
simple initialization scheme. Additionally, given the description of Q = conv hull(A), the algorithm
in [72] computes a ”small” -core set, that is, a subset X ⊆ A of size O( d2 ) (independent of |A|)
such that for the ellipsoid E ⊇ A computed by the algorithm,
Vol(MVEE(X )) ≤ Vol(MVEE(A)) ≤ Vol(E) ≤ (1 + )Vol(MVEE(X )) ≤ (1 + )Vol(MVEE(A)).
This inequality implies that the minimum volume enclosing ellipsoid of X provides a good
approximation to that of A. The existence of small core sets has been established for several
geometric optimization problems, see, e.g., [10, 9, 23, 71, 113], and plays an important role in
developing efficient and practical algorithms for various large-scale geometric problems. A similar
small core-set result for problem MVIE(QH , ) is not known. More precisely, given Q = {x ∈ Rn :
aTi x ≤ 1, for i = 1, . . . , m}, define an -core set to be a subset X ⊆ {a1 , . . . , am } such that if we
write Q0 = {x ∈ Rn : aTi x ≤ 1, for ai ∈ X } then there is an ellipsoid E ⊆ Q such that
Vol(MVIE(Q0 )) ≥ Vol(MVIE(Q)) ≥ Vol(E) ≥ (1 − )Vol(MVEE(Q0 )) ≥ (1 − )Vol(MVEE(Q)).
Problem 9. Provide an (as small as possible) upper bound f (n, ) on the size of an -core set X
for MVIE(QH , ), such that X can be computed in polynomial time.
Note that for fixed dimension n = O(1), problems MVEE(QV , 0) and MVIE(QH ) can be solved
2
in nO(n ) m time the real RAM model of computation, where m is the number of vertices or facets
of Q [2, 24, 84, 110].

4

General position and extremal determinants

The input to a geometric problem is said to be in general position if no nontrivial algebraic relation
with integer coefficients holds among the parameters that specify the input [95]. Typical assumptions of this type are: no three points are collinear, no four points are cocircular, no two lines are
parallel, no three lines are concurrent, no four points in R3 are coplanar, etc.
Let us first recall some standard terms, see, e.g., [33, App. A.4],[83, Ch. 1]. Let P = {p1 , . . . , pn }
be a finite set of points in Rd . A point x is a linear combination of P if
x=

n
X

λi pi ,

i=1

P
for suitable real numbers λi . If ni=1 λi = 1, then x is also called an affine combination of P ; if in
addition, 0 ≤ λi ≤ 1 for i = 1, . . . , n, then x is a convex combination of P . P is said to be linearly
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dependent (or linearly degenerate) if there exists a point pi ∈ P which is a linear combination of
P \{pi }; otherwise, P is linearly independent. Similarly, P is said to be affinely dependent (or affinely
degenerate) if there exists a point pi ∈ P which is an affine combination of P \ {pi }; otherwise,
P is affinely independent. A point p ∈ P is said to be extreme if conv(P ) 6= conv(P \ {p}). A kdimensional affine subspace is often called a k-flat. A set of points P in Rd is in general position if
no unnecessary affine dependencies exist, i.e., no k ≤ d + 1 points lie in a common (k − 2)-flat. (The
precise meaning of general position may depend on the context and may include other conditions
when convenient.)
For a real d × n matrix A of rank d (where d ≤ n), let B = B(A) be the set of all nondegenerate
d × d submatrices of A, and let
δ(A) = min{| det B| : B ∈ B},

∆(A) = max{| det B| : B ∈ B}.

In particular, if P = {p1 , . . . , pn } is a set of points in Rd , then


1 ··· 1
δ
p1 · · · pn
equals d! times the minimum nonzero volume of a simplex determined by d + 1 points from P ;
similarly,


1 ··· 1
∆
p1 · · · pn
equals d! times the maximum nonzero volume of a simplex determined by d + 1 points from P .
Khachiyan [64] proved that for any polynomial p = p(d, n), the problem of approximating δ(A)
within a factor of 2p is NP-hard. Moreover, in the same paper he proved that determining whether
a set of n rational points in d-space is affinely or linearly degenerate is NP-hard. The current
fastest algorithm for testing the affine degeneracy of a set of n points in Rd , due to Edelsbrunner
and Guibas [34], runs in O(nd ) time and O(n) space in the real RAM model of computation. The
same running time is attained by an earlier algorithm of Edelsbrunner, O’Rourke, and Seidel [35]
that uses quadratic space.
Papadimitriou [88] proved that the problem of computing ∆(A) is NP-hard. Khachiyan [64] gave
an algorithm for approximating ∆(A) within a factor of [(1 + ε)d](d−1)/2 in time
O(nd2 (ε−1 + log d + log log n)) in the same model. As such, the maximum nonzero volume of a
simplex determined by d+1 points from P can be approximated within a factor of [(1+ε)(d+1)]d/2
in this time.
We list a few open problems:
Problem 10. Can the time complexity of testing the affine degeneracy of a set of n points in Rd
be improved?
Problem 11. Can a better approximation of the maximum nonzero volume of a simplex be found
efficiently?

5

Isoperimetric inequalities and counting linear extensions

We start by recalling a few terms in relation to partial orders. A partially ordered set (or poset)
is a set P equipped with an irreflexive transitive relation ”<“. A linear extension of a partially
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ordered set P on n vertices is a linear ordering ”≺“ of the vertices such that x ≺ y whenever x < y
in P . For a poset P , let Λ(P ) denote the set of linear extensions of P and set N (P ) = |Λ(P )| as
the number of linear extensions of P . For two incomparable elements x, y ∈ P , Pr(x ≺ y) denotes
the probability that x precedes y in a uniformly randomly chosen linear extension of P .
The problem of determining the number of linear extensions of a partially ordered set is intrinsically connected with sorting. At each stage of a comparison-based sorting algorithm current
information makes up a poset, while future comparisons will lead to the unique linear extension
of this poset describing the sorted order. If the number of linear extensions of a poset were easy
to compute, one could try to find the best pair of elements to compare at each step in the sorting
process so as to minimize the maximum number of linear extensions of the two resulting posets,
i.e., N (P ∪ (x, y)) and N (P ∪ (y, x)). According to a result of Kahn and Saks [53], there is always
a good pair to compare, i.e., one that splits no worse than 3/11 : 8/11. It is worth mentioning
that results of this kind, however with weaker constants but simpler proofs were also obtained by
Karzanov and Khachiyan [62] and by Kahn and Linial [52], independently, with both derivations
using geometric arguments. We note that the classic 1/3 : 2/3 conjecture of Kislitsyn says that
3/11 could be replaced by 1/3; see also the survey by Brightwell [19] dedicated to balanced pairs.
Karzanov and Khachiyan [59] showed that a very natural random walk on the set of linear
extensions of a poset is rapidly mixing. Specifically, they gave a randomized algorithm with the
following properties. The input is a partially ordered set P on n elements and a positive number
ε > 0. The output is a linear extension of P , where for any λ ∈ Λ(P ),
Pr(λ is output) −

1
ε
≤
.
N (P )
N (P )

For a poset P on n elements, the linear extension graph G(P ) has vertex set Λ(P ), and two
linear extensions λ, µ are adjacent if they differ by an adjacent transposition. As such, the degree
d(λ) of a vertex in G(P ) is at most n − 1. The Markov chain used in [59] works according to the
following transition matrix:


λ and µ are adjacent,
1/(2n − 2)
p(λ, µ) = 1 − d(λ)/(2n − 2) λ = µ,


0
otherwise.
They used geometric arguments in conjunction to conductance arguments specific to the analysis
of Markov chains to show that the algorithm runs in O(n6 log n log(1/ε)) time. Specifically, they
proved the following isoperimetric inequality. Let Q be a convex body in Rn partitioned into two
volumes u and v by a cut of surface area s. Then s > min(u, v)/diam(Q). Having an efficient
(polynomial-time) almost uniform generator of linear extensions leads to an efficient algorithm for
approximating Pr(x ≺ y | P ), where x and y are elements of poset P . Further, this yields a fully
polynomial randomized approximation scheme (FPRAS) for counting linear extensions; see [20, 50,
100]. For instance, the Karzanov-Khachiyan chain yields a randomized algorithm with the following
properties. The input is a partially ordered set P on n elements and positive numbers ε, β. The
output is a number L (the estimate count) such that


L
− 1 > ε ≤ β.
Pr(
N (P )
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The algorithm runs in O(n9 log6 n log(1/ε) ε−2 log(1/β)) time.
Several Markov chains techniques have yielded randomized algorithms that generate approximately uniform samples in O(n3 log n) expected time [21]. More recently, Wilson [111] obtained
a tight bound of Θ(n3 log n) on the mixing time of the original Karzanov-Khachiyan chain, while
Huber [48] constructed an algorithm that generates uniform samples within the same time.
The problem of counting linear extensions of a partial order P on n elements {a1 , . . . , an } can
be viewed as a special case of the problem of computing the volume of a polytope in Rn . To see
this connection [20, 59], define the order polytope Q(P ) as
{x ∈ [0, 1]n : xi ≤ xj whenever ai < aj in P }.
Apart from a set of measure zero (where some pair of coordinates are equal), [0, 1]n can be partitioned into simplices
Qσ = {x ∈ [0, 1]n : xσ(1) ≤ xσ(2) ≤ · · · ≤ xσ(n) },
each of volume 1/n!. Finally, one sees that Q(P ) is made up of those simplices Qσ where aσ(1) ≺
aσ(2) ≺ · · · ≺ aσ(n) is a linear extension of P . Consequently, the volume of Q(P ) equals N (P )/n!,
and the relation is established.
On one side, positive results about computing the volume of convex bodies in Rn yield positive
results about counting linear extensions. In particular, a fully polynomial randomized approximation scheme (FPRAS) for computing the volume of a convex polytope (Vol(Q(P )) in particular)
yields one for counting linear extensions of a partial order [30]. It is worth noting key progress in
the field of random generation and approximate counting in the late 1980s [50, 58, 100] followed by
work dedicated to volume computation by randomized algorithms in the early 1990s [30, 79, 80].
The hardness of exact volume computation and the limitations of deterministic algorithms for this
task have been shown in several works [8, 29, 39, 76].
On the other side, negative results about counting linear extensions imply negative results about
volume computation. In particular the result of Brightwell and Winkler [20] that the problem of
counting linear extensions of a poset is # P-complete implies that the problem of computing the
volume of an n-dimensional polytope is strongly # P-complete. This was first pointed out by
Khachiyan [63]; see also [20, p. 240]. A few other problems at the interface between combinatorial
algorithms and volume computation are outlined in his survey [63].
As remarked in [20], none of the schemes mentioned earlier (either relying on randomized
algorithms for volume computation or on Markov chains for uniform or almost uniform generation
of linear extensions) gives an algorithm for approximately counting linear extensions that is truly
practical.
Problem 12. Does there exist an efficient scheme for approximately counting linear extensions
that does not rely on (almost) uniform generation of such extensions?
Uniform generation and approximate counting is of high interest in intrinsically geometric problems too. In this regard, we like to recall the following problem from [117]:
Problem 13. Does there exist an efficient algorithm for uniform generation of a simple polygon on
a given set of n points in the plane? What is the complexity of the corresponding counting problem?
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6

The state of the art of linear programming

Linear programming has a rich and beautiful history that dates back to at least the time of Fourier
(around 1824-1827); see, e.g., [91, pp. 209–225] for a brief history. The simplex method, formulated
by Dantzig around 1947, has proved to be a practically efficient method for solving large-scale
real-world linear programs (LPs), and is still in use today with many engineered variants and
software packages available (see e.g., [94]). However, beginning with the famous example of Klee
and Minty [69], it was realized that the simplex algorithm can take exponential time, in the worst
case, to reach an optimal solution, even for very simple problem instances and under several pivoting
rules.
In 1979, Khachiyan [60, 61] proved that any linear programming problem can be solved in polynomial time in the bit model of computation. More precisely, he showed that the ellipsoid method,
previously proposed by Shor [98] and by Yudin and Nemirovskiı̆ [114] for nonlinear programming,
can be used to solve linear programs with n variables and m constraints in O(mn3 L) arithmetic operations, where L is the total bit length of the input LP. Even though this method did not compete
practically with the simplex method on real-world instances, it provided a powerful tool to prove
polynomial-time solvability of many problems in combinatorial optimization, due to its flexibility
with respect to how the constraints are presented (e.g., using separation or membership oracles) [45].
In fact, it is now becoming a standard tool in the area of approximation algorithms (see, e.g., [107])
to approximately solve NP-hard problems based on linear programming relaxations having an exponential (or even infinite) number of constraints, which are shown to be solvable in polynomial
time by the ellipsoid method; see also [14, 36, 49, 73, 97] for examples of more recent applications of
the ellipsoid method in algorithmic game theory, geometry, and stochastic optimization. Typically,
combinatorial or more efficient algorithms were later discovered for many of these problems, but
there is still a good number of problems for which the ellipsoid method is the only deterministic
polynomial-time algorithm known till today.
Besides its theoretical importance, Khachiyan’s result also paved the road for other polynomialtime algorithms for linear programming; the first major result came in 1984, when Karmarkar [57]
introduced an interior point algorithm that required O(nL) iterations, each performing O(n2.5 )
arithmetic operations (essentially solving a system of linear equations); his algorithm was also
claimed to be practically comparable with the simplex method. Following this, a large body of
work on interior point algorithms emerged, most notably improving the number of iterations to
√
O( nL), and extending these methods to more general convex programs; see, e.g., [86, 87]. Among
these, for example, is the matrix scaling/balancing algorithm due to Kalantari and Khachiyan [56].
Further theoretical and practical improvements were obtained over the last two decades (either in
terms of the number of iterations or the number of operations per iteration); the notably most
√
recent progress is reported in [74], where the number of iterations is improved to O( rL) (while
solving a polylogarithmic number of linear systems per iteration), with r being the rank of the
constraint matrix; see also [75] for subsequent improvements on the time per iteration.
In a third line of work, random sampling methods [11, 55] have been used to design randomized
algorithms for solving linear (and convex) programming problems. This work was inspired by
randomized algorithms for volume computation of convex bodies, starting from the work of Dyer,
Frieze and Kannan [30]. The success of these methods relies heavily on the efficient sampling from
a logconcave distribution defined on a convex set, and the standard method for this is to design
a random walk and show that the corresponding Markov chain has a small mixing time (this is
essentially the time until the Markov chain is close to its stationary distribution). The current best
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bound on the mixing time, due to Lovász and Vemplala [81], is1 Õ(n3 ) (after some preprocessing),
for convex sets in Rn . An improvement on this bound would imply a better algorithm for the class
of linear programming algorithms based on random sampling.
As linear programming is known to be P-complete [27], it is natural to look for parallel algorithms for important special cases. Among these is the class of positive LPs, also known as
packing-covering LPs. An early and inspiring paper in this area was written by Grigoriadis and
Khachiyan [44], who considered the “equivalent” problem of zero-sum games, and gave a parallel
randomized algorithm for approximately solving such games; the (expected) sequential complexity
of this algorithm is O(ρ2 ε−2 (n + m) log(n + m)) for matrices with m rows, n columns and entries
in [−ρ, ρ]. Independently, Luby and Nisan [82] gave a width-independent parallel fully polynomial
time approximation scheme (FPTAS) for packing and covering LPs, where the dependence of the
running time on the accuracy ε is Õ(ε−4 ), independent of the width parameter ρ. A series of subsequent papers provided more efficient (sequential or parallel) FPTASs or extended the results to
more general settings; see, e.g., [43, 68, 112, 70]. An important issue in this area is the dependence
of the running time on the accuracy parameter ε; for more than twenty years, the best bounds
stood at O(ε−2 ) for sequential algorithms and Õ(ε−4 ) for parallel algorithms. A major progress
has been recently achieved, improving these bounds to Õ(ε−1 ) [115, 109] and Õ(ε−2 ) [108, 116],
respectively.
It was observed by practitioners that worst-case examples for the simplex method, such as
the Klee-Minty example [69], are not robust with respect to random perturbations, and thus the
performance of the simplex method is much better in reality than its worst-case. In an attempt
to understand this phenomena, Spielmann and Teng [102] proposed the smoothed analysis of algorithms as a framework to study the performance of algorithms under random perturbations of
worst-case instances. They showed that under Gaussian perturbations of the constraint matrix, the
shadow vertex simplex algorithm has smoothed polynomial-time complexity, that is, its expected
running time on any such perturbed instance is polynomial in the dimensions of the constraint
matrix and the inverse of the standard deviation of the perturbations; this strongly extends earlier
work on average case analysis of the simplex method, such as the one given by Smale [101].
An algorithm for linear programming is said to be strongly polynomial if the number of arithmetic operations required by the algorithm in the worst-case depends polynomially on the number
of variables n and the number of constraints m, but is independent of the input size (bit length)
L (and the space used by the algorithm is bounded by a polynomial in the size of the input). A
number of special cases of LP are known to be solvable in strongly polynomial time, e.g., Tardos’ algorithm for the minimum cost and multicommodity flow problems [104]. Perhaps the most
important open question in the area of linear programming is:
Problem 14. Does there exist a strongly polynomial-time algorithm for linear programming?
Megiddo gave a deterministic (strongly) linear time algorithm for fixed dimension n = O(1) [85];
n+2
the running time of his algorithm is O(22 m). Subsequent improvements on this bound, some
using randomization, were given in [26, 93]. A major progress was made by Kalai [54] and by
Matoušek, Sharir and Welzl [84], who devised a simplex-type
method with a randomized pivoting
√
rule that takes an expected number of O(n2 m + exp(O( n log n))) arithmetic operations to solve
any linear program. An almost matching lower bound for two natural randomized pivoting rules
was given recently in [42]. It is interesting to note that the subexponential algorithms in [54, 84]
1

The notation Õ() suppresses polylogarithmic factors.
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can, in fact, be used to solve a more general class of problems known as LP-type problems [96],
which include for example, the problem of computing an optimal pair of stationary strategies for
mean payoff games [47], a problem for which Gurvich, Karzanov and Khachiyan [46] gave one of
the earliest known (pseudo-polynomial time) algorithms. This latter problem is known to lie in
the intersection of NP and co-NP, and resembles in many senses LP. Finding a polynomial-time
algorithm for solving mean payoff games remains an outstanding open problem:
Problem 15. What is the complexity of solving mean payoff games?
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