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Abstract
This column is devoted to the memory of Ferran Hurtado who unexpectedly passed away in
2014. In writing this column we remember some of the problems that he posed or liked. From
the many topics Ferran has worked on, we only include a small sample, related to his joint work
with the authors of this column.
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Introduction

Besides being an accomplished scholar and a generous person, Ferran Hurtado (1951–2014) will be
remembered for the beauty and elegance of the many open problems he posed. This column pays
homage to him by highlighting some of his favorite problems. Ferran had an exceptional ability to
combine simple concepts from geometry and graph theory to create beautiful new problems that
required minimal preparation to understand, and yet had broad appeal and often turned out to be
quite challenging. The problems combine simple mathematical concepts (such as graphs), simple
geometric objects (such as disks or squares), elementary operations (edge flips, edge additions,
reconfigurations), and colored point sets.
Many of the problems involve geometric graphs G = (P, E), where the vertices are distinct
points in the plane, and the edges are straight line segments connecting pairs of points in P .
Common geometric graphs include perfect matchings, Hamiltonian cycles, and triangulations; see
Fig. 1. A geometric graph is noncrossing if edges intersect only at common endpoints (if any).
Unless otherwise specified we assume our point sets to be in general position in the plane, that is,
with no 3 points collinear. A set P is said to be in convex position if it is the vertex set of a convex
polygon.
Some of the most basic questions concern containment relations between geometric graphs on
a point set. Given two families, A and B, of noncrossing geometric graphs on a fixed point set P ,
does every graph G ∈ A have a subgraph in B, or equivalently, is every graph H ∈ B a subgraph
of some G ∈ A? When n = |P | is even, for example, every Hamiltonian cycle on P contains a
perfect matching (in fact it contains two); but a noncrossing perfect matching on P need not be
part of a noncrossing Hamiltonian cycle (even though every noncrossing matching on n ≥ 4 vertices
is part of a Hamiltonian triangulation in which the Hamiltonian cycle need not use all edges of the
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Figure 1: Common geometric graphs on the same point set. (a) A set P of 10 points in the plane in general
position; (b) a perfect matching on P ; (c) a Hamiltonian cycle on P ; (d) Delaunay triangulation of P .

matching [32]). Similarly, every noncrossing Hamiltonian cycle can be augmented to a triangulation,
but not all triangulations are Hamiltonian. One can ask for the maximal subgraph in B contained
in every graph in A (Section 2); or ask how to modify G or H using the minimum number of
elementary operations (e.g., edge flips, deletions or additions) to make such a containment possible
(Sections 3–4).

2

Matchings in geometric graphs

√
The complete geometric graph on any n points contains a matching formed by Ω( n) pairwise
crossing segments [15], but it is conjectured that Ω(n) can be achieved. Every geometric graph
with n vertices and no k + 1 pairwise disjoint edges, k ≤ n/2, is known to have at most k2 n
edges [50]. Let ek (n) be the smallest number such that every geometric graph with n vertices and
m ≥ ek (n) edges contains a noncrossing matching with k edges, where k ≤ n/2 (Fig. 1, left). It is
known that ek (n) = Ω(kn) [41] and ek (n) = O(k2 n) [50], and it is believed that ek (n) = Θ(kn).
By exploiting the upper bound ek (n) = O(k2 n), the edge set of every complete geometric graph
on n vertices can be partitioned into O(n3/2 ) noncrossing matchings [14], i.e., each composed of
pairwise disjoint segments. It is an exciting open problem to decide whether O(n) such matchings
suffice, as in the case of convex complete geometric graphs (where the vertex set is in convex
position). It should be noted that even the conjectured bound ek (n) = O(kn) would only yield a
decomposition into O(n log n) noncrossing matchings [14], and so a new approach is likely needed.
Open problem 1. [15] Does there exist a constant c such that for any n-element point set, no 3
collinear, the complete geometric graph on the n points contains a matching formed by cn pairwise
crossing segments?
Open problem 2. [50] Does there exist a constant c such that every geometric graph on n vertices
and at least ckn edges contains k disjoint edges (i.e., a noncrossing matching with k edges)?
Open problem 3. [14] Can the edge set of the complete geometric graph on any n-element point
set be partitioned into O(n) noncrossing matchings?

3

Connectivity augmentation

The objective in typical graph augmentation problems is to add the fewest new edges to a given
graph to achieve a desired property [38]. Every noncrossing geometric graph on n vertices in
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general position can be augmented to a triangulation, which is 2-edge-connected for n ≥ 3. In
general, we cannot hope to increase the vertex-connectivity to 2 or the edge-connectivity to 3,
since every triangulation on n ≥ 3 points in convex position has at least two vertices of degree 2.
Abellanas et al. [3] asked what is the minimum number of new edges needed to augment any
connected noncrossing geometric graph on at least 3 vertices to a 2-connected or 2-edge-connected
one. A tight bound of n − 2 was shown for 2-connectivity [3], and a tight bound of ⌊(2n − 2)/3⌋ for
2-edge-connectivity [49]. An edge may obstruct the addition of some other edges, and fewer edges
may suffice when we start with an edge-minimal connected graph, i.e., a spanning tree.
Open problem 4. [38] What is the minimum constant c > 0 such that every noncrossing spanning
tree on n ≥ 3 vertices can be augmented to a 2-edge-connected noncrossing geometric graph by
adding at most cn + o(n) new edges?
6
≤ c ≤ 23 . It is not difficult to see that n − 1 new
The current best bounds [38, 49] are 11
edges are always sufficient and sometimes necessary to increase the edge-connectivity from 0 to 1.
However, the minimum number of edges needed for increasing the edge-connectivity from 0 to 2 is
not known.

Open problem 5. [38] What is the minimum constant c > 0 such that every noncrossing geometric
graph on n ≥ 3 vertices can be augmented to a 2-edge-connected noncrossing geometric graph by
adding at most cn + o(n) new edges?
It is known [38] that c ≥ 43 : a graph that consists of a triangulation on ⌊n/3⌋ points and an
isolated vertex in each of the 2⌊n/3⌋ − 4 faces requires 4⌊n/3⌋ − 8 new edges, two in each face.

4

Edge flips and their relatives

An edge flip in a (noncrossing geometric) triangulation of a point set P is an elementary operation that removes one edge and inserts another edge producing a new triangulation on P [17]; see
Fig. 2(a)-(b). In a seminal work, Lawson [42] showed that every triangulation on P can be transformed to any other triangulation on P with O(n2 ) edge flips, where n = |P |. Hurtado et al. [37]
constructed a point set and two triangulations for which Ω(n2 ) flips are necessary. For a set P
of points in general position in the plane, the graph of triangulations T (P ) of P has a vertex for
every triangulation of P , and two triangulations are adjacent if they differ by a single edge flip.
The above results give a tight bound of Θ(n2 ) for the maximum diameter of T (P ) when |P | = n.
In the combinatorial setting (where triangulations are edge-maximal planar graphs), the diameter of the graph of triangulations is known to be at most 5.2n [19]; this bound crucially relies on the
fact that every edge-maximal planar graph can be transformed into a Hamiltonian edge-maximal
planar graph with a sequence of at most n/2 combinatorial flips [19]. The same approach may be
feasible for geometric triangulations, as well.
Open problem 6. [17] Can every triangulation on n points in the plane be transformed into a
Hamiltonian triangulation by a sequence of o(n2 ) edge flips?
Algorithmic questions about reachability in T (P ) for a given point set P are also of interest.
For instance, finding the shortest flip sequence is known to be APX-hard [45].
Open problem 7. [17, 45] Given two triangulations T1 , T2 ∈ T (P ), is there a constant-factor
approximation algorithm for computing a shortest flip sequence between T1 and T2 ?
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Figure 2: (a) A triangulation on 11 points that contains no Hamiltonian cycle. (b) Flipping the bold edge
in (a) produces this Hamiltonian triangulation. (c) The bold edges in (b) are simultaneously flipped to
produce this triangulation.

Simultaneous edge flips. In an edge flip, the removal of an edge merges two triangles, and
the resulting convex quadrilateral is retriangulated by a new edge. If two or more edge flips
merge disjoint pairs of triangles, then the operations can be performed simultaneously. In every
triangulation on n points, at least (n−4)/5 edges can be flipped simultaneously [48], and this bound
is the best possible [28]. Every triangulation on P can be transformed to any other triangulation
on P with O(n) simultaneous flips, where n = |P |, and this bound is again, the best possible [28].
It is not known in what measure simultaneous flips can reduce the distance to Hamiltonicity.
Open problem 8. [17] Can every triangulation on n points in the plane be transformed into a
Hamiltonian triangulation by a sequence of o(n) simultaneous edge flips?
In the combinatorial setting, every edge-maximal planar graph can be transformed into a Hamiltonian edge-maximal graph with a simultaneous flip of 23 n edges [19].
Isomorphic triangulations. The following problem raised by Aichholzer et al. [8] is motivated
by possible applications to image analysis and morphing.
Open problem 9. [8] Is it true that any two planar finite point sets P and Q (in general position)
have combinatorially isomorphic triangulations if they have the same size and their convex hulls
have the same number of vertices?
Aichholzer et al. [8] conjectured that the answer is affirmative and managed to prove this in
the special case when P and Q have at most 3 interior points. They also constructed, for every
n ≥ m ≥ 3, an n-point set Pn,m in general position, whose convex hull has m vertices, and with
the following property: For every set Q with n points and m vertices on its convex hull, there exist
isomorphic triangulations of Pn,m and Q. Interestingly, this result does not settle their conjecture
because the property of having isomorphic triangulations is not transitive.
Compatible matchings. Two noncrossing geometric graphs, G and H, are compatible if their
union G∪H is also noncrossing. For instance, the graphs in Fig. 1(b) and Fig. 1(c) are incompatible,
but those in Fig. 1(c) and Fig. 1(d) are compatible.
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Figure 3: Two sets with combinatorially isomorphic triangulations.

Houle et al. [34] raised the question whether a sequence of some elementary operations can
transform a noncrossing perfect matching to any other on the same point set. Given a point set
P with an even number of points, let M = M(P ) be the set of noncrossing perfect matchings on
P . A graph of matchings on P is GE = (M, E) where E contains certain pairs of matchings from
M as specified below. The graph GE is known to be connected if E consists of pairs of disjoint
matchings (that need not be compatible) [34]; or pairs of compatible matchings (that need not be
disjoint) [9]. If E consists only of disjoint compatible matchings, then GE is disconnected when
n ≥ 6 points are in convex position [7], yet it has no isolated vertices when n ≡ 0 mod 4 [39].
If E consists of pairs of matchings whose symmetric difference is a 4-cycle C4 (i.e., a truly local
exchange operation) and P is in convex position, then GE is again connected [31]. It remains an
open problem whether the latter result generalizes to arbitrary point sets in general position.
Open problem 10. [31] Is the graph GE = (M(P ), E) connected if E consists of pairs of matchings
whose symmetric difference is a C4 ?

5

On the number of triangulations and related questions

Determining or at least estimating the maximum number of noncrossing geometric graphs on n
points in the plane is a fundamental question in combinatorial geometry. A classic result of Ajtai et al. [13] shows that the number of noncrossing geometric graphs on n points is O(cn ) for a
(large) absolute constant c > 0. The constant c has been improved several times since then. The
current best bound, c < 187.53, is due to Sharir and Sheffer [46].
The power of the double chain configuration, depicted in Fig. 4 (left), in establishing good
lower bounds for the number of matchings, triangulations, Hamiltonian cycles and trees was first
recognized in [29]. For instance, it was widely believed for some time that the double chain gives
asymptotically the highest number of triangulations, namely Θ∗ (8n ).
In
another configuration, the so-called double zig-zag chain, was shown [11] to admit
√ 2006,
n
∗
Θ ( 72 ) = Ω(8.48n ) triangulations1 . The double zig-zag chain consists of two flat copies of a
zig-zag chain; see Fig. 4 (right). A zig-zag chain is the simplest example of an almost convex
polygon. Such polygons have been introduced and first studied by Hurtado and Noy [36]. By
further exploiting the power of almost convex polygons, the current best lower bound of Ω(8.65n )
on the maximum number of triangulations was established in [24]. A similar construction holds
1

The Θ∗ , O∗ , Ω∗ notation is used to describe the asymptotic growth of functions ignoring polynomial factors.
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Figure 4: A double chain (left) and a double zig-zag chain (right).

the record for noncrossing perfect matchings [16], and the double chain is still the current best
construction for noncrossing Hamiltonian cycles and plane graphs [35].
Open problem 11. [47] Is the number of Hamiltonian cycles smaller than the number of triangulations of P , for every point set P ?
Open problem 12. [47] Does there exist a constant c < 1 such that, for every point set P , the
number of perfect matchings determined by P is at most O(cn ) times the number of triangulations
of P ?

6

Geometric proximity graphs

Given a finite point set P in the plane, a proximity graph on P is a geometric graph with vertex
set P where two points are adjacent if they satisfy a specific proximity condition. Examples of
such graphs are the Delaunay graph, where two points are adjacent if they are incident to a circle
whose interior does not contain any point of P ; and the (modified) Gabriel graph (MGG), where
two points p and q are adjacent if the circle whose diameter is pq does not contains any point of P
in its interior.
It is known [18] that the chromatic number of MGG is at most 8 for every finite point set, while
the chromatic number of the MGG for sections of the integer lattice is 4. The fact that the clique
number of the MGG is at most 4 for every point set, which is attained for sections of the integer
lattice, suggests that the chromatic number of an MGG could be strictly greater than 4.
Open problem 13. [18] Is there a set P whose modified Gabriel graph has chromatic number
greater than 4?
Higher order proximity graphs. Higher order proximity graphs can be defined by relaxing the
emptiness condition imposed to some proximity graphs. The k-Delaunay graph, k-DG(P ), and the
k-Gabriel graph, k-GG(P ), allow the interior of the corresponding circles to contain at most k points
of P . Different notions of proximity can be used. In the k-nearest neighbor graph, k-NNG(P ), each
point is adjacent to its k nearest neighbors.
Open problem 14. [18] What is the smallest integer k such that the k-Gabriel graph of every
finite point set is Hamiltonian?
Dillencourt [21] and Abellanas et al. [2] showed this value to be between 1 and 15. Recently,
Kaiser et al. [40] announced that the smallest integer k is between 2 and 10.
Proximity graphs are noncrossing geometric graphs, and higher order proximity graphs are
believed to have few crossings. It is known that 1-DG(P ) has at least n − 4 crossings for every set
P of n points in general position and this bound is tight [6].
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Open problem 15. For a constant k ≥ 2, what is the minimum number of crossings fk (n) that
the k-Delaunay graph of a set of n points in general position can have?
When n points are in convex position, 1-DG(P ) is known to have 6n − 3⌊ n2 ⌋ − 19 crossings and
this bound is also tight [6].
Open problem 16. For a constant k ≥ 2, what is the minimum number of crossings fk (n) that
the k-Delaunay graph of a set of n points in convex position can have?
For k ≤ 5 and n ≥ 44 there are n-point sets P with planar k-NNG(P ). However, for every
n-point set P , the graphs 7-NNG(P ) and 8-NNG(P ) have at least n2 + Θ(1) and n + Θ(1) crossings,
respectively, and these bounds are tight [6].
Open problem 17. If k = 9 or 10, what is the least number of crossings in the k-nearest neighbor
graph of an n-element point set?

Figure 5: Left: point set whose 9-NNG has 9n/4 + o(n) crossings. Right: point set whose 10-NNG has
11n/3 + o(n) crossings.

For every n-point set P , the graphs 9-NNG(P ) and 10-NNG(P ) are known to have at least
and 10
3 n + Θ(1) crossings, respectively, but it is not known whether these bounds can be
attained [6]. The current best constructions have 49 n + Θ(1) and 11
3 n + Θ(1) crossings, respectively.
For k ≥ 7, all higher order proximity graphs mentioned above have Ω(k3 n) crossings due to
their edge density and the Crossing Lemma. This bound is the best possible up to constant factors,
since the n-vertex graphs attaining the Crossing Lemma bound, constructed by Pach and Tóth [43],
can be realized as any of these higher order proximity graphs on suitable point sets.
13
6 n + Θ(1)

7

Matching points with objects

Given a (usually infinite) family of geometric objects C and a finite set of points P , a C-matching
of P is a subset {C1 , C2 , . . . , Ck } of C such that each Ci contains exactly two elements of P and
each element of P lies in at most one Ci . If each element of P belongs to a Ci , the matching is
called perfect, and if the Ci ’s are pairwise disjoint, the matching is called strong; see Fig. 6. It is
known that any point set of even cardinality admits a perfect C-matching when C is the family of
circles or the family of isothetic squares (with respect to a fixed orientation) [4, 5].
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P
Figure 6: A set P (center) with a perfect circle matching (left) and a strong perfect matching (right).

Open problem 18. [5] What other classes of convex objects C have the property that any set of
points of even cardinality admits a perfect C-matching?
Strong perfect C-matchings are not always possible. When C is the family of circles, it is
known that any set P of n points in general position admits a strong C-matching that uses at least
72
1
4 n + Θ(1) points in P . On the other hand, there exist n-element point sets where at most 73 n
points can be strongly matched [4].
Open problem 19. [4] What is the largest constant c such that every set P of n points in general
position admits a strong matching with circles using at least cn − o(n) points of P ?
Thus for circles, the corresponding constant is between

1
4

and

72
73 .

Open problem 20. [5] What is the largest constant c such that every set P of n points in general
position admits a strong matching with isothetic squares using at least cn − o(n) points of P ?
For isothetic squares, the corresponding constant is between

8

2
5

and

10
11

[5].

Convexity and colored point sets


According to the classic result of Erdős and Szekeres [26], every set of at least 2n−4
n−2 + 1 points (in
general position) in the plane contains n in convex position. If f (n) denotes the minimum number
with this property, it is known [26, 27, 51] that


2n − 5
n−2
2
+ 1 ≤ f (n) ≤
+ 1.
n−2
In 1975, Erdős [25] asked whether the following sharpening of the Erdős-Szekeres theorem holds:
Is there for each n ≥ 3 a smallest number g(n), such that any set of at least g(n) points in general
position in the plane contains an empty convex n-gon? Horton [33] gave a negative answer by
constructing arbitrarily large point sets containing no empty convex heptagon; thus g(n) exists
only for n ≤ 6 (the case n = 6 was an unresolved mystery for a long time).
Some colored variants of the Erdős-Szekeres problem were considered in [20]. For example, since
any 10 points in general position contain an empty convex pentagon [30], any 2-colored 10 points
contain a monochromatic empty triangle (as a subset of the above empty pentagon), and so any n
points in general position contain Ω(n) monochromatic empty triangles. It is not an easy matter
to see that the number of such triangles must be superlinear in n. This was proved in [10], where a
lower bound of Ω(n5/4 ) was established; the lower bound was subsequently raised to Ω(n4/3 ) [44].
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No similar results hold for 3-colorings, since there exist arbitrarily large 3-colored point sets in
general position in the plane with no monochromatic empty triangle [20].
Open problem 21. [10] Does every two-colored set (say, with n ≥ 10 points) contain Ω(n2 )
monochromatic empty triangles?
The question whether every 2-colored set of sufficiently many points contains an empty monochromatic convex quadrilateral remains as an exciting open problem. As a first step, it has been shown
that any two-colored set of at least 5044 points determines an empty monochromatic (not necessarily convex) quadrilateral [12].
Open problem 22. [20] Does every two-colored set of sufficiently many points contain a monochromatic convex empty quadrilateral?

9

Moving coins

Suppose there are n nonoverlapping coins (of the same denomination, thus indistinguishable) on
an infinite table. Any of the coins can be moved by translating it in the plane to a new position,
provided no other coins need to be moved out of the way (i.e., no other disk intersects the moving
one in its interior). How many moves are needed to bring the n coins from a given start configuration
to another given target configuration (also consisting of nonoverlapping coins)? The question was
first posed in [1].
From one direction, one can use a so-called universal algorithm that moves all coins out to
“infinity” and then moves them “back” to occupy the given targets in a suitable order. At most
2n translation moves are needed to execute this plan [1], and this is the current best upper bound.
See also [22] for other reconfiguration problems.

Figure 7: A configuration of 6 congruent disks that requires 9 translation moves.

If the start and target configurations are pairwise disjoint (i.e., no start disk coincides with a
target disk), no coin can stay put in its original place, so sometimes n moves are needed. It is
also easy to see that the configuration shown in Fig. 7 (the first lower bound that was proposed
when the question was asked) requires 3n/2 moves, since from each pair of tangent disks, the first
move must be a nontarget move. An improved lower bound, ⌊8n/5⌋, appears in [1]; the current
best lower bound, ⌊5n/3⌋ − 1, is from [23]. One may find it remarkable that such an easy-to-state
problem appears to be out of reach.
Open problem 23. [1, 23] How many translation moves are needed for the case of n congruent
disks? Can the gap between the constant factors 5/3 and 2 be reduced?
Instead of disks one can consider the same problem for congruent squares. Here both the start
and target configuration consist of n axis-aligned squares. A lower bound of 3n/2 and an upper
bound of 2n are readily available [23].
Open problem 24. [22, 23] How many translation moves are needed for the case of n axis-aligned
congruent squares?
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[43] J. Pach and G. Tóth, Graphs drawn with few crossings per edge, Combinatorica 17(3) (1997),
427–439.
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